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INTRODUCTION 
The Shameful Business of Betrayal and Treason 


Larissa Tracy 


Though those that are betray’d Do feel the treason sharply, yet the traitor 
stands in worse case of woe. 


WILLIAM SHAKESPEARE, Cymbeline IILiv.85-87. 


The willingness to betray one’s country, one’s people, one’s family—to commit 
treason and foreswear loyalty to one entity by giving it to another—is a diffi- 
cult concept for many people to comprehend. Yet, societies have grappled with 
treason for centuries; the motivations, implications, and consequences are 
rarely clear cut and are often subjective. If the institutions of power are cor- 
rupt, is treason an act of betrayal or an act of loyalty to the greater good? F.W. 
Maitland argues for this ambiguity, explaining that as long as treason can also 
be understood as “infidelity,” there is still the possibility of honorable men jus- 
tifiably rebelling against a king, for “if a lord persistently refuses justice to his 
man, the tie of fealty is broken, the man may openly defy his lord and, having 
done so, may make war on him.”! History has seen many rebels who argued 
that their cause was just, that their betrayal was valid and necessary. Some, like 
Scottish hero William Wallace, rebelled for political autonomy against what 
was, in his view, an oppressive and occupying force; others, like Benedict Ar- 
nold, turned for financial gain and to redress personal grievance against 


1 F, Pollock and F.W. Maitland, The History of English Law before the Time of Edward 1 (Cambridge: 
Cambridge University Press, 1968; reprt. Indianapolis: Liberty Press, 2010), 2:505, qtd. in 
Stephen D. White, “The Ambiguity of Treason in Anglo-Norman-French Law, c. 1150-c. 1250,” 
in Law and the Illicit in Medieval Europe, ed. Ruth Mazo Karras, Joel Kaye, and E. Ann Matter, 
89-102 (Philadelphia: University of Pennsylvania Press, 2008), go. According to White, John 
Gilliham and Matthew Strickland “demolish” Maitland’s position that “there was once a uni- 
versally recognized right to levy war against a king who denied justice to his men” (91). 
However, J.G. Bellamy explains that “before the thirteenth century many a ruler recognized a 
subject had the right to disobey him: tacitly this understanding was included in every act of 
homage. It was even argued that a man wronged by his king had a duty, after offering formal 
defiance [diffidatio], to seek justice through rebellion.” The Law of Treason in England in the 
Later Middle Ages (Cambridge: Cambridge University Press, 1970), 10. 


© LARISSA TRACY, 2019 | DOI:10.1163/9789004400696_002 
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authorities in the American colonial government. Treason is weighed and 
measured, and its definition depends partly on its outcome: If it succeeds, it is 
revolution; if it fails, it is treason. In each case, the perspective of betrayal de- 
pends on the side: One man’s traitor is another man’s hero. 

Accusations of treason have become common currency in the current po- 
litical discourse. During the 2016 American Presidential election, former Secre- 
tary of State Hillary Clinton made several claims that her opponent, Donald J. 
Trump, was committing treason in his dealings with Russia, in his violent cam- 
paign rhetoric, and in his conflicts of interest. Trump, who eventually won the 
majority in the Electoral College and was inaugurated in January 2017, re- 
sponded by levying unsubstantiated (and later debunked) charges of treason 
against Clinton for a variety of alleged crimes, including the mishandling of 
classified information and conflicts of interest within the charitable Clinton 
Foundation. The allegations of untoward election tampering by foreign pow- 
ers, and Trump’s alleged connection to them, are still being investigated by 
various institutions of the American government, including a Senate Select 
Committee and Special Counsel, Robert S. Mueller 111.2 As more and more in- 
formation comes to light regarding the Trump campaign’s, and now the Trump 
administration’s, connections to members of the Russian government—spe- 
cifically regarding interference in the American election and media by Russia 
and other hostile actors to influence the election in favor of Trump—as well as 
foreign business interests that are contrary to American foreign policy inter- 
ests, the specter of treason hangs over the United States and the entire political 
process.? After a joint press conference with Russian President Vladimir Putin 
on July 16, 2018—in which Putin acknowledged that he wanted Trump to win 
the presidential election, gave orders to facilitate that outcome, and Trump 
denied the findings of the American Justice Department—twelve Russian 


2 This is an ongoing issue and has been the subject of hundreds of news articles since June 2016. 
See: Rosalind S. Helderman and Tom Hamburger, “Russian American lobbyist was present at 
Trump Jr’s meeting with Kremlin-connected lawyer,’ The Washington Post (July, 14 2017); Shane 
Harris and Nancy A. Youssef, “FB1 Suspects Russia Hacked DNC; U.S. Officials Say It Was to 
Elect Donald Trump,’ The Daily Beast (25 July 2016). 

3 Editorial Board, “Trump just colluded with Russia. Openly,” Washington Post (July 16, 2018): 
<https://www.washingtonpost.com/opinions/global-opinions/trump-just-put-russia- 
first/2018/07/16/8391f9aa-8914-11e8-a345-a1bf7847b375_story.html?utm_term=.d71883e590ee> 
(accessed July 16, 2018); Dan Balz, “The moment called for Trump to stand up for America. He 
chose to bow,” Washington Post (July 16, 2018): <https://www.washingtonpost.com/politics/ 
after-a-jaw-dropping-news-conference-what-does-america-first-really-mean/2018/07/ 
16/2b728b12-892e-11e8-a345-a1bf7847b375_story.html?utm_term=.d3o0fbe25eo1a> (accessed 
July 16, 2018). 
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agents were indicted for directly interfering in the 2016 election, and the cries 
of treason became much louder.* The force of such an accusation—betraying 
one’s country and giving aid to its enemies—has had a profound impact on 
popular perceptions of modern democracy at this moment. These questions 
have reverberated around the world. 

As a concept, treason has evolved over time, shaped by the needs of each 
society and community. Thus, the idea and the definition of treason evolved as 
well. According to U.S. statute written shortly after World War 11: “Whoever, 
owing allegiance to the United States, levies war against them or adheres to 
their enemies, giving them aid and comfort within the United States or else- 
where, is guilty of treason and shall suffer death, or shall be imprisoned not 
less than five years and fined under this title but not less than $10,000; and shall 
be incapable of holding any office under the United States.”> But Article 3, sec- 
tion 3 of the American Constitution declares that 


Treason against the United States shall consist only in levying war against 
them, or in adhering to their enemies, giving them aid and comfort. No 
person shall be convicted of treason unless on the testimony of two 
witnesses to the same overt act, or on confession in open court. The 


4 Philip Rucker, Anton Troianovski, and Seung Min Kim, “Trump doubts US. intelligence after 
Putin denies election interference by Russia,’ Washington Post (July 16, 2018): <https://www. 
washingtonpost.com/politics/ahead-of-putin-summit-trump-faults-us-stupidity-for-poor- 
relations-with-russia/2018/07/16/297f671c-88co-11e8-a345-a1bf7847b375_story.html?utm_ 
term=.e8ec6fi42a93> (accessed July 16, 2018); Stephen Colbert, monologue, “Treason’s 
Greetings,” The Late Show with Stephen Colbert (July 16, 2018): <https://www.youtube.com/ 
watch?v=4Yh5eG-FBzM>; The New York Daily News (July 16, 2018): <https://www.dailykos. 
com/stories/2018/7 /16/1781133/-The-New-York-Daily-News-Cover?detail=emaildkre>; David 
Smith, “Trump ‘Treasonous’ after Siding with Putin on Election Meddling,” The Guardian (July 
16, 2018): <https://www.theguardian.com/us-news/2018/jul/16 /trump-finds-putin-denial-of- 
election-meddling-powerful> (accessed July 16, 2018); John O. Brennan on Twitter @ 
JohnBrennan (July 16, 2018); Eric Boehlert, “Trump believes Putin's ‘Strong and Powerful’ 
Denial over US Intelligence,” ShareBlue Media, (July 16, 2018): <https://shareblue.com/trump- 
putin-denial-over-us-intelligence/> (accessed July 16, 2018); Eric Boehlert, “Trump Winks at 
Putin, Ignores Questions on Russian Election Hijacking,’ ShareBlue Media (July 16, 2018): 
<https://shareblue.com/trump-putin-helsinki-summit-opening-remarks-election-hijack- 
ing/> (accessed July 16, 2018); Jack Holmes, “Donald Trump’s Press Conference with Vladimir 
Putin Was Among the Most Disgraceful Moments,” Esquire.com (July 16, 2018): <https://www. 
esquire.com/news-politics/a22164229/donald-trump-vladimir-putin-press-conference-dis- 
grace/> (accessed July 16, 2018). 

5 18US. Code § 2381—Treason (June 25, 1948, ch. 645, 62 Stat. 807; Pub. L. 103-322, title XXXIII, 
§ 330016(2)(J), Sept. 13, 1994, 108 Stat. 2148). <https://www.law.cornell.edu/uscode/ 
text/18/2381> (accessed 12 Feb. 2017). My emphasis. 


4 TRACY 


Congress shall have power to declare the punishment of treason, but no 
attainder of treason shall work corruption of blood, or forfeiture except 
during the life of the person attainted.® 


The American legal definition of treason has its roots in the medieval prec- 
edent set down in English law, especially the Statutes of Treason (1351-52), 
the first official attempt to define the offense.” But in the Middle Ages, treason 
was not narrowly defined as the betrayal of a lord, chieftain, or king; rather, 
it encompassed numerous forms of treachery. Adultery was classified as trea- 
son, not only when the cuckolded party was king, but when a wife betrayed 
her lord and husband (though it never seems to have worked the other way 
around). Coupled with acts of adultery and treason, shame was often a defin- 
ing feature of betrayal, in a legal as well as a social sense. Shame could be a 
factor in accusations as well as in the prosecution of treason or other crimes. 
A person’s reputation counted for or against their legal standing; a person of 
ill-repute was susceptible to legal jeopardy and more likely to be found guilty.§ 
Treason, and the betrayal and shame associated with such an act, preoccu- 
pied medieval European governments as they consolidated power in the fig- 
ure of powerful monarchs in the twelfth and thirteenth centuries and as those 
powerful kings attempted to maintain and retain that power through the early 
modern period. But as Barbara Hanawalt points out, the attitude of medieval 
people towards the rebellious and unlawful was far from entirely negative.9 
Outlaw tales and stories of clever female resistance “show an enjoyment in 
hierarchical inversions.”!© By trying to insist that treason should be defined as 


6 United States Constitution. <https://www.law.cornell.edu/constitution/articleiii> (ac- 
cessed Feb. 12, 2017). My emphasis. The phrase “no attainder of treason shall work corrup- 
tion of blood,” refers to the inability of an attainted person (someone convicted of 
treason) to either inherit property or pass property down to their heirs or descendants. 
This was a facet of English law that the U.S. Constitution changes here to the lifetime of 
the attainted person. See: <https://www.law.cornell.edu/anncon/html/art3frag62_user. 
html> and <https://legal-dictionary.thefreedictionary.com/Corruption+of+Blood> (ac- 
cessed Aug. 5, 2018). 

7 Matthew Lockwood, “From Treason to Homicide: Changing Conceptions of the Law of 
Petty Treason in Early Modern England,” Journal of Legal History 34 (2013): 34 and Richard 
Firth Green, A Crisis of Truth: Literature and Law in Ricardian England (Philadelphia: Uni- 
versity of Pennsylvania Press, 2002), 207. See also: Barbara Hanawalt, “Violent Death in 
Fourteenth- and Early Fifteenth-Century England,” Comparative Studies in Society and 
History 18 (1976): 297-320 at 299. 

8 See: Barbara A. Hanawalt, ‘Of Good and Ill Repute’: Gender and Social Control in Medieval 
England (Oxford: Oxford University Press, 1998). 

9 Hanawalt, ‘Of Good and Ill Repute’, 14. 

10 Hanawalt, ‘Of Good and Ill Repute’, 14. 
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any challenge to the king’s sovereignty, the law came into conflict with deeply- 
held traditional ideas about the nature of social order." And yet, despite its 
prominence in medieval thought, political philosophy, law, and literature, few 
studies focus specifically on treason and its interdisciplinary significance in 
the medieval European context. Usually, treason is part of larger discussions 
on crime or society, or it is examined through a narrow legal or literary lens 
focused on a limited geographical space. This volume seeks to investigate the 
ways in which treason, particularly in relation to acts of betrayal, adultery, and 
shame, was perpetrated, imagined, and adjudicated in the broad scope of me- 
dieval western Europe, crossing boundaries of law, literature, language, and 
time, and shaping ideas of cultural identity. Treason, in all its variable defini- 
tions, reveals social anxieties about the stability of a community and the fragil- 
ity of its authorities and social networks. 

At this particular political moment, historical perspectives on treason be- 
come increasingly relevant. The Oxford English Dictionary defines treason as 
“the action of betraying a person, etc., betrayal of trust, treachery,” from the 
Middle English use of the word.'? Legally, treason is the “violation by a subject 
of allegiance to the sovereign or to the State, esp. by attempting or plotting to 
kill or overthrow the sovereign or overthrow the Government.”’ Historically, 
petty treason is defined as “murder of a person, esp. a master or husband, 
thought to be owed allegiance”! That last definition has been passed down 
from the Middle Ages, but the perception of treason varied widely throughout 
medieval societies. 

Many studies of medieval treason begin with Maitland’s comment regard- 
ing English law, that treason “is a crime which has a vague circumference and 
more than one centre.” According to Maitland, treason was a crime con- 
nected to plotting, scheming, and treachery—the crime of Judas that lands 
him in the deepest circle of Dante’s Hell to be gnawed upon by Satan himself.1® 
In The Law of Treason in England in the Later Middle Ages, one of the most 
comprehensive examinations of the English legal tradition regarding treason, 
John Bellamy traces the development of the law of treason in England from the 


u Green, A Crisis of Truth, 207. 

12 “treason,” Shorter Oxford English Dictionary, 5th edn., 2 vols. (Oxford: Oxford University 
Press, 2002), 2:3337. 

13 “treason,” Shorter Oxford English Dictionary, 2:3337. 

14 “treason,” Shorter Oxford English Dictionary, 2:3337. 

15 Pollock and Maitland, The History of English Law, 2:503. Qtd. in Bellamy, The Law of Trea- 
son, 1, and White, “The Ambiguity of Treason,’ 89. 

16 Pollock and Maitland, The History of English Law, 2:503 and n. 4, at 504-8. See: Dante 
Aligheri, Inferno, ed. and trans. Robert Hollander and Jean Hollander (New York: Anchor 
Books, 2002), 34.631.61-3. 
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Roman and Germanic legal precedents, beginning with the very first recogniz- 
able reference to treason in the laws of Alfred (c. 893).!” He also points out that 
early medieval continental law collections like the Visigothic Breviarium Alari- 
canum [Breviary of Alaric] (506), the Burgundian Lex Romana, known as Pa- 
pian (dated after 517), the Leges Alammanorum (from the eighth to the twelfth 
centuries), and the Leges Baiuvariorum (c. 756) showed the greatest debt to 
Roman laws regarding treason, though, despite a “fleeting appearance in the 
capitularies of Charlemagne, it did not figure significantly in law again until 
the revival of classical learning in the twelfth century.”!® Lisi Oliver touches 
briefly on that brief appearance in Frankish law, noting that there were three 
hearings from treason in the court record up to 814, the year of Charlemagne’s 
death, and that the majority of cases involved homicide.!9 During the twelfth- 
century revival of classical learning and the introduction of Roman law into 
secular and ecclesiastical judicial process, the concept of treason was refined. 
Knowledge of Roman law added the idea of maiestas and the crime of lese- 
majesty in Middle English (/ése-majesté in French); as W.R,J. Barron writes, “the 
mutual interdependence of leader and followers which informed the German- 
ic idea of kingship gave way to a more absolute authority modelled on impe- 
rial lines, and the definition of treason, high and petty, became more concrete 
and comprehensive.”2° What began as a breach of trust [treubruch] by a man 
against his lord in the Germanic sense was transformed, with the adoption 
of the Roman idea of a crime of maiestas, into an insult to those with public 
authority.?! As Bellamy explains, nearly all the Roman ideas regarding treason 
reappeared in the laws of the European states in the later Middle Ages, as did 
interpretations of those ideas.?? 

In Policraticus (late 1150s), the first comprehensive medieval treatise on po- 
litical theory, John Salisbury constructs an image of the political structure of a 
nation as a human body with the divinely appointed ruler at its head.?’ John’s 
vision reinforces a rigid feudal system in which social groups should not aspire 
to rise above their station; however, the upper portions were obligated to treat 


17 Bellamy, The Law of Treason, 1-2. 

18 Bellamy, The Law of Treason, 3. 

19 Lisi Oliver, The Body Legal in Barbarian Law (Toronto: University of Toronto Press, 2011), 
55. 

20 WRJ. Barron, “The Penalties for Treason in Medieval Life and Literature,” Journal of 
Medieval History 7.2 (1981): 187-202 at 188. See also: Bellamy, The Law of Treason, 1-3. 

21 Bellamy, The Law of Treason, 1. 

22 Bellamy, The Law of Treason, 2-3. 

23 Danielle Westerhof, “Amputating the Traitor: Healing the Social Body in Public Execu- 
tions for Treason in Late Medieval England,” in The Ends of the Body: Identity and Com- 
munity in Medieval Culture, ed. Suzanne Conklin Akbari and Jill Ross, 177-92 (Toronto: 
Toronto University Press, 2013), 179. 
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the lower ones with respect, for they sustained the rest of the society.2* As Dan- 
ielle Westerhof explains, in John’s vision of society, cooperation and mutual 
respect are equally essential for maintaining a harmonious collective, “so that 
whatever happens to one part of the body will have a potentially detrimental 
effect on the rest of the organism.”?° As such, John lists a number of crimes that 
could cause disruptions within this symbiotic structure, but treason is de- 
scribed as one of the worst of those. Found in Roman law, and repeated in 
English medieval legal texts like Glanvill (c. 180) and Bracton (c. 1220), treason 
(crimen majestatis) “encompasses anything from contemplating regicide to 
fleeing from battles; helping the enemies of the realm with money, military 
supplies, or information; and inciting rebellion (Lib. v1, Cap. 25).’26 John also 
equates treason with sacrilege because both crimes “contain a decidedly moral 
dimension (dishonesty, secrecy, apostasy) and both indicate the spiritual death 
of the perpetrator: by committing treason or sacrilege, the perpetrator acts 
against the greater good of the collective and is therefore no longer of use (Lib. 
VI, Cap. 25).”2” Thus, treason not only affects the ruler but the whole of society 
and is a serious threat to public security.28 While it often focused on the be- 
trayal of the lord, king, or country, treason also manifested in multiple forms 
throughout the medieval and early modern periods: Rebellious lords, disloyal 
subjects, religious heretics, unrepentant converts, and unfaithful queens. Trea- 
son was adjudicated and punished differently at certain times and in specific 
communities; often the shame of treason lingered long after the immediate 
act, and public reputation could be used against a suspect in a legal case. Most 
accounts of treachery survive either in historical chronicles or literary works in 
which treason is a concept shared among medieval societies, shaped by chang- 
es in secular and canon law, and influenced by periods of war, civil strife, and 
religious upheaval. Whether confined to a specific moment in time or a par- 
ticular geographical or linguistic space, these texts form an important basis for 
piecing together the lens through which we can create our mosaic of treason in 
the broader scope of medieval and early modern Europe. 

The word treason comes from Latin traditio(n): “The giving up, surrender, or 
betrayal of something or someone.”?? While Latin has several words for the 


24 Westerhof, “Amputating the Traitor,” 179. 

25 Westerhof, “Amputating the Traitor,” 179. 

26 John of Salisbury, Policraticus: Of the Frivolities of Courtiers and the Footprints of Philoso- 
phers, ed. and trans. CJ. Nederman (Cambridge: Cambridge University Press, 1990), cited 
in Westerhof, “Amputating the Traitor,” 181. 

27 Westerhof, “‘Amputating the Traitor,” 181. 

28 Westerhof, “Amputating the Traitor,” 181. 

29 “tradition,” Shorter Oxford English Dictionary, 5th edn., 2 vols. (Oxford: Oxford University 
Press, 2002), 2:3317. 
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same concept— insidias [treachery], seditio [sedition], conspiratio [conspira- 
cy], or proditio [treason|—the word treason mainly comes via Old French: trai- 
son; Anglo-Norman: traisun; and Middle English: treiséun. In Middle English, 
particularly, treason meant many things: 


treisoun (n.) 

Disloyalty, faithlessness, culpable indifference to sacred obligations or al- 
legiance, variously manifested as: (a) treachery to one’s king, country, 
sworn ally, etc., esp. contriving the defeat or death thereof; also, failure to 
protect or defend one to whom one owes such protection or allegiance; 
(b) treachery to one’s kin, esp. contriving the death, exile, or imprison- 
ment of a relative; betrayal of or infidelity to one’s spouse or betrothed; 
(c) faithlessness to religious vows, obligations, or ideals. 

(a) Falseness, deceitfulness, hypocrisy, usu. accompanied by treacherous 
behavior or injurious actions; ~ colour, duplicity; (b) the military use of 
subterfuge; the use of unfair tactics in combat; also, suborned treachery. 
(a) Law. The specific charge for offenses against the Crown or the State 
defined as treasonous in 1350-51, high treason; also, an offense legally de- 
fined as treasonous; heigh ~; (b) any of several sins involving faithless- 
ness or duplicity and given the name of treason; also person. 

(a) An act of treachery, a traitorous act, a betrayal of someone to whom 
one owes loyalty; (b) an underhanded trick, a deception; a plot intended 
to injure a trusting or an innocent victim. 

With diminished force: (a) a generally opprobrious quality or mode of 
behavior associated with evil or deceptive persons; malice, hostility; (b) a 
dishonorable or despicable act; a display of unseemly behavior; wicked- 
ness, evildoing; (c) in exclamations: an acknowledgement of imminent 
danger not necessarily involving betrayal; a general cry of alarm or dis- 
tress,3° 


As such, English medieval literary texts often incorporate competing and even 
contradictory concepts of treason and betrayal. 

In the thirteenth century, the basis of treason was still the betrayal of trust, 
which was socially rather than legally defined.*! The multiplicities of under- 
standing make it necessary to investigate and interrogate the ways in which 


30 “treisoun,” The Middle English Dictionary, online: <https://quod.lib.umich.edu/cgi/m/ 
mec/med-idx?size=First+100&type=orths&qi=traisoun&rgxp=constrained> (accessed 
July 17, 2017). 

31 Barron, “The Penalties for Treason,” 188; Bellamy, The Law of Treason, 10-11. 
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medieval governments, kings, clergy, and common people interpreted acts of 
betrayal, disloyalty, and treachery. Treason is the “most fundamental of felo- 
nies” that “struck at the roots of feudal society through a complex of crimes.”3? 
As Barron explains, treason was the basis of legal felony from the thirteenth 
century on, in both England and on the Continent: “betrayal of trust by an at- 
tack upon the security of the state, its administrative or economic validity, or 
the legitimacy of the succession—whether directed against the king or some 
lesser liege lord, and the law made no absolute distinction between high and 
petty treason.”°? A subject who turned against his lord or his king was a traitor; 
a family member who showed disloyalty in deceiving another was treacherous; 
a queen who committed adultery also committed treason; an unfaithful non- 
royal wife committed petty treason against her marital lord; a Christian who 
rejected his or her faith to convert to another betrayed God; murderers were 
also often charged as traitors. As Barron points out, the legal definition of trea- 
son changed from age to age while the underlying moral concept did not.34 


1 Punishing Traitors 


Frequently, the moral outrage at acts of treason, or sympathy with heroic reb- 
els who resisted a tyrannical regime, was expressed in depictions of punish- 
ment. Punishing traitors was a means of broadcasting the severity of the crime, 
of proclaiming it publicly, and displaying it in an exertion of uncontested pow- 
er. Treason was most clearly distinguished from other serious crimes by the 
punishment inflicted on the guilty?°>—usually a capital sentence of being 
hanged, drawn, and quartered, or, in the case of nobility, simply being behead- 
ed. Women were generally condemned to be burnt at the stake, as is the case 
with Guinevere in Sir Thomas Malory’s Morte Darthur and the stanzaic Morte 
Arthur (though she is rescued by Lancelot). According to Barron, the moral 
failing inherent in the traitor’s breach of troth put him beyond the reach of 
mercy or compassion, and so execution methods might vary at the whim of the 
sovereign or judge, with local usage, or the sex of the traitor.36 In his com- 
prehensive discussion of legal precedence in the context of the Chanson de 


32 Barron, “The Penalties for Treason,” 187. 

33 Barron, “The Penalties for Treason,” 187; Bellamy, The Law of Treason, 12. 

34 Barron, “Penalties for Treason,” 188. 

35 Bellamy, The Law of Treason, 20. 

36 WRJ. Barron, Trawthe and Treason: The Sin of Sir Gawain Reconsidered (Manchester: 
Manchester University Press, 1980), 36-7. Barron explains that women might be burnt 
alive “to avoid the indecent exposure of their bodies in public” (37). 
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Roland (hereafter the Roland), Emmanuel Mickel aptly points out that the 
treatment of traitors escalated in severity in the late twelfth and thirteenth 
centuries. In the thirteenth century, the long-held view in France that the king 
is sovereign (rex in regno suo princeps est) begins to have a telling effect on the 
perspective regarding treason, though the last Capetian kings did not prose- 
cute treason vigorously and the harsh treatment of prisoners in England began 
much earlier.” But there is a pronounced increase in the punishment of trai- 
tors in France, including the implementation of dragging, hanging, beheading, 
quartering, and mutilating during the Hundred Years War (1337—-1453).38 Pun- 
ishing traitors (as well as murderers, heretics, and other serious criminals) was 
often made into a spectacle, a visual performance to deter others from engag- 
ing in treachery or betrayal, and to send a “strong signal of justice in action.”°9 
Anthony Musson explains that “the gathering of crowds of ordinary people to 
watch and cheer at the gruesome fate of traitors was itself redolent both of the 
attitude of awe, respect and fear which the Crown wished to inculcate and the 
way in which the public at large could be attracted by or drawn into such 
events.”4° As Westerhof explains, “the body of the traitor came to represent the 
corrupted body social while at the same time being a corruption to be expelled 
from it during the process of the public execution[.] ... for executions to be 
politically meaningful, they would have to be couched in terms understood by 
those for whom executions were staged.’*! The magnitude of the crime de- 
manded exemplary punishment—drawing, hanging, emasculation, disem- 
boweling, beheading, and quartering in various combinations, and, in rare 
exceptions, flaying alive.*” 

The most common form of executing traitors was hanging, drawing, and 
quartering, though there is a lively debate on the order in which that sentence 
was carried out and in what form. Drawing could refer to equine quartering, 
where the subject is ripped apart by horses, like Ganelon in the Roland dis- 
cussed by Ana Grinberg here, or it could refer to the practice of dragging the 


37 Emanuel J. Mickel, Ganelon, Treason, and the ‘Chanson de Roland’ (University Park: The 
Pennsylvania State University Press, 1989), 145-6. 

38 Mickel, Ganelon, Treason, 145-6. 

39 Anthony Musson, Medieval Law in Context: The Growth of Legal consciousness from Magna 
Carta to the Peasants’ Revolt (Manchester: Manchester University Press, 2001), 19. 

40 Musson, Medieval Law in Context, 19. 

41 Westerhof, “‘Amputating the Traitor,” 178. 

42 Barron, “The Penalties for Treason,” 187 and Trawthe and Treason, 37-8. Barron lists sev- 
eral historical incidents when flaying was threatened and a few when it was actually car- 
ried out. See also: Bellamy, The Law of Treason, 13. On the frequency (or lack) of flaying as 
a judicial punishment, see: Larissa Tracy, ed., Flaying in the Pre-modern World: Practice 
and Representation (Cambridge: D.S. Brewer, 2017). 
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condemned to the gallows, either tied to the tie of a horse or on a hurdle drawn 
by a horse.*3 Mickel provides numerous examples of traitors being hanged, 
drawn, and quartered (some by horses) in the thirteenth century, including the 
Welsh chieftain Rhys-ap-Meredith who was dragged and hanged in 1292, and 
Thomas de Turbeville who was torn asunder by horses in 1295.44 But Roger Da- 
hood effectively explains that drawe, in the context of Geoffrey Chaucer’s Pri- 
oress’s Tale, means being dragged by horses to the place of execution.*> This 
may not seem as brutal as being torn asunder by horses like Ganelon. Criminals 
were often dragged to the gallows. But as it is, equine dragging, “though its 
harshness is perhaps not quite so evident to the modern imagination as the 
harshness of equine quartering, is harsh indeed.”* Both historical and literary 
accounts record gruesome, cruel, and degrading punishments for traitors, both 
suspected and convicted, though the most inventive methods seem largely 
confined to fiction. As Barron writes, the traitor must always die, but in the 
later Middle Ages “the horror aroused by his crime was expressed in prolonged 
and complicated forms of execution.”4” 

Kings were often eager to extract more prolonged, more gruesome punish- 
ments from traitors because they could only die one death, and if they could 
not inflict additional physical punishments, then they would extract a moral 


43 See my extended discussion on equine quartering and being drawn by horses to the place 
of execution in Torture and Brutality in Medieval Literature: Negotiations of National Iden- 
tity (Cambridge: D.S. Brewer, 2012), esp. go—6; 179-81. 

44 Mickel, Ganelon, Treason, 147. 

45 Roger Dahood discusses the nature of this punishment at length, reviewing each of the 
possibilities for defining drawe, concluding that it means dragging along the ground rath- 
er than equine dismemberment or quartering. See: “The Punishment of the Jews, Hugh of 
Lincoln, and the Question of Satire in Chaucer’s Prioress’s Tale,’ Viator 36 (2005): 465-91 
at 466-9. He writes that the definition allows three interpretations of the Prioress’s word: 
“wild horses dragged the Jews without a vehicle, dragged them in a cart, or dragged them 
on a sledge. If the Prioress meant drawing the Jews on a cart or sledge, the point might be 
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vere’s sake in Chrétien’s and later Malory’s Knight of the Cart” (469-70). This interpreta- 
tion is logical because in order for them to be hanged, there must be an intact body—they 
are drawn to the place of execution by horses and then hanged. However, Mickel explains 
that the treatment of Jews suspected of crimes was often synonymous with the punish- 
ment of traitors. He gives the example of four Jews accused of circumcising a youth “and 
other atrocities,’ who were torn asunder by horses and later hanged, and says that reli- 
gious offences often seemed to be regarded as similar to cases of treason. (See: Ganelon, 
Treason, 147 n. 300). 
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punishment that might include humiliation or slander post mortem.*® As Bar- 
ron writes, “the moral itemization of the penalty for treason was quite con- 
scious; often, perhaps, politically motivated.”49 After his defeat and death at 
the battle of Evesham in 1265, the body of Simon de Montfort, Earl of Leicester, 
the Anglo-French noble who opposed Henry 111, was mutilated. His testicles 
and his head were presented to the wife of Roger de Mortimer, one of the king’s 
supporters.°° In 1326, for supposedly corrupting King Edward 11 and turning 
his affections away from his wife (among other crimes), Edward's favorite Hugh 
Despenser was subjected to a traitor’s death, similar to that of William Wallace. 
The illuminated version of Jean Froissart’s Chronicles preserved in Paris, BnF, 
Fr MS 2643, fol.u, includes a graphic illumination of Hugh Despenser being 
publicly disemboweled and castrated which takes up a quarter of the left-hand 
column. The text reads: 


When he had been tied up, his [penis and his testicles] were first cut off, 
because he was a heretic and a sodomite, even, it was said, with the King, 
and this is why the King had driven away the Queen on his suggestion. 
When his [penis and testicles] had been cut off they were thrown into the 
fire to burn, and afterwards his heart was torn from his body and thrown 
into the fire because he was a false-hearted traitor, who by his treason- 
able advice and promptings had led the King to bring shame and misfor- 
tune upon his kingdom. ...5! 


Lee Patterson cautions against taking Froissart entirely at his word, pointing 
out that in later medieval England, castration as a punishment for any kind of 
crime was “very rare, if not entirely absent,’ and that while Froissart reports the 
castration of Hugh Despenser, “this is no more historically verifiable than the 


48 Barron, “Penalties for Treason,” 189, 190. See also: Emily J. Hutchison, “Defamation, a Mur- 
der More Foul?: The ‘Second Murder’ of Louis, Duke of Orleans (d. 1407) Reconsidered,” in 
Medieval and Early Modern Murder, ed. Larissa Tracy, 254-80 (Woodbridge: Boydell Press, 
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claim that Edward was himself killed by having a hot poker inserted in his 
anus.”52 But the public spectacle of the traitor’s death was still used to reaffirm 
the political structures that were threatened by acts of rebellion. 

The execution of William Wallace in 1305 for treason in his guerilla enter- 
prise against English rule in Scotland embodied this spectacle of punishment 
that included castration. Wallace was hanged until partially strangled, taken 
down, emasculated, eviscerated, and finally beheaded. The corpse was then 
quartered, his head placed on a pike on London Bridge, and the four sections 
of his body sent “to four towns in Scotland as warning as rebellion.’>? The cas- 
tration of convicted traitors reinforces the genetic claim of the monarch to the 
throne.5* Royal inheritance is based on masculine propagation, and those who 
trespass against that royal lineage must be wiped out. Literal emasculation be- 
comes a symbolic neutering of an opposing line, cut off to insure no further 
rebellion or revenge. According to Martin Irvine, some “courts sought to con- 
trol the application of the penalty,” which meant that it was rarely carried out.” 
At the same time, other cultures considered that “[a] nobleman’s genitals were 
signifiers of his gender and being male was a prerequisite for the warrior status 
he claimed,” so castration might be more apt,5® at least in medieval Scotland, 
where being lenient suggested royal weakness, as Iain MacInnes explains in 
this volume.*” Execution in these instances is not enough, and the “injured 
sovereignty” resorts to mutilation as a further attempt to reconstitute what 
Elaine Scarry calls the “wholly illusory but, to the torturers and the regime they 
represent, wholly convincing spectacle of power.”* Ultimately, of course, the 


52 Lee Patterson, “Chaucer’s Pardoner on the Couch: Psyche and Clio in Medieval Literary 
Studies,” Speculum 76.3 (July 2001): 638-80 at 659. 

53 Timothy S. Jones, Outlawry in Medieval Literature (New York: Palgrave MacMillan, 2010), 
48. According to Pollock and Maitland, Wallace was “drawn for treason, hanged for rob- 
bery and homicide, disemboweled for sacrilege, beheaded as an outlaw and quartered for 
diverse depredations.” See: Pollock Maitland, The History of English Law, 501 n.1; quoted in 
Barron, “Penalties for Treason,” 189-90. 

54 See: Larissa Tracy, ed., Castration and Culture in the Middle Ages (Cambridge: D.S. Brewer, 
2013), esp. 19-21. 

55 Martin Irvine, “Abelard and (Re)writing the Male Body: Castration, Identity, and Remas- 
culinization,” in Becoming Male in the Middle Ages, ed. Jeffrey Jerome Cohen and Bonnie 
Wheeler, 87-106 (New York: Garland Publishing, 2000), 88. 

56 Klaus van Eickels, “Gendered Violence: Castration and Blinding as Punishment for Trea- 
son in Normandy and Anglo-Norman England,” in Violence, Vulnerability & Embodiment: 
Gender and History, ed. Shani D’Cruze and Anupama Rao, 94-108 (Oxford: Blackwell, 
2005), 103. 

57 Iain A. MacInnes, “A somewhat too cruel vengeance was taken for the blood of the slain’: 
Royal Punishment of Rebels, Traitors, and Political Enemies in Medieval Scotland, c. 100- 
c. 1250” in this volume. 

58 Elaine Scarry, The Body in Pain: The Making and Unmaking of the World (Oxford: Oxford 
University Press, 1985), 27. 
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mutilation of William Wallace did not quell the rebellious spirit of Scotland, 
and if nothing else, the added injury of their leader being castrated may well 
have galvanized the Scottish nobles into further rebellion against Edward 1, 
culminating in the Battle of Bannockburn in 1314 and resulting in England’s 
defeat. Equally spectacular, but even more rare, the flaying of prisoners—even 
traitors—was an exceptional penalty, despite its frequent appearance in litera- 
ture; however, the “varied thematic use made of it to express abhorrence of 
treason’ illustrates the significance which treason had for the Middle Ages.59 
The worst crime deserved the worst punishment, and both historical and liter- 
ary accounts record the varied social response to it. 


2 Treason in the Literary Imagination 


Treason was a felony—as much a social as a legal violation, rooted in the vi- 
ciousness of character—applied equally to acts of infidelity against God and to 
breaches in the chivalric code.®° Acts of treason were often litigated in poems, 
epics, and chansons de geste wherein treason lurked within the confines of the 
court or threatened society from without. The spectacular, but generally apoc- 
ryphal, punishments meted out to traitors in the literary corpus signals the el- 
evated place of treason in the concerns of medieval audiences. For Dante, 
treachery is the most heinous crime: his traitors are eternally trapped in ice, 
contorted as their loyalties were distorted, and the three worst traitors—Bru- 
tus, Cassius, and Judas—suffer in the maws of Satan himself.5! As Megan 
Leitch explains, specifically in the romances of the fifteenth-century English 
Wars of the Roses, “[t]heir treasons and treacheries are horizontal as well as 
hierarchical, and they apply the language of the narrower institutional idea of 
treason to this wider set of transgressions to intensify their instructive 
condemnations.”®? In his discussion of treason in Sir Gawain and the Green 
Knight, Barron applies the legal definitions of treason to the wooing and hunt- 
ing scenes in the poem. He argues that Gawain’s act of sexual treason, in kiss- 
ing the host’s wife, is a breach of trust and the detailed butchery of the deer is 
a metaphor for the complex execution of traitors: “To contemporary imagina- 
tions, the atmosphere of ordered ceremonial calm might suggest the formal 
solemnity surrounding the public execution of some great nobleman found 


59 Barron, “The Penalties for Treason,” 187. 

60 Barron, “The Penalties for Treason,” 188. 

61 Dante, Inferno, 34.631.61-9. 

62 Megan G. Leitch, Romancing Treason: The Literature of the Wars of the Roses (Oxford: Ox- 
ford University Press, 2015), 57. 
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guilty of treason.”63 Many of the chapters in this volume explore the intricacies 
of social and legal treason in terms of religious and chivalric identity (Claussen, 
Dominguez, Grinberg, Shockro, Sposato), as well as the social implications of 
treachery within the chivalric community (Boyer, Classen, Ridley Elmes, Maty- 
ushina, Tracy). Just as the romances of the Wars of the Roses “bear witness to a 
culturalimaginary particularly invested in secular ethics and legal procedures,’®*+ 
so to do literary texts across the spectrum of medieval languages and contexts 
give testimony regarding treason in its various forms, including adultery, and 
the shame that accompanies such accusations and betrayals. 

This volume seeks to investigate the nature of treason in medieval and early 
modern society in both practice and representation—its consequences, its 
lasting effects, and its impression on societies and social standing. The chap- 
ters in this volume address treason, treachery, betrayal, and the shameful con- 
sequences of such betrayal in law, literature, and history, from across the span 
of the medieval period and into the early modern period in varying regions of 
medieval Europe. The volume is arranged in three interdisciplinary parts: The 
Politics of Treason; Religious Treason and Heresy; and Treasonous Love: Adultery 
and Shame. The first part looks specifically at the political manifestations and 
implications in a range of sources, beginning with Old English literature and 
material culture and progressing through medieval Scottish accounts of war. 
The second focuses on the symbiotic relationship between faith and fidelity— 
how loyalty figured into debates regarding heresy and how treachery manifests 
in a variety of religious discourses, often blending with chivalric literature. Fi- 
nally, the last section deals with adultery as a form of treason, both in literary 
and historical cases, where queens are unfaithful to royal husbands, or where 
lovers experience betrayal at the hands of those they trust. 

Familial treachery had far reaching consequences both historically and po- 
litically; feuds erupted between kin groups, relatives betrayed one another for 
political power, and kings were overthrown by their cousins and brothers. In 
the earliest English epic, Beowulf, treason often sparks blood feuds, leading to 
long periods of betrayal and distrust. In the first essay in Section One, Frank 
Battaglia examines the complicated sequence in Beowulf that brings Wiglaf’s 
sword to the hero’s aid in his final battle against the dragon; hybridized Ger- 
manic principles of loyalty and absolutism provide the historical and social 
backdrop for this assessment. Analyzing the thread of betrayals that under- 
mines kinship avowals in a transcendent endorsement of an emerging political 


63 Barron, Trawthe and Treason, 50. Barron also compares the struggle with the boar to trial 
by combat (61), and the killing of the fox to flaying by mob violence (73-4). 
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principle, Battaglia juxtaposes the literary sequences with material evidence 
of sword finds, artifacts that were often passed down through acts of treason, 
concluding that the sword symbolizes the potential ferocity of overthrow and 
feud. Next, focusing her essay on the relationship between uncle and nephew, 
Sarah J. Sprouse considers the lament of Gerald of Wales, who bemoans the 
treachery of his nephew and that of the world in his early thirteenth-centu- 
ry Speculum Duorum [A Mirror of Two Men], as a mode of Boethian consola- 
tion. Gerald’s treatise indicts his nephew's behavior based on his own sense 
of breach of trust, grounded in his thwarted political and religious ambitions. 

Such political ambitions often led to unrestrained violence and dishonor- 
able behavior, especially among the warrior classes. In his essay, Peter Sposa- 
to looks at the way in which chivalric literature, specifically that of Florence 
and Tuscany in the thirteenth and fourteenth centuries, operated on a reform 
theme that equated treason with dishonor. He argues that knights were pre- 
sented with contradictory currents of thought: the veritable deluge of praise 
for violence committed in the defense or assertion of honor and the subtler 
reform messages intended to temper those violent excesses. By portraying dis- 
honor as a form of treason, these romances did not deter knights from violence, 
but encouraged them to engage in it honorably. Similarly, Samuel Claussen 
analyzes royal responses to treason in chronicle accounts, juxtaposed with 
chivalric literary narratives in fourteenth- and fifteenth-century Castile, which 
discouraged knightly or noble treason against the king. His discussion is set 
within the context of the new Trastámara Dynasty, founded by King Enrique 
II (r. 1366-1379), which was born out of a treasonous rebellion and quickly be- 
came focused on rooting out treason itself. 

It was important for monarchs to deal swiftly and often brutally with trai- 
tors, lest their crimes inspire others. Historical rebellions, like the revolt of 1381 
in England, threatened to undermine monarchies and, very often, revealed the 
cracks within the political power structure. Iain A. MacInnes examines the 
“violent” paradigm in medieval Scotland that ensured that non-lethal and non- 
violent responses to rebellion were portrayed negatively as examples of royal 
weakness. Punishments in the form of fines, forfeiture, or submission were 
seen as powerlessness on the part of monarchs rather than as acts of clemency 
or kingly magnanimity. Weak kings left themselves open to renewed acts of 
betrayal and continuous rebellion. 

Section Two considers the religious ramifications of treason and the ways in 
which accusations of heresy were often bound together with acts of betrayal. 
Daniel Thomas begins with a reexamination of the Old English poem Genesis 
B, situating the rebellion of Lucifer within the political milieu of early medi- 
eval England and the power-sharing Carolingian elite on the Continent. He 
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argues that the similarities between Genesis B and the realities of behavior 
among the Carolingian elite, which was often treasonous and transgressed ties 
of loyalty, suggest a potential source for the Old English poem. Turning to Old 
English hagiographical sources in Latin, Sally Shockro draws connections be- 
tween treachery and martyrdom that reinforce the Christian message of most 
saints’ lives while criticizing the political failings of weak kings, most specifi- 
cally Bede’s account of St. Edwin, Felix’s vita of St. Guthlac, and the tradition 
surrounding the death of King Edward the Martyr. Treason, adultery, and her- 
esy are bound up together in the thirteenth-century epic, Morant und Galie, 
discussed by Tina Boyer, in which Charlemagne’s queen (Galie) is falsely ac- 
cused by an enemy within the court who violates various Christian taboos and 
is the real traitor. Ana Grinberg follows Boyer’s analysis of German Char- 
lemagne romances by looking at the French Cycle du roi and the Anglo-Nor- 
man Roland. In her discussion of the Roland, and the French Fierabras and Gui 
de Bourgogne, Grinberg examines the complex relationships within families 
wherein nephews and nieces betray their uncles (who are usually kings) and 
vice versa in generational strife, Christians betray their religious compatriots, 
and Saracens betray their lineage and their faith through conversion. 

Accusations of treason were also levied among Christians, particularly in 
the period following the Reformation. As early as the fourteenth century, het- 
erodox movements, like the Lollards, were branded as traitors. By 1423, Lol- 
lardy was grouped with treason and felony: “Fear of heresy became entangled 
with the fear of revolt, crime, and attacks on the hierarchical nature of medi- 
eval society.’©> Here, Freddy C. Dominguez considers the polemical strategies 
of English Catholics who were labelled traitors, rather than heretics, during the 
reign of Elizabeth I. As he writes, “Catholic responses to, and engagements 
with, accusations of treason show the concept was far from self-evident and 
was subject to manipulations guided by a range of rhetorical and political 
concerns.”66 As Elizabeth sought to control the narrative regarding Catholic 
plots, Catholics, in turn, responded with their own accusations. 

Treason often struck very close to home, especially within royal households 
in which a queen’s adultery against her husband became a crime against the 
state. Section Three examines the ramifications of adultery, betrayal, and 
shame within political and social structures. Throughout the Middle Ages, 
queens were accused of treason both legitimately (when they actually had 


65 Hanawalt, ‘Of Good and Ill Repute’, 13. 
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affairs) and illegitimately (where it was a political weapon to discredit either 
the king or his heirs). The litany of royal women who committed adultery 
against their royal spouse is rather long, though not all the accusations were 
valid. The bodies of queens were often the subject of public scrutiny, particu- 
larly when the question of legal succession was involved. Queen Margaret of 
Anjou was often the subject of adulterous rumors.®” Isabella of France was a 
known adulteress, though there is a striking lack of contemporary tales of her 
behavior.®* As Joanna Laynesmith explains in reference to late medieval Eng- 
land, “tales of adulterous queens had political implications with which no king 
would want to associate himself: Implications of failed kingship and collapsing 
regimes as well as the more obvious issue of illegitimate succession.’ 

The complicated historical reality of adultery and treason was often arbi- 
trated in literary sources, particularly in the Arthurian tradition. The famed (or 
infamous) affair between Guinevere and Lancelot, or, in the earlier sources, 
Guinevere and Mordred, offered a cautionary tale to medieval audiences across 
medieval Europe who retold their story over and over. In Canto v of Inferno, 
Dante forgives the treasonous aspect of Paolo and Franscesa’s affair but notes 
that it all started as they were reading a book about Guinevere and Lancelot: 
“Noi leggiavamo un giorno per diletto / di Lancialotto come amor lo strinse; / 


soli eravamo e sanza alcun sospetto” [“One day, to pass the time in pleasure, / 
we read of Lancelot, how love enthralled him. / We were alone, without the 
least misgiving”].”° Dante, like many other authors, cast Lancelot and Guinev- 
ere as sympathetic actors, while also acknowledging the profound impact their 
example had on ideas of love, adultery, and treason. 

Sexual deception often accompanied other themes in literary sources: love, 
marriage, wealth, travel, political conflicts, and war, as well as treason. In his 
essay, Albrecht Classen surveys the Arthurian tradition in the late medieval 
and early modern German verse romances and prose novels, particularly in 
Königin Sibille by Countess Elisabeth von Nassau-Saarbriicken (1437), Thiiring 
von Ringoltingen’s Melusine (1456), and the anonymous Malagis (c. 1460). Clas- 
sen draws parallels between these works and examines the ways in which trea- 
son intersects with married life at the highest political level. In her chapter on 
unfaithful women at King Arthur's court, Inna Matyushina continues the dis- 
cussion started in Classen’s chapter with particular attention to the late-twelfth 
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century French Le Lai du cort mantel and the thirteenth century Old Norse 
rendering of this poem into the prose Mottuls saga or Skikkju saga. In these 
texts, the chastity of the various noble women of Arthur’s court is tested by a 
magical object (usually a mantel) that grows shorter or longer, revealing the 
adultery and treachery of most of the women. Matyushina argues that the ver- 
sion in Mottuls saga not only condemns the unfaithful women but also casts 
doubt on the reputations of the knights themselves. 

Similarly, Malory’s Morte Darthur (completed 1469-70; published 1485), the 
culmination of the Arthurian tradition in England, suggests that treason, mur- 
der, and adultery flourishes in Camelot because of the weaknesses within the 
system. As Melissa Ridley Elmes explains in her essay, “Guinevere’s feast brings 
the community together to collectively witness a murder that reveals the 
treachery that threatens its core, and the individual responses of knight, king, 
and queen to this event showcase the limitations of law or custom to deal ef- 
fectively with it. Malory employs the feast as a crucible of treason, which 
Camelot fails.” As Ridley Elmes argues, Malory is less concerned with the 
adultery of Guinevere and Lancelot than the familial and chivalric treachery 
lurking within Camelot, which plays out most spectacularly at feasts hosted by 
the queen. The Arthurian court provides a backdrop for anxieties of royal sta- 
bility, honor, duty, and loyalty, and, as such, often gives vent to fears of female 
infidelity among noble women. 

However, accusations of treason against adulterous wives were not only lev- 
ied at queens, in whose bodies rested the future of the nation. The wives of 
common men could also be accused of treason, though more regularly “petit” 
or “petty” treason, as Dianne Berg explains in her chapter on sixteenth-century 
chronicles and plays, specifically Arden of Faversham and A Warning for Fair 
Women (composed c. 1590, published 1599). While these texts offer a voyeur- 
istic glimpse of wifely violence—where mariticide is classified, not only as 
murder, but as “petty” treason—they ultimately serve a conservative social 
agenda. By casting women who murder their husbands as traitors, these plays 
reinforce the idea of women as subjects, as subordinates, even within their 
own home. 

Frequently, the accusation and adjudication of treason were tied to the pub- 
lic perception of guilt as much as to the actual evidence of guilt. Fama or “rep- 
utation’” played a significant role in the way in which traitors were portrayed in 
the variety of surviving records and circulating literatures. Fama plays a central 
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role as evidence with “strong probative value.””* But the fama of a crime could 
inspire “rumors about the possible author of the deed,””3 which were enough 
to spark the public imagination. In the context of English legal tradition, pu- 
blica fama exists when two or more reputable people testify that a suspect is 
widely believed to be guilty, or capable of being guilty, of a crime, and it can be 
used as probable cause to charge someone with a crime.” According to 
F.R.P. Akehurst, “having a good reputation might make it easier for a person to 
prevail in a lawsuit,” while having a bad reputation could stand as evidence 
against the suspect.” These distinctions of having a good or bad reputation 
governed the legal existence of most medieval people—common and noble. 

As such, when someone was accused of a crime, their fama could be used as 
either evidence for or against them. This is the case in the Arthurian tradition, 
in which Guinevere’s reputation precedes her, and in the test of chastity en- 
dured by other women of the Arthurian and Carolingian courts. In later novels 
like Madeleine de Scudéry’s 10-volume roman-fleuve, Clélie: Histoire romaine 
(1654-1660), and La Princesse de Cléves (1678), attributed to Madame de La Fay- 
ette, shame becomes a literal map within the text to follow the heroine’s devel- 
opment. In her essay here, Susan Small uses the Carte de Tendre (a model of 
amorous cartography) and other seventeenth-century maps of imaginary 
spaces as a blueprint and an overlay for tracing the sentimental journey in La 
Princesse de Cléves, in which the heroine’s amour dinclination leads to shame, 
suffering, and death. 

Thus, crimes of treachery, adultery, and betrayal are also intertwined with 
questions of shame and reputation. In the conclusion, I bring these threads 
together in an analysis of adultery amounting to treason from the most promi- 
nent of recent visualizations of medieval treachery: the HBO series Game of 
Thrones. From Cersei’s “walk of shame,’ to the historical “walk” of Jane Shore, 
mistress to Edward rv of England, to laws regarding the punishment for aver- 
age adulterers and the laws governing treason, and finally to the literary argu- 
ment of Arthurian poets in the stanzaic Morte Arthure (hereafter sMA) and the 
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alliterative Mort Arthure (hereafter aMA), I bring these pieces into conversa- 
tion with each other. Ultimately, though the genre, time, and chronology 
changes, treason is a constant fear within society. Whether it is between indi- 
viduals, within families, within ruling classes, against a nation, against a king, 
against a husband, or against God, treason and its attendant stigmas, specifi- 
cally adultery, betrayal, and shame, have the capacity to destroy the very fabric 
of society. 

In the course of medieval and early modern history, amid social conflict, 
civil war, religious strife, economic inequity, dynastic contests, and religious 
and racial intolerance and violence, the potential for treason in its various 
forms was pronounced, but it is not only a medieval phenomenon. Treason 
cannot be relegated to the mists of time as though modern societies are im- 
mune to betrayal. The current cries of treason on the American political stage 
and within the debate over the exit of the United Kingdom from the European 
Union (Brexit), belie that fact.” Treason, betrayal, adultery, and shame have 
always been present, reaching into the past and surely (and unfortunately) 
well into the future. 

Ultimately, treason is the highest crime, but it can be experienced at all lev- 
els of life. It is not simply the act of providing comfort and aid to enemies in 
war, nor is it always an act of treachery against a king or state. Treason is the 
betrayal of trust; it is an insidious act that undermines the stability of families, 
communities, and societies; it eats away at the fiber of social relationships and 
causes us to question the very nature of our interactions with our rulers, with 
our institutions, and with each other. Ultimately, this collection seeks to place 
the complex issue of treason within the context of human interactions and 
emotions, as well as legal and political structures, tracking the trajectory of 
treason through the western medieval world and into the early modern pe- 
riod. Thus, the individual articles often share sources and have tried to com- 
municate with each other as much as possible. We have, therefore, compiled a 
select bibliography of secondary texts, which focuses on the various aspects of 
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treason. Because treason in its various forms crosses all boundaries, it is neces- 
sary to look at treachery in the medieval period and its continuity into the ear- 
ly modern era as a series of pictures, traversing geographical borders to piece 
together how pre-modern cultures responded to treason in law and imagined 
it in fiction. Understanding the historical forms of treason, its multifarious per- 
mutations and interpretations, offers insight into the persistence of treachery 
and disloyalty in modern society and the many ways in which trust is betrayed. 


PART 1 


The Politics of Treason 


CHAPTER 1 
Wiglaf’s Sword: The Coming of the State 


Frank Battaglia 


The Anglo-Saxon poem Beowulf survives in a single eleventh-century manu- 
script, although it is generally thought to have been composed hundreds of 
years earlier! Since J.R.R. Tolkien’s major reassessment, the core of this com- 
pendium of legends has been understood to be the hero’s encounter with three 
monsters.” The first two assail the hall of Danish king Hrothgar. The third, a 
dragon, brings crisis to the kingdom of the southern Swedish Geats after the 
poem's eponymous hero Beowulf rules it for fifty years. The physical instru- 
ment with which that crisis is resolved, the sword of a young warrior, symbol- 
izes a new kind of authority over humans and non-humans, capable of 
autocratic force. 

To confront the third monster of the Old English poem, Beowulf brings his 
own heirloom sword, Neegling.? Although its edges have just been praised, it 
fails to cut.4 When Beowulf strikes with it, the blade gewac [was weak, soft /it 
dented] (2577); gudbill geswac [the combat-sword turned away (from what it 
was supposed to do)] (2584).° At this setback, the small troop that had accom- 
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3 H.R. Ellis Davidson developed Benjamin Thorpe’s suggestion about the sword’s ancestry in 
The Sword in Anglo-Saxon England (Woodbridge: Boydell Press, 1994), 142-145. 

4 The descriptive litotes in line 2564 has been variously emended. R.D. Fulk, Robert E. Bjork, 
and John D. Niles, ed., Klaeber’s Beowulf and the Fight at Finnsburg, 4th edn. (Toronto: 
University of Toronto Press, 2008); all quotations of Beowulf are from this edition. All transla- 


N 


tions are my own. 

5 Compact Oxford English Dictionary, 2nd edn. (Oxford: Clarendon, 1991), 2315, s.v. “wike, 1985, 
s.v. “swike.v”; J.R. Clark Hall, Concise Anglo-Saxon Dictionary, 4th edn. (Cambridge: Cambridge 
University Press, 1960), s.v. “wīcan”; Carl Darling Buck, A Dictionary of Selected Synonyms in the 
Principal Indo-European Languages (Chicago: University of Chicago Press, 1949), 39:4. The 
sword’s failings may encode a hyper-masculine critique of gendered inadequacy. Clark Hall 
provides “feeble, effeminate, cowardly” among the meanings of adjective wdc (391), related to 
the preterite third-person singular of wican. Boniface and seven bishops sent a letter to 
Æthelbald, king of Mercia (744 x 747) complaining that voluptuousness “ad instar Sodomitane 
gentis” [after the manner of the people of Sodom] would make the English people “nec in 
bello saeculari fortem nec in fide stabilem” [neither strong in secular warfare nor firm in... 
faith]. See: R.D. Fulk, “Male Homoeroticism in the Old English Canon of Theodore,’ in Sex and 
Sexuality in Anglo-Saxon England, ed. Carol Pasternack and Lisa M.C. Weston, 1-34 (Tempe, 
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panied Beowulf to the dragon’s barrow flees, except the less-experienced fight- 
er Wiglaf, who joins Beowulf as he closes with the dragon a second time. On a 
blow to the dragon’s head, Beowulf’s sword forberst [shattered] (2680); again, 
it geswac [turned from its duty] (2681). Charging, the fire-drake catches Be- 
owulf’s neck in its teeth. Although his hand is burned in the process, the young 
fighter then, on searwum [with an adroit stroke] (2700), drives his own sword 
into the dragon’s body, so that its fyr ongon/ swedrian [fire began to die out] 
(2701b—2702a). Still resolute, Beowulf slices the dragon's midriff with a knife, so 
that the poet is able to use the plural verb form to say feond gefyldan [they 
felled the enemy] (2706). Clearly, however, the dragon would not have been 
killed without Wiglaf’s intervention.® Wiglaf’s sword proves a more potent 
weapon against the dragon than Negling. The poet, indeed, plainly indicates 
this after Beowulf’s first confrontation with the beast and before the younger 
man assists him, announcing that the sword Wiglaf drew ne... / gewdac et wige 
[was not soft at war] (2628b—2629a), as the dragon finds out when they meet 
(2629b-2630). The weapon that mortally wounds the dragon had come to the 
hand of the unseasoned warrior by a circuitous route—it was given him by his 
father, who acquired it as a conflicted token. Seen in its entirety, the path of 
contingencies that put the more effective sword in Wiglaf’s hand seems to en- 
train new relationships of social power.” 

The poem upends and distorts native traditions in its transmutation of ves- 
tigial Danish endo-cannibalistic practices, like using human bone ash for a ce- 
ramic temper, into ferocious exo-cannibalism—Grendel eating his enemies.® 
With the dragon’s hoard, the poem also revises the historical experience of 
South Scandinavian bog weapons-offerings. In these treatments of its materi- 
als, the work is fairly consistent. The history of Wiglaf’s sword, however, quietly 


AZ: Arizona Center for Medieval and Renaissance Studies, 2004), 15. Beowulf’s funeral pyre 
would be unwaclic [not weak/splendid] (3138). 

6 Later alluded to by Wiglaf, 2880—2882b. 

7 With characteristic wit, Martin Carver challenges “evolutionary models [for the fifth through 
seventh centuries] of societies headed eagerly for the goal of statehood, although at different 
speeds.’ “Identity and Allegiance in East Anglia,” Sutton Hoo: Fifty Years After, ed. Robert Farrell 
and Carol Neuman de Vegavar, 173-182 (Oxford, OH: Miami University, 1992), 174. Another 
perspective not dependent on evolutionary models and broadly applicable to early complex 
societies is offered by Bruce Routledge in Archaeology and State Theory: Subjects and Objects 
of Power (London: Bloomsbury, 2014), 1-26. 

8 Frank Battaglia, “Cannibalism in Beowulfand Older Germanic Religion,” in The Anglo-Saxons: 
The World Through Their Eyes, British Archaeological Reports British Series, bk. 595, 141-148 
(Oxford: British Archaeological Reports, 2014); for British ritual cannibalism using body parts 
as vessels, see: Silvio Bello and others, eds., “Upper Paleolithic Ritualistic Cannibalism at 
Gough's Cave (Somerset, UK): The Human Remains from Head to Toe,” Journal of Human 
Evolution 82 (2015): 170-189. 
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enfolds a contradiction to one of its own themes. The poem elaborately and 
attentively records patrilineal social ties,9 and, in the dragon episode as else- 
where, valorizes them aphoristically.!° But the complicated sequence that 
brings Wiglaf’s sword to aid Beowulf inscribes an opposing discursive forma- 
tion, undermining, and in fact betraying, those kinship avowals in a transcen- 
dent endorsement of an emerging political principle. In service to one’s lord, it 
is right to kill if ordered, regardless of whose death is wanted—even of family. 
This principle is antagonistic to the poem’s major theme that paternal family 
founds human society. But it is disguised by narrative convolutions and fore- 
grounded in the devotion to the poem’s hero of a brave new warrior. The po- 
tent rectitude symbolized by Wiglaf’s sword signals the presence of a new kind 
of power, a state. That a disjointed quasi-historical backstory proves crucial in 
an encounter with an imaginary being generates untestable proof of the legiti- 
macy of killing for one’s lord. In abstract terms, this is an enlargement of the 
relations, practices, and discourses that constitute political authority.” Wig- 
laf’s sword supplies superior agency in the face of the supernatural. In princi- 
ple, heroes who face dragons shouldn’t be bothered too much with lesser 
matters. 

An abstract sense of the authority of the Roman Republic developed with 
the concept of maiestas [greaterness] that would, in the Empire, form the 
heart of the Roman law of treason (Table 1.1). Treason is an elusive subject, fa- 
mously described as “a crime which has a vague circumference and more than 
one center.”!? Damage to one’s own constitutes an essential feature, which 
reaches the level of jurisprudence when one’s own, by pledge or membership, 


9 Two passages of Beowulf consistently mistranslated are considered in an argument that 
patriliny provided a constitutive mechanism in the Anglo-Saxon kingdom of East Anglia: 
Frank Battaglia, “Wrist Clasps and Patriliny, A Hypothesis,” Historical Reflections/Reflex- 
ions Historiques 42.1 (2017): 115-128 at 121-122. Margaret Clunies Ross describes a founda- 
tional incongruity of Germanic supernatural lore that stems from the favoring of male 
kinship. Since all the sky-deities (Æsir) are descendants of giants (ON iotunnar, OE eot- 
enas), the notion of a difference between them, let alone their separate identities, de- 
pends entirely on the privileging of patriliny over matriliny. Ross, Prolonged Echoes, Old 
Norse Myths in Medieval Northern Society (Odense: Odense University Press, 1994), 1:57. 

10 At 2600b-2601, for example, discussed in Frank Battaglia, “Sib in Beowulf” In Geardagum 
20 (1999): 27-47 at 38-39, 42. 

u Routledge, Archaeology and State Theory, 15. “Political authority needs to be imagined or 
represented as continuous even though it is not[;] ... a political apparatus (be it one per- 
son or a set of institutions) cannot stand alone, but must be linked to other social forces, 
interests and orders in a complementary manner if it is to be imagined as continuous” 
(27). 

12 Frederick Pollock and Frederic William Maitland, The History of English Law Before the 
Time of Edward 1, 2nd edn., with notes by S.F.C. Milsom, 2 vols. (Cambridge: Cambridge 
University Press, 1968; repr., Indianapolis: Liberty Press, 2010), 2:526. 
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is some kind of public authority, for example an army, realm, or state. The 
growth of public authority and every consolidation, extension, or reorganiza- 
tion of it has thus meant some development in what was understood as trea- 
son. As Floyd Seyward Lear writes, “The history of treason becomes a study of 
laws that men have devised for the specific purpose of repressing and punish- 
ing those who would obstruct the exercise of authority.” 


TABLE 1.1 Developments in Roman and Germanic concepts of Treason!* 


Roman 

450 BCE. The Law of the Twelve Tables (9.5) ordered capital punishment for inciting 
an enemy or handing over a citizen to an enemy, actions that came to be labelled per- 
duellio (<perduellis, “acting like an enemy”).!® 

Possibly by 313 BCE, and certainly by 189 BCE. In some treaties of the Republic, 
defeated opposing societies like the Aetolians were obliged to honor and promote the 
maiestas populi romani, “greaterness of the people of Rome.”!6 

287 BCE. The Republic brought the crimen imminutae maiestatis, “the accusation of 
diminishing maiestas” into domestic arrangements to support the authority of ple- 
bian-elected tribunes against the power of the patrician class.!” Tribunal inviolability 
had been reaffirmed in the mid-fifth century,!8 but maiestas came to express abstractly 
the authority of the Roman state. 


13 Floyd Seyward Lear, Treason in Roman and Germanic Law (Austin: University of Texas 
Press, 1965), xiv. 

14 “Our task is hard if we would speak of treason as it was before the [English] statute [of 
1352], for we have no unbroken stream of legal tradition to guide us. Treason is a crime 
that has a vague circumference, and more than one center.” Frederick Pollock and Frederic 
William Maitland, The History of English Law Before the Time of Edward 1 (Indianapolis: 
Liberty Fund, 2010; repr. of 2nd edn., Cambridge University Press, 1895-1898), 2:526. 

15 Jill Harries, Law and Crime in the Roman World (Cambridge: Cambridge University Press, 
2007), 72. The language is Marcian’s, cited in Ad legem iuliam maiestatis (below) without 
use of the term perduellio. 

16 R.A. Bauman, “Maiestatem Populi Romani Comiter Conservanto,” Acta Juridica 19 (1976): 
19-36 at 21-24. 

17 Modifying Theodor Mommsen, and framing the terms perduellio and maiestatis chrono- 
logically, Floyd Seyward Lear dated this development to 287 BCE: Treason in Roman and 
Germanic Law, Collected Papers (Austin: University of Texas Press, 1965), 6-13. A time of 
“rising patricio-plebian nobility.” William Dunstan, Ancient Rome (Lanham, MD: Rowan 
and Littlefield, 2010), 52. A specific law defining offenses against maiestas would not be 
passed until Lex Apuleia, late in the second century BCE. 

18 Marcel Le Clay, Jean-Louis Vousin and Yann Le Bohec, with David Cherry, A History of 
Rome, 2nd edn., trans. Antonia Nevill (Malden, MA: Blackwell, 2001), 46. 
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TABLE 1.1 Developments in Roman and Germanic concepts of Treason (cont.) 


232 BCE. Violation of a tribune’s sacrosanctity, insured by maiestas, was the basis of a 
court suit occasioned by his expulsion from a council.!® 

29 BCE. The Imperial Regime was founded. With the Empire, the accusation of “dimin- 
ished maiestas” was replaced by the offense of “injured, violated, attacked and ... 
insulted” maiestas in public criminal law.”° Tiberius was the first emperor to be called 
Maiestas, a usage which would produce the English word “Majesty.’”! In practice this 
made criminal whatever behavior an Emperor, without disrespecting legal tradition, 
found objectionable.?? 

438 CE. The Theodosian Code incorporated several hundred years of combining 
maiestas with other crimes. Thus, someone plotting to harm magistrates was to be 
“executed as one guilty of maiestas.’*3 The Theodosian Code would more directly influ- 
ence Visigothic and other early Germanic lawgivers** than the better organized and 
preserved formulation of Justinian a century later. 

533 CE. The Justinian Digest consolidated Ad legem iuliam maiestatis (48.4), the “Lex 
Julia on Treason,’® attributed to Julius Caesar but presented in the stipulations of 


Roman jurists. 27 


Germanic 

53 BCE. Caesar reported that desertores ac proditores, “deserters and traitors,’ who 
failed to keep a promise to take part in a raid on another people, were afterward 
regarded as untrustworthy.?8 Grave importance for a pledge of loyalty would continue 


19 Bauman, “Maiestatem,” 23. 

20 Lear, Treason, 70, n. 91. His overview of the crime of majesty (62-72) describes its instru- 
mentality for a god-emperor and includes the paradox that it was early invoked to perse- 
cute Christians and late to persecute pagans. 

21 Cassius Dio (57.9.2) refers to many suits brought for insults to Tiberius. Herbert B. Foster, 
ed., and Earnest Cary, trans., Dio’s Roman History (Cambridge, MA: Harvard University 
Press, 1924), 132-135. 

22 Harries, Law and Crime, 12-13, 76-81; “useful tool in political rivalries,” 84. 

23 Harries, Law and Crime, 81. 

24 Patrick Wormald, The Making of English Law, King Alfred to the Twelfth Century (Malden, 
MA: Blackwell, 2001), 1:36, but 277-278 and Lear, Treason, 234, 236. 

25 “Imperatoris Ivstiniani Opera/ Digesta/ Liber XLv111, Dig. 48.4.0. Ad legem iuliam maiesta- 
tis,” 48.4.11, “The Latin Library Classics Page,” thelatinlibrary.com (accessed February 9, 
2018). 

26 Alan Watson, ed., The Digest of Justinian, 2nd edn. (Philadelphia: University of Pennsylva- 
nia Press, 1998), 2:48,4. 

27 Harries, Law and Crime, 339. 

28 H.J. Edwards, ed. and trans., The Gallic War (Cambridge, MA: Harvard University Press, 
1963), 6.23 at 348. 


30 BATTAGLIA 


TABLE 1.1 Developments in Roman and Germanic concepts of Treason (cont.) 


to characterize Germanic societies,” appearing centuries later, for example, as a cen- 
tral principle in the Anglo-Saxon kingdom of Alfred. 

100 BCE. Proditores et transfugas, “traitors and those who joined the enemy,” faced 
hanging after a decision of a Germanic assembly, according to Tacitus.3° Assemblies 
that imposed such penalties had been affected both by service in and wars against 
Roman armies,*! and by the development of permanent Germanic warbands.*? 

802 CE. Leges Saxonum (24) provided that “Whoever shall plot against the realm ... the 
king ... or his sons shall be punished capitally.”34 

886 x 893 CE.*4 A “general oath of loyalty to the king”®> was required of King Alfred’s 
subjects, with the upholding of it given mest dearf, “supreme importance” at the head 
of his laws,?6 “turn[ing] any criminal behavior into breach of fealty,’3” “in short, 
treason.”38 Planning the king’s or one’s lord’s death became a capital crime in Alfred’s 
code,?° in a provision “borrowed from the Roman law of maiestas’*° as expanded 
under the Empire. 


29 Lear, Treason, 38—40, 86; Pollock and Maitland, English Law, 2.527-528. 

30 William Peterson and Maurice Hutton, ed. and trans., Tacitus, Dialogus, Agricola, Ger- 
mania (Cambridge, MA: Harvard University Press, 1963), Germania 12, 280. My transla- 
tion. 

31 Walter Pohl, “The Barbarian Successor States,” in The Transformation of the Roman World 
AD 400-900, ed. Leslie Webster and Michelle Brown, 33-47 (London: British Museum, 
1997), 34. Arminius called his brother Flavus desertor et proditor [cf. 53 BCE above] for 
joining the Roman army. “P. Corneli Taciti Annalivm Liber Secvndvs, 10,” thelatinlibrary. 
com (accessed March 3, 2018). A sentiment in which E.A. Thompson concurred. The Early 
Germans (Oxford: Clarendon, 1965), 81. 

32 Hutton, Germania 13, 282; Thompson, Early Germans, 50. 

33 “Qui in regnum vel in regem ... vel in filios eius de morte consiliatus fuerit, capite punia- 
tur.” Claudius Freiherrn von Schwerin, ed., Leges Saxonum und Lex Thuringorum (Han- 
nover: Hahnsche, 1918), 25; Lear, Treason, 248. 

34 David Pratt, The Political Thought of King Alfred the Great (Cambridge: Cambridge Univer- 
sity Press, 2007), 219. 

35 Simon Keynes and Michael Lapidge, Alfred the Great, Asser’s Life of King Alfred and Other 
Contemporary Sources (New York: Penguin, 1983), 266 n. 200, 306 n. 6; Pratt, Political 
Thought, 239. 

36 F.L. Attenborough, The Laws of the Earliest English Kings (Cambridge: Cambridge Univer- 
sity Press, 1922), 62-63, Af ı, his trans; Wormald, Making English Law,148, 282-284. 

37 Wormald, Making English Law, 148, 282-283. 

38 Justin Pollard, Alfred the Great: The Man who Made England (London: John Murray, 2005), 
257. 

39 Sierwan, Af 4, 4.2. Attenborough, Laws, 64-67. 

40 Pollock and Maitland, English Law, 1.57. 


WIGLAF’S SWORD: THE COMING OF THE STATE 31 


The authority enacted by the special efficacy of Wiglaf’s sword seems less a 
Germanic reflex of the Roman principle of maiestas than a hybridization of 
the Germanic principle of loyalty with the absolutism that grew during the Ro- 
man Empire.*! In the Roman world, the idea that an officer of the state was 
“greater” got carried to an extreme in the majesty of divine, then apostolic, 
emperors.*? In the Germanic world, the idea that a subject’s pledge of loyalty 
gave a lord decision-making power got carried to an extreme in the Lombard 
laws (643 CE). The Edictus Rothari begins by stating that treason, a plan against 
the king’s life, was a capital offense, then continues with the king’s special 
rights, not enjoyed by ordinary freedmen, including the ruling that if someone 
kills a man in accordance with a royal command, he is not liable for punish- 
ment: “Quia, postquam corda regum in manum dei credimus esse, non est pos- 
sibile ut homo possit eduniare quam rex occidere iusserit” [because, since we 
believe that the hearts of kings rest in the hand of God, it is not possible that a 
man can clear himself whom the king has ordered to die].4? In Beowulf, Wig- 
laf’s father’s obedience to his king generates the righteous potency of the sword 
Wiglaf brings to the dragon fight. The superior quality of Wiglaf’s sword sym- 
bolizes the greatness of a king, Wiglaf’s father’s regent at the time, in an emerg- 
ing new order. 

Wiglaf’s identity has been a matter of some confusion. The staunchest re- 
tainer of Beowulf, king of the Geats, Wiglaf is nonetheless called léod Scylfinga 
[man of the Scylfings (that is, the Swedes)| (2603).44 Wiglaf, his father Wih- 
stan, and Beowulf himself are Weegmundings. Beowulf says to Wiglaf: “Pū eart 


m 


endelāf ūsses cynnes,/ Wæmundinga’” [“You are the last remaining one of our 


kin, of Weegmundings” | (2813-28144). But we do not know how they are related 
or what family members they have in common.*° Moreover, although Wiglaf’s 


41 Lear sees maiestas as itself the root of absolutism. Treason, 83. 

42 H.A. Drake, Constantine and the Bishops: The Politics of Intolerance (Baltimore: Johns Hop- 
kins University Press, 2000), 308, 377; David Hunt, “Christianizing the Roman Empire: The 
Evidence of the Code,” in The Theodosian Code, Studies in the Imperial Law of Late Antiq- 
uity, ed. Jill Harries and Ian Wood, 2nd edn., 143-160 (Cambridge: Cambridge University 
Press, 2010), 147-148. 

43 Lear, Treason, 237, his translation. 

44 D.H. Green suggests that the OHG term liut(i) [OE léod(e) man/men] had the early sense 
of one who has “grown up to maturity,” which for a male would entail the right to attend 
the tribal assembly and the acquiring of military obligation. By the late ninth century, the 
term “came to denote a status of subordination, of subjects toward a king.” See: Green, 
Language and History in the Early Germanic World (Cambridge: Cambridge University 
Press, 1998), 97. 

45 One suggestion has been that Wiglaf’s father was a Swede. See: Erin M. Shaull, “Ecgtheow, 
Brother of Ongentheow, and the Problem of Beowulf’s Swedishness,” Neophilologus 101 
(2017): 263-275; Ruth P.M. Lehmann, “Ecgbeow the Weegmunding: Geat or Swede?,’ Eng- 
lish Language Notes 31.3 (1994):1-5. Norman Eliason conjectures that Beowulf had a sister 
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and his father’s names alliterate with the “W” of Wegmunding, Beowulf’s 
name and that of his father do not. The path through these difficulties charted 
by H.M. Chadwick and W.F. Bryan holds more promise than some recent pro- 
posals, even though it does not eliminate all of them.*® The Germanic pledge 
of troth between men produced a new social entity, the permanent warband, 
whose relationships, processes, and structures conflicted with those of a tribe, 
whether tribal lineage was traced through female kinship or male.*” 

A reflection by Wiglaf that causes him to decide, despite Beowulf’s order, to 
help fight the dragon seems to show that Wihstan and his son Wiglaf are Geats. 
Wiglaf remembers the are [honor/benefit/estate] (2606) that Beowulf has giv- 
en him, the “wiécstede weligne Weeémundinga,/ folcrihta gehwyl¢, swa his 
feeder ahte” [rich dwelling place of the Weegmundings, each legal authority, as 
his father had] (2607-2608). The rights bestowed by a king only exist within 
that king’s jurisdiction. Wiglaf is a subject of Geatish king Beowulf, as his fa- 
ther before him had been the subject of a Geatish king. Being the subject of a 
Geatish king makes both of them Geats.*8 Military obligation was surely part 
of rich Geatish land-holding. 

Besides potentially leading to land-holding, military service inflected “tribal” 
identity among Migration Period Germanic peoples to an extent not acknowl- 
edged in many current conversations about the ethnicities of the characters 
of Beowulf. Tacitus identifies the phenomenon wherein a successful warband 
leader attracted to his service warriors from tribes not his own.49 Chadwick and 
E.A. Thompson are among those who have seen female kinship as the basis for 
Germanic tribal organization in the early historical period.5° A very unsettling 


who married Wihstan, a Weegmunding. Eliason, “Beowulf, Wiglaf, and the Weegmund- 
ings,” Anglo-Saxon England 7 (1978): 95-105. Sam Newton elaborates Kemp Malone's tex- 
tual correction to make Ecgtheow a Wulfing. See: Newton, The Origins of Beowulf, and the 
Pre-Viking Kingdom of East Anglia (Cambridge: D.S. Brewer, 1993), 117-122. 

46 H. Munro Chadwick, The Heroic Age (Cambridge: Cambridge University Press, 1912, repr., 
1967), 159, 328-330, 340-341, 347-350; Chadwick, The Origin of the English Nation (Cam- 
bridge: Cambridge University Press, 1907), 169, 172-173; W.F. Bryan, “The Weegmundings— 
Swedes or Geats?,” Modern Philology 34 (1936): 13-118. 

47 E.A. Thompson, The Early Germans (Oxford: Clarendon Press, 1965), 50-57, 79-82; Batta- 
glia, “Wrist Clasps,” 15-117. 

48 Chadwick, Origin, 173; Fulk, Bjork, and Niles, Klaeber’s Beowulf, Ixiii; Eric John, “Folkland 
Reconsidered,’ in Orbis Britanniae and Other Studies, 64-127 (Leicester: Leicester Univer- 
sity Press, 1966): 18-122. 

49 Hutton, Germania 14, 284; Thompson, Early Germans, 58. 

50 Chadwick, Origin, 340; Thompson, Early Germans, 17; Lotte Hedeager, Iron Age Societies 
(Cambridge, MA: Blackwell, 1992), 155; Battaglia, “Wrist Clasps,” 15-117; Frank Battaglia, 
“The Germanic Earth Goddess in Beowulf?,” Mankind Quarterly 31.4 (1991): 415-446 at 
419—426. 
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consequence of the emergence of warbands was the weakening of the author- 
ity of kindreds and, eventually, the dissolution of tribes they had constituted.5! 
In their place, new and larger organizations of population were headed by vic- 
torious military rulers. According to Edward James, “As historians have come to 
see, since the work of [Reinhard] Wenskus above all, an early medieval people 
is not an ethnic or genetic, let alone racial entity; it is a grouping brought about 
by political means, which ended in the disruption of the old Germanic tribal 
groupings and frequently in the incorporation into [a] new ‘people.”>2 

The operative principle of this transformation may be said to be that a suc- 
cessful army often became a “people,” which was generally identified by a new 
ethnic name. As D.H. Green puts it, paraphrasing J.M. Wallace-Hadrill, during 
the Migration Period, “warbands are tribes in the making”? since member- 
ship in a warband conveyed what may now be read as an ethnic or national 
identity.5+ The signal indication of this in Beowulf is the identification of two 
groups at different times in the same room, Heorot hall, with the same expres- 
sion, sibbegedryht samod etgedere [warband of kin, the same together] (387, 
729), even though the composition of the two groups was completely different; 
no person in Heorot at the first point was present at the second. The first group 
was nominally all Danish, the second all Geatish. The explanation appears to 
be that Beowulf’s accepting Wealtheow’s liquid symbel [feast] (619) and pledg- 
ing his life (and by implication the lives of the Geatish men with him) make 
him and his men part of the Danish sib [kin]. Such an explanation would ac- 


51 Green, Language and History, 107-108, 135. The term whose oldest manifestation is Gothic 
piudans [in Beowulf péoden (chief/prince)| originally “had no military associations” and 
identified the leader of an ethnic group (136). 

52 Edward James, “The Origins of Barbarian Kingdoms: The Continental Evidence,” in The 
Origins of Anglo-Saxon Kingdoms, ed. Steven Bassett, 40-52 (Leicester: Leicester Univer- 
sity Press, 1989), 47; Thompson, Early Germans, 54—60; Green, Language and History, 66- 
67; Malcolm Todd, The Early Germans (Malden, MA: Blackwell, 1995), 31-32; Jytte Ringtved, 
“Settlement Organization in a Time of War and Conflict,” in Settlement and Landscape, ed. 
Charlotte Fabech and Jytte Ringtved, 361-382 (Moesgård: Jutland Archaeological Society, 
1999), 364 n. 1. 

53 Green, Language and History, 136. 

54 The very term féod [people] underwent a shift in meaning. “The ... word seems to have 
been somewhat misunderstood by modern writers. It denotes not only ‘people, but also 
in particular the court or council of a king, as in Beowulf [643, 1230, 1250].... When there- 
fore we hear of the king and the féod contracting an alliance with another kingdom... or 
of a king being slain by his own féod ... there is no reason for doubting that the body 
meant is the same which we find in charters confirming or supporting the king’s actions 
by their signatures.” See: Chadwick, Origin, 156-157. 

55 Battaglia, “Sib,” 33-35; Green, Language and History, 55. 
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count for the peculiar expression freca Scyldinga [bold one of the Scyldings| 
(1563), applied to Beowulf during his encounter with Grendel’s mother. 

Warbands were regularly constituted of warriors, not necessarily of the 
same kindred or even the same tribe. Wulfgar (348), who regulates access to 
Hrothgar upon Beowulf’s arrival in Denmark, is of the Wendlas. Even if this 
group was to be found in north Jutland, let alone Sweden or continental Eu- 
rope, it would not have been of the same tribe as the people of the Danish is- 
lands where Gudme, the earliest great hall of Scandinavia, or Lejre, the 
legendary seat of Danish kings, are located.5’ Even if Gudme hall had been 
erected by a confederation of local peoples, it is likely that the Wendlas were 
not among them.5® Wulfgar’s loyalty is not to the head of his own tribe but to 
the lord he serves—Hrothgar. 

Boasting about his own service to Geatish king Hygelac, Beowulf is quite 
clear and emphatic about warbands drawing fighters from far-flung areas: 
“Nees him nig bearf/ beet hē to Gifðum odde to Gaér-Denum/ odde in Swiorice 


sécean (sceolde)/ wyrsan wigfrecan weorde gecypan” [“Not for him was any 


need that he should look to Gepids or to Spear-Danes or in Sweden, to buy with 
value a worse war-bold-one” | (2493b—2496).°° The Gepids enjoyed renown af- 
ter leading the forces that decisively defeated the Huns in Pannonia in 454.°° 
Inclusion of the Swedes in Beowulf’s statement has been invaluably parsed by 


56 For current attempts to assess this in the archaeological record, see: Anne Nørgård Jør- 
gensen, “Composite Forces, Mission Impossible: The Ejsbel Army: Organization, Attack 
and Defeat,” in Arkeologi i Slesvig/ Archdologie in Schleswig, Sonderband “Det 61. Interna- 
tionale Sachsensymposion 2010,” Haderslev, Danmark, ed. Linda Boye, and others, 297- 
315 (Neumünster: Wachholtz, 2010), 306; Xenia Pauli Jensen, “A World of Warcraft: Warrior 
Identities in Roman Iron Age Scandinavia,” in Romans and Barbarians Beyond the Fron- 
tiers. Archaeology, Ideology and Identities in the North, ed. Sergio Gonzalez Sanchez and 
Alexandra Guglielmi, 70-82 (Oxford: Oxbow, 2017), 76. 

57 Fulk, Bjork, and Niles, Klaeber’s Beowulf, 472-473. For differences between Vendsyssel and 
southern Denmark, see: Jytte Ringtved, ‘Jyske gravfund fra yngre romertid og ældre ger- 
manertid. Tendenser i samfundsudviklingen,” KUML (1986): 95-231; Frank Battaglia, “Not 
Christianity versus Paganism, but Hall versus Bog: The Great Shift in Early Scandinavian 
Religion and its Implications for Beowulf? in Anglo-Saxons and the North, ed. Matti Kilpio, 
Leena Kahlas-Tarkka, Jane Roberts, and Olga Timoveeva, 47-68 (Tempe: Arizona Center 
for Medieval and Renaissance Studies, 2009); John D. Niles, Beowulf and Lejre (Tempe, AZ: 
Arizona Center for Medieval and Renaissance Studies, 2007). 

58 For confederation: Battaglia, “Hall versus Bog,” 56; cites for a different 
Battaglia, “Germanic Earth Goddess,” 422. 
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northern’ zone”: 


59 The editors of Klaeber’s Beowulf suggest (at 248) that a copying error replaced an auxiliary 
like sceolde with tautological and tense-changing MS purfe [may need] (2495). 

60 Herwig Wolfram, The Roman Empire and Its Germanic Peoples, trans. Thomas Dunlap 
(Berkeley: University of California, 1997), 139. 
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Bryan. Beowulf’s uncle Hygelac became king of the Geats after his brother 
Heethcynn was killed by Swedes while avenging Swedish raids (2479). As Bryan 
writes, “the king who had succeeded to the throne of the Geats because his 
older brother had been slain in battle by the Swedes might well have supported 
himself on the throne by engaging warriors from among the Swedes. There can 
be no clearer indication ... of the possibility that a king might have in his reti- 
nue warriors attracted from the tribe or nation that constituted his own most 
dangerous foe.”®! 

Earlier in Wiglaf’s father’s life, perhaps before he had become a proprietor of 
Geatish territory with jurisdiction over a subject population,®? Wihstan had 
joined the warband of Swedish king Onela and fought for the Swedes, whose 
wars against the Geats interlace the poem. The younger son of former king 
Ongenthéo, Onela, seized the kingship upon his regent brother Ohthere’s 
death, compelling Ohthere’s sons, his nephews Eanmund and Eadsgils, to flee 
the country®? and find refuge with the Geatish king Heardred. Onela subse- 
quently attacked the Geats, presumably for harboring his nephews. In that 
raid, one of those nephews, Eanmund, was killed, as was Geatish king Heardred. 
The person who killed Eanmund was Wihstan, Wiglaf’s father, part of the 
Swedish striking troop. Onela gave the dead man’s sword to Wihstan as an 
award for the killing. Wihstan later gave the weapon to Wiglaf, which he would 
plunge deep into the wyrm’s body in defense of Beowulf. 

Wiglaf’s sword, therefore, had belonged to Eanmund, the nephew of Swed- 
ish king Onela. It was taken from Eanmund’s corpse by Wiglaf’s father, Wih- 
stan, after he had killed Eanmund. Wihstan presented the sword and other 
battle gear of Eanmund to Onela, his warlord, Eanmund’s uncle. Onela re- 
turned his dead nephew’s sword and equipment to Wihstan, the man who had 
killed him. Misleadingly coy, the poet says that Onela: “no ymbe 6a fehde 
spréc,/ béah de hē his brodor bearn abredwade’” [said nothing then about 
feud, although [Wihstan] had killed his brother’s child] (2618b—2619). Wihstan 
later gave the war gear to his son. 

Thus, a sword that can be regarded as a trophy of a patrilineal killing (One- 
la destroying his brother’s son) is the instrument through which the dragon 
is done in. The incongruity of a supposed good—the dragon being killed— 
coming from the sword awarded for an apparent evil—Onela killing his 


61 Bryan, “Weegmundings,” 117. 

62 When Beowulf returned from Denmark and presented Hygelac with his gifts from Hroth- 
gar, Hygelac bestowed on him “a grant of seven thousand hides—the normal size of a 
large province in England in the eighth century.” See: Chadwick, Origin, 169. 

63 Fulk, Bjork, and Niles, Klaeber’s Beowulf Ix. 
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nephew—is compounded by the fact that the Geatish king was also killed in 
the same attack in which Eanmund died. Assuming that Wihstan was geneti- 
cally linked to Weegmundings among the Geats, he thus took part in an assault 
wherein the king of his own people was killed. Chadwick remarks: 


Wiglaf, whose bravery was said to be “inbred”® was the son of... Wih- 
stan, whose great achievement was the slaying of the Swedish prince 
Eanmund. Yet Eanmund was at this time apparently under the protec- 
tion of Heardred, king of the Geats, who also lost his life in the same war. 
Wihstan, however, though he belonged to the Geats, was in the service of 
Onela, their enemy. It would seem then that he was fighting against his 
own nation. Such cases appear to have been by no means uncommon in 
the Teutonic Heroic Age. For it was customary at that time for young no- 
blemen to take service under foreign princes; and the obligations which 
personal service imposed were held to be superior to all others.® 


Regardless of his native origins or people, the most important relationship of a 
freca [bold one/fighter] in a gedryht [warband] was created by his pledge of 
troth to his dryhten [warband leader].°° 

The developing larger tribal constellations of the Migration Period were of- 
ten constituted as new, fictitious male kinships based on connection with a 
tribal leader said to be a descendant of a war god.®’ Scyldingas [sons/descen- 
dants of Shield], the primary term for Danes in Beowulf is a proper noun of this 
type.®8 Although the war god’s propagation of Scyld is only preserved in late 
sources, ®° the template explains Woden’s virility as an ancestor of Anglo-Saxon 


64 The reference is to gecynde [natural] (2696). 

65 Chadwick, Heroic Age, 329-330. 

66 Lear, Treason, 87-88. The suffix -en [dryht + en] here indicating “authority over.” See: 
Green, Language and History, 10. 

67 Battaglia, “Sib,” 27-30; “Wrist Clasps,” 120-121; Adils (Eadgils in Beowulf), who survived the 
attack in which Wiglaf’s father gained Eadgil’s brother Eanmund’s sword by killing him, 
became a Swedish king, said in Ynglingatal to be “descendant of Freyr.” See: Margaret 
Clunies Ross, “Royal Ideology in Early Scandinavia: A Theory Versus the Texts,” Journal of 
English and Germanic Philology 113.1 (2014): 18-33 at 31. 

68 Green, Language and History, 130; R.W. Chambers, Beowulf, 3rd edn. (Cambridge: Cam- 
bridge University Press, 1967), 77. 

69 Among the Scandinavian excerpts provided by Fulk, Bjork, and Niles in Klaeber’s Beowulf 
is The Prose Edda of Snorri Sturluson wherein both Thor and, later, Othin have a descen- 
dant or son named Skjold or Skjoldr [Shield] (295-296); Prose Edda, Skáldskaparmál, 
which says Othin has a son Skjoldr [Shield] from whom the Skjoldungar [Scyldings] are 
descended (297); as well as Snorri’s Ynglinga Saga and the epitome of Skjgldunga Saga 
that call Skjoldr [Shield] son of Othin (298)/ Scioldus son of Othinus (304). 
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kings.”° Having Woden as an ancestor warranted control of kingdoms. For 
most early Germanic kingdoms, the claim of divine descent helped “legiti- 
mate” the controlling “use of physical force.””! The very notion “that kingship 
had a divine nature” has been described as a blurring within categories of con- 
ceptual domains, forestalling the ability of subjects to interrogate the state.”2 
Even though Scyld is not attested in Anglo-Saxon written genealogies until the 
ninth century, the earlier English appear to have had lively interest in the Scan- 
dinavian heroic stories.” In England, “earl(y) Frankish material culture does 
not seem to have enjoyed the same cultural caché attached to Scandinavian- 
influenced material.”’* The early historic period saw Germanic societies 
formed by networks of such male kinship systems, that included less noble 
patrilineal families, displace and replace tribes based on actual or fictional 
blood relationships through women, and expand the numbers of subject pop- 
ulations.” However, Wiglaf’s sword in Beowulf stands as a symbol that alle- 
giance to the ruler of such a network was more important than mere blood 
relationships, even among men. 


70 David N. Dumville, “The Anglian Collection of Royal Genealogies and Regnal Lists,’ Ang- 
lo-Saxon England 5 (1976): 23-50; Eric John, “The Point of Woden,’ Anglo-Saxon Studies in 
Archaeology and History 5 (1992): 127-34; Charlotte Behr, “Do Bracteates Identify Influen- 
tial Women in Early Medieval Kingdoms?,” in Kingdoms and Regionality, ed. Birgitta Ar- 
rhenius, 95-101 (Stockholm: Archaeological Research Laboratory, 2001); Lotte Hedeager, 
“Migration Period Europe: The Formation of a Political Mentality,” in Rituals of Power, ed. 
Frans Theuws and Janet L. Nelson, 15-57 (Leiden: Brill, 2000), 50-51, with potent insight 
into the process by which the written Beowulf was generated at 18 and 45. 

71 Susan Reynolds, “The Historiography of the Medieval State,” in Companion to Historiogra- 
phy, ed. Michael Bentley, 117-38 (New York: Routledge, 1997), 118. 

72 Such “strategic ambiguation ... was (and is) a principal mechanism enabling the kind of 
arena ... in which ‘a state elite could maneuver’: its gnomic quality built resilience.” See: 
Seth Richardson, “Before Things Worked: A ‘Low-Power’ Model of Early Mesopotamia,” in 
Ancient States and Infrastructural Power—Europe, Asia, America, ed. Clifford Ando and 
Seth Richardson, 17-62 (Philadelphia: University of Pennsylvania Press, 2017), 18, citing 
Michael Mann. 

73 Contra John D. Niles, “On the Danish Origins of the Beowulf Story,” in Anglo-Saxon Eng- 
land and the Continent, ed. Hans Sauer, Joanna Story, and Gaby Waxenberger, 41-62 (Tem- 
pe: Arizona Centre for Medieval and Renaissance Studies, 2011), 46—48. 

74 Sue Harrington and Martin Welch, The Early Anglo-Saxon Kingdoms of Southern Britain 
AD 450-650 (Oxford: Oxbow, 2014), 182. A South Scandinavian as well as a Norwegian 
source for wrist clasps in Anglian England is now recognized. Battaglia, “Wrist Clasps,’ 120 
n. 45. 

75 David A.E. Pelteret, “Slavery in Anglo-Saxon England,” in The Anglo-Saxons, Synthesis and 
Achievement, ed. J. Douglas Woods and David A.E. Pelteret, 117-133 (Waterloo, ON: Wilfrid 
Laurier University Press, 1985). 


38 BATTAGLIA 


The sword represents a loyalty more powerful than the old female ties of 
kinship because it kills the dragon linked with the early practices of fertility 
religion and the matrilineal tribes in which they were rooted.”® But the sword 
also stands for an obligation more compelling than the newer patrilineal kin- 
ship ties, for Wihstan earned the sword fighting against Geats and Weegmund- 
ings, as Onela made war to exterminate his brother’s sons. Onela’s trying to kill 
his own family, though horrible, seems only the worst that a warlord might do 
fighting for power. But Onela got Wihstan to fight against his own patrilineal 
relations, Geats and Weegmundings, to pursue, out of duty, a patrilineal killing 
for someone else. Onela’s choice set three patrilineal families at war with each 
other. A central authority beyond warlordism was being built on the wreckage 
of families, all of which is denied and obfuscated by the poet’s sentimental re- 
mark about Wiglaf’s loyalty to Beowulf: “sibb’ fre ne maeg/ wiht onwendan 
pam de wel benced” [Never may anything put aside kinship in one who thinks 
well] (2600b—2601).”’ Wiglaf’s dedication provides an admirable present tense 
filter to help the poem’s audience not ponder what constellation of motives, 
intentions, and feelings Wiglaf’s father had while participating in the assault 
that killed his king’s nephew. The poem transcends any such questions. Find- 
ing the tool for killing a dragon in a sword earned on a deadly raid wherein 
three patrilineal families warred with each other, the Beowulf-poet elevates so- 
cial service for a cause like Onela’s to a higher plane. The state is emerging. 

Wiglaf’s sword symbolizes the transformation of political authority “from 
an asymmetrical relationship between persons ([...with the possibility of] 
mutual recognition between participants)’ into a virtual relationship between 
[a ruler] and his (or her) subjects. The virtual nature of this relationship ... 
release[s] political authority from cultural and social restrictions on the con- 
texts in which, and degree to which, physical and symbolic coercion [can] be 
enacted”? Authority, its entitlements and potential, becomes abstracted, 
harder to locate or challenge. A fight with a dragon possessing human, animal, 
and supernatural qualities certainly creates possibilities for redefining catego- 
ries and responsibilities. James Earl has gathered the assessments of a number 
of Beowulf scholars about the difficulties of comprehending the Swedish wars 
of Beowulf because of problems including what Fredrick Klaeber called “grave 
structural defects.”®° One result of the “anything but sequential” presentation®! 


76 Symbolic serpents and fertility religion sites are discussed below. 

77 Battaglia, “Sib,” 38-39. 

78 This is what the Germanic pledge of troth had provided. 

79 Routledge, Archaeology and State Theory, 24. 

80 James W. Earl, “The Swedish Wars in Beowulf,” Journal of English and Germanic Philology 
114.1 (2015): 32—60 at 33. 

81 Earl, “Swedish Wars,” 34, citing Fulk, Bjork, and Niles. 
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may be that it is easier to take at face value several of the declarations: that 
Onela refrained from saying anything about a feud despite the death of his 
nephew; or that Wiglaf’s staying with Beowulf shows that “Nothing can ever 
put aside kinship... 82 

A dangerous principle is introduced by the special efficacy of Wiglaf’s sword, 
namely that his father Wihstan’s action was salutary because it dutifully car- 
ried out the (implied) order of his king, Onela. The sword symbolizes that do- 
ing what one’s ruler wants is good—regardless of what that is, the principle 
articulated in Rothari’s second Edict. Onela was attacking the Geats because 
they were harboring his nephews, who had challenged his right to be king. 
Onela wanted them destroyed, and Wihstan was able to carry out some of 
what he sought. The sword symbolizes Wihstan’s faithful execution of a chal- 
lenging task at great personal risk. Such dedicated pursuit of what his ruler 
wanted transmuted into the hardness and undeflectability of the sword that 
Wiglaf would wield. Over a millennium later, a contrary code became recog- 
nized in international law when the Nuremburg Principles were adopted by 
the United Nations in 1950 after investigations of genocide carried out during 
World War 11. Principle Iv stipulates: “the fact that a person acted pursuant to 
order of his Government or of a superior does not relieve him from responsi- 
bility under international law, provided a moral choice was in fact possible to 
him.”83 

Anglo-Saxon King Alfred’s laws contain the germ of an alternative to Ro- 
thari’s second Edict and, therefore, an early instance of legislation like Nurem- 
burg Principle rv. The laws state prominently: “Gif hwa to hweedrum pissa 
geneid sie on woh, odde to hlafordsearwe odde to engum unryhtum fultume, 
peet is donne ryhtre to aleoganne donne to geleestanne” [If anyone to either of 
these is wrongly compelled—either to lord-treachery or to any unright help- 
ing—that is then righter to put aside than to perform].8* Simon Keynes and 


82 William W. Lawrence thought the feuds between Geats and Swedes “have little bearing” 
on the fight with the dragon. See: “The Dragon and his Lair in Beowulf? PMLA 33.4 (1918): 
547-583 at 547. 

83 “Principles of International Law Recognized in the Charter of the Nürnberg Tribunal and 
in the Judgment of the Tribunal,” Yearbook of the International Law Commission, 1950, 
vol. 2, para. 97: legal.un.org (accessed July 14, 2017). 

84 F.L. Attenborough, ed. and trans., Laws of the Earliest English Kings (Cambridge: Cam- 
bridge University Press, 1922), Af 1.1, 62-63, my translation. Simon Keynes and Michael 
Lapidge follow Attenborough in providing “unlawful” for unryht, but a different root lex- 
eme for ryhtre where consistency would produce “more lawful;” Patrick Wormald offers 
“unjust” and “more just.” See: Keynes and Lapidge, Alfred the Great, Asser’s Life of King 
Alfred and Other Contemporary Sources (London: Penguin, 1983), 164, 1.2; Wormald, The 
Making of English Law, 171. 


40 BATTAGLIA 


Michael Lapidge describe Alfred as here “reiterating a principle formerly enun- 
ciated by Bede (and before him by Origen) that it is better to leave an oath 
unfulfilled if performance of it will entail a worse crime than the act of oath- 
breaking itself.’®> The first of the two things enjoined, however, lord-treachery, 
is consistent with (a) Alfred’s “spectacular distortion” of the golden rule into 
loving one’s lord as Christ;°° (b) capital punishment for attempts on the either 
the king’s or a man’s own lord’s life;8” and (c) prohibition against fighting one’s 
own lord even when he is wrongfully fighting one’s own blood kin, for pet we 
ne liefad [that we do not allow].88 Thus, since under few imaginable conditions 
may one oppose one’s lord (nor, presumably a fortiori, one’s king), the authori- 
zation to avoid “unright helping” seems quite restricted. Alfred’s unique provi- 
sion passed into obscurity. 

The efficacy of Wiglaf’s sword undermines Beowulf’s extolling of patriliny. 
Other ways in which the poem reinscribes Germanic traditions likewise situate 
it as roughly contemporary with the Edictus Rothari (643). Figure 1.1 shows the 
image shared by two gold medallions from Binford, Norfolk, England, of an 
armed warrior battling hostile creatures.89 They are among over one thousand 
known Scandinavian gold bracteates manufactured in Germanic Europe dur- 
ing about a hundred years, from about 450 to 550 CE,”° that are thought to have 
been bestowed to mark elite alliances. The Binford sword-wielder combating 
strange beings mirrors a design on seven bracteates from northern Germany.°! 


85 Alfred the Great, 306 n. 7. Of Salome’s request for the head of John the Baptist after Herod 
had promised to give her whatever she wanted, Bede had written that performance of an 
incautious oath can entail a greater crime than violating it. See: Gerald Bonner, “Bede and 
Medieval Civilization,” Anglo-Saxon England 2 (1973): 71-90 at 75. Alfred’s rule against any 
unrhytum (unright) undertaking, a criterion that invited ecclesiastical counsel, weighs 
against the assessment of biographer Justin Pollard that, in 878, Alfred had been deposed 
in a coup brought about in part by Athelred, Archbishop of Canterbury. See: Pollard, Al- 

fred the Great, 157-169. 

86 Wormald, Making of English Law, 422-423. 

87 Attenborough, Laws, 64-67, Af 4.1,2. 

88 Attenborough, Laws, 84-85, Af 42.6, my trans. 

89 Morten Axboe, with Charlotte Behr and Klaus Düwel, “Katalog der Neufunde,’ in Die 
Goldbrakeaten der Vélkerwanderungszeit — Auswertung und Neufunde, ed. Wilhelm Heiz- 
mann and M. Axboe, 893-1024ff (Berlin: De Gruyter, 2011), Taf. 66; and Charlotte Behr and 
Tim Pestell, “The Bracteate Hoard from Binham—an early Anglo-Saxon central place?,” 
Medieval Archaeology 58 (2014): 44-77 at 55, Fig. 7. 

go Beginning “around the middle of the fifth century” and ending “between 530 and 570.” 
Morten Axboe, Brakteatstudier (København: Kongelige Nordiske Oldskriftselskab, 2007), 
76, 148. 

91 __ Die-identical, they were found together in the nineteenth century at an unrecorded loca- 
tion, probably Schleswig-Holstein, Germany. Behr and Pestell, “Bracteate Hoard,” 54; Alex- 
andra Pesch, Die Goldbrakteaten der Volkerwanderungszeit—Thema und Variation (Berlin: 
De Gruyter, 2007), 120-124. A Jutland bracteate with a comparable motif was executed 
with a different technique. 
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FIGURE 1.1 

Bracteate from Binham, 
Norfolk, England [after 
Axboe, with Behr and 
Düwel, “Katalog der 
Neufunde,” Taf. 66] 


Different interpretations have been offered for them, but that they represent a 
heroic conflict with monsters seems likely.9? 

In the typologies that structure bracteate research, Figure 1.1 is a B-type 
because it outlines a full human figure. The most common, C-type, brac- 
teate shows a rider or majestic head upon a horse. In both B- and C- types, 
monsters appear occasionally as secondary motifs.9? A C-bracteate, from 


92 Behr and Pestell, “Bracteate Hoard,” 55. 

93 In Pesch’s Formula Family “B-3,” a hero with legs bent struggles without weapons against 
monsters (Thema, 108-111); a by-example of this group was found with D-bracteates in 
Kent. Behr, “Do Bracteates Identify,” 98; two identical gold pendants, from Riseley, Horton 
Kirby, Kent, and Shrewton, Wiltshire, show a man holding two snakes in a motif that has 
been compared with this bracteate design. Marit Gaimster, “Scandinavian Gold Bracte- 
ates in Britain: Money and Media in the Dark Ages,” Medieval Archaeology 36 (1992): 1-28 
at1g and 20, Fig. 6d. On the Söderby group of bracteates from Sweden and Gotland, a male 
figure appears swept in ecstasy as two attendant birds confront a demonic sea-monster. 
“B 10,” Pesch, Thema, 135-8; Marit Gaimster, Vendel Period Bracteates on Gotland: On the 
Significance of Germanic Art, vol. 27, Acta Archaeologica Lundensia, Series in 8, no. 27 
(Lund: Almqvist & Wiksell, 1998), 40-43, 74. The four examples of Söderby type from the 
Lake Mälaren area of Sweden were found with five unusual D-bracteates.The rider on a 
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Gudbrandsdalen, Norway, provides perhaps the most dragon-like of any of 
these representations—two monstrous quadrupeds, and a snake, confronted 
by a rider with sword and spear [Figure 1.2 ].°* However, on another kind of me- 
dallion, the second-most-common bracteate type, the D-bracteate, a monster 
constitutes the central subject. 

D-bracteates generally depict one sinuous, limbed, self-interlaced being 
that corresponds to no known species. In German, it may be referred to as an 
(Un-)tier, an “un-animal.” Common configurations have the creature’s head 
turned back over its hindquarters, or perhaps biting itself, which are interpret- 
ed as a sign it has been subdued or killed, presumably by the majestic?> mount- 
ed power seen on the most common bracteate type.°® D-bracteates thus show 
defeated monsters. 

While showing how adverse supernatural creatures (and probably dragons) 
were conceived in Migration Period Germanic art, these pendants do a great 
deal more. Probably the last major design to develop, D-bracteates date mostly 
from the sixth century. The D-bracteates evince that in the roughly the first half 
of that century, an alliance at a high level of Germanic society?” was marked by 
a medallion citing intervention with a monster—over three hundred and sixty 


bracteate from Tulstrup, Zealand is attacked by a predatory-bird-headed reptile that has 
been compared to the beings in bracteate Formula “B 3.” See: Karl Hauck, “Der Kollierfund 
vom fiinischen Gudme und das Mythenwissen skandinavischer Fiihrungsschichten in der 
Mitte des Ersten Jahrtausends, Mit zwei runologischen Beiträgen von Wilhelm Heizmann 
(Zur Ikonologie der Goldbrakteaten, Lv),” in Die Franken und die Allemannen bis zur 
‘Schlacht bei Zulpich’ (496/97), ed., Dieter Geuenich, 489-535 (Berlin: De Gruyter, 1998), 
496, Abb. 4. 

94 Karl Hauck, ed., Die Goldbrakteaten der Volkwanderungzeit, vols. 1-3, Münster Mittealter- 
schriften 24, with contributions from M. Axboe, K. Diiwel, L. von Padberg, U. Smyra, and 
C. Wypior (Munich: Fink, 1985-1989), 1,3: 77, 65b. A “pagan monster-battling myth” may 
link the Gudbrandsdalen bracteate and a Ladoix-Serrigny buckle from about the year 600 
with a dragon/bird figure. Bailey K. Young, “The Imagery of Personal Objects: Hints of ‘Do- 
It-Yourself’ Christian Culture in Merovingian Gaul?,” The Power of Religion in Late Antiq- 
uity, ed. Andrew Cain and Noel Lenski, 229-254 (Burlington, VA: Ashgate, 2009), 250. 

95 The lex Julia maiestatis as known from the Theodosian Code is explicitly cited in the Vi- 
sigothic compilation the Breviary of Alaric in 506 CE. See: Lear, Treason, 37. 

96 Tanya Dickinson, “Iconology, Social Context and Ideology,” in Die Goldbrakteaten der Vélk- 
wanderungszeit, ed. Heizmann and Axboe, 635-686, at 643. 

97 Charlotte Fabech and Ulf Näsman, “Ritual Landscapes and Sacral Places in the First Mil- 
lennium AD in South Scandinavia,’ in Sacred Sites and Holy Places: Exploring the Sacral- 
ization of Landscape through Time and Space, ed. Sæbjørg W. Nordeide and Stefan Brink, 
53-109 (Turnhout: Brepols, 2013), 60-65, Fig. 5; Alexandra Pesch, “Netzwerk der Zentral- 
plätze: Elitenkontakte und Zusammenarbeit friihmittelalterlicher Reichtumszentren im 
Spiegel der Goldbrakteaten,” in Auswertung und Neufunde, 231-277. 
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FIGURE 1.2 
Bracteate from 
Gudbrandsdalen, 
Oppland, Norway 
[after Hauck 1985, 
1,3, 77, 65b], ©2019 
Drawing by Nina 
Zerkich. 


times.°® Surely such occasions often involved ceremony and heroic exposition. 
If ever we would expect monster stories to have been current in Germanic Eu- 
rope, it would have been then. To the period of production and circulation of 
the D-bracteates, therefore, it is possible to look for the origin of the Beowulf 
poem.’ Chadwick thought Beowulf derived from “stories ... preserved by reci- 
tation in a more or less fixed form of words” that were “acquired [by the poet] 
before the end of the sixth century.”!0° 

Symbolic holiness of serpents is well attested in Scandinavian antiquity. 
Snakes appear on bronze razors, especially from Denmark, carvings on large 


98 Axboe, with Behr and Düwel, “Katalog der Neufunde,” 902, and newer finds. 

99 This analysis is part of a larger study in preparation by the present author, Beowulf: The 
War God goes to Church. See: Frank Battaglia, “Beowulf and the Bracteates,” in “The Dating 
of Beowulf: a Reassessment,” Harvard University Conference, September 2011; Frank Batta- 
glia, “Beowulf: A Regime of Enforcement,” in Reframing Punishment: Reflections of Culture, 
Literature and Morals, ed. Bhavana Mahajan and Raja Bagga, 39—60 (Freeland, UK: Inter- 
disciplinary Press, 2013), 41-42; Battaglia, “Wrist Clasps,” 121-122. 

100 Chadwick, Heroic Age, 51-52. Similarly, Knut Martin Stjerna, Essays on Questions Connect- 
ed with the Old English Poem Beowulf, trans. John R. Clark Hall (Coventry: Viking Club, 
Society for Northern Research, 1912), 40. 


44 BATTAGLIA 


rock surfaces, mostly Swedish, and smaller rocks, on ceramics and as figurines.!©! 
In the Nordic Bronze Age, the snake “play[ed] an important role in ... beliefs 
concerning the voyage of the sun in the suprahuman world. ... In addition, the 
snake seem[ed] to be a symbol of the earth and agricultural prosperity.”!02 
A Swedish rock-carving shows “the snake must have been sacred, either in its 
own right or as the symbol of a divinity.”!03 On the Gundestrup Cauldron, c. 100 
BCE, a horned god holds a snake and a neck ring, “presumably symbolizing 
health and wealth;” in another panel, a serpent leads “a line of soldiers on foot 
and on horseback.”!°4 On one of the Gallehus horns, c. 400 CE, “an adorant 
figure is shown between two serpents.”!05 Anglo-Saxon cremation urns, dating 
mostly from the fifth century,!°6 have decorative motifs like T-runes, symbol- 
izing the deity who gives the name to Tuesday, or the swastika, an ancient sym- 
bol that there may reference the deity named on Thursday. But more common 
than either of these is a design representing a “serpent or legless dragon, the 
wyrm of Anglo-Saxon vocabulary.”!°? Cremation urn 2292 from the Anglo-Sax- 
on cemetery at Spong Hill, Norfolk had both wyrm decoration and a fabric ap- 
parently tempered with human-bone ash.!°8 According to George Speake, “In 
the Anglo-Saxon ornamental zoo, the serpent ... is by far the commonest crea- 
ture, although [in the early period] it is more rare, [with] a quadruped in varied 


101 Flemming Kaul, Ships on Bronzes (Copenhagen: National Museum, 1998), 221-241. 

102 Kaul, Bronzes, 238. 

103 George Speake, Anglo-Saxon Animal Art (Oxford: Clarendon, 1980), 86, citing H.R. Ellis 
Davidson and Peter Gelling; Kaul, Ships, 222-223, fig. 146. 

104 Flemming Kaul, and others, Thracian Tales on the Gundestrup Cauldron (Amsterdam: Na- 
jade, 1991), 9, fig. 22, fig. 26; H.R. Ellis Davidson, Myths and Symbols in Pagan Europe (Syra- 
cuse: Syracuse University Press, 1988), 209; Speake, Animal Art, 86. 

105 Speake, Animal Art, 86. 

106 Catherine Hills and Sam Lucy, Spong Hill, Part 1x: Chronology and Synthesis (Cambridge: 
MacDonald Institute, 2013), 320-321. 

107 ‘J.N.L. Myres, Anglo-Saxon Pottery and the Settlement of England (Oxford: Clarendon, 
1969), 138; David Wilson, Anglo-Saxon Paganism (London: Routledge, 1992), 150; Teresa 
Briscoe, “Anglo-Saxon Pot Stamps,’ Anglo-Saxon Studies in Archaeology and History 2 
(1981): 1-36 at 21. 

108 2292 and stamp group 44. Battaglia, “Wrist Clasps,” Table 2; stamp group 44 and wyrm 
stamp. Howard Williams, “Animals, Ashes and Ancestors,” in Just Skin and Bones? New 
Perspectives on Human-Animal Relations in the Historical Past, ed. Alexander Pluskowski, 
British Archaeological Reports International Series, vol. 1410, 19—40 (Oxford: British Ar- 
chaeological Reports, 2005), 21. This kind of temper, shared with at least fourteen other 
Spong ceramics, has been found in eleven vessels (Battaglia, “Cannibalism,” 143) from the 
vicinity of the earliest great hall of Denmark, at Gudme, Funen. Battaglia, “Hall versus 
Bog,” 57-58; Battaglia, “Cannibalism,” 143-144, fig. 14.2. The pottery technique is linked 
with endo-cannibalism in Germanic prehistory. 
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guises being more dominant.”!°9 The fifth and sixth centuries see the develop- 
ment of Germanic animal art, and a changed meaning to the Germanic ser- 
pent, which becomes a dark, underworld creature opposed by the “more or less 
institutionalized ‘upper-class-heroic’ religion of the Late Iron Age and Viking 
period.”!° It is this demonization of the serpent that gives us the monsters of 
the bracteates—and the dragon of Beowulf After related developments, 
Christianity assimilated Germanic lore."? The Franks Casket (early-eighth cen- 
tury) depicts both Sigurd’s killing of dragon Fafnir and the Adoration of the 
Magi.!'3 The Gudbrandsdalen bracteate was found as a dedicatory deposit un- 
der a church altar."4 

Beowulf’s dragon has human qualities. He enters the narrative as a compet- 
ing lord, challenging the hero’s authority. The Geatish kingdom had passed 
into Beowulf’s hands and he has held it for fifty years, “od dzt [a]n ongan/ 
deorcum nihtum draca rics[i]an” [until one began in the dark nights, a dragon, 
to rule] (2210b—2211). The dragon appears as a rival ruler, who in a high dwelling 
watches over a hoard. His “high dwelling” (2212)—the phrase is faulty in the 
text—suggests a hall, a cult-building and seat of power. In fact, the dragon’s lair 


109 Speake, Animal Art, 85. 

uo Kaul, Ships, 241. Fulk, Bjork, and Niles linked the term h/éw [mound], which situates drag- 
ons in Maxims 11, 26 f. (Klaeber’s Beowulf 397, 240), to a study by Robert van de Noort that 
analyzed the building or reuse of funeral mounds in western Europe, roughly 550 to 750 
as a “mortuary innovation” expressing the “opposition of ... non-Christians to the new 
Christian ideology of the Frankish empire.” In Ireland’s heroic cycle, Cúchulainn, strad- 
dling older and younger traditions, both kisses a dragon and kills several serpents. Mary 
Condren, The Serpent and the Goddess (New York: HarperCollins, 1989), 24. 

u H.R. Ellis Davidson drew attention to the flying dragon on the Sutton Hoo shield. See: 
“The Hill of the Dragon,” Folklore 61.4 (1950): 169-185 at 180, PI. x. 

u2 Elaine Pagels, Adam, Eve, and the Serpent (New York: Vintage, 1989), 120; Pagels, Revela- 
tions: Visions, Prophecy, and Politics in the Book of Revelations (New York: Viking, 2012); 
Timothy K. Beal, Religion and its Monsters (New York: Routledge, 2002), 82. In Vita Patrum 
(590 x 594), Gregory of Tours narrates the banishing of snakes and dragons by Saint Cal- 
uppa. See: Ramsay Macmullen, Christianity and Paganism in the Fourth to Eighth Centuries 
(New Haven: Yale University Press, 1997), 96; Dominic Alexander, Saints and Animals in 
the Middle Ages (Rochester, New York: Boydell, 2008), 48-49. 

u3 Henry Mayr-Harting, The Coming of Christianity to Anglo-Saxon England, 3rd edn. (Uni- 
versity Park: Pennsylvania State University Press, 1991), 223. A seventh century grave in 
Burwell, Cambridgeshire yielded what is now suggested as a reliquary whose lid depicts 
Sigurd’s slaying of Fafnir. See: Catherine Hills, “Work Boxes or Reliquaries? Small Copper- 
alloy Containers in Seventh Century Anglo-Saxon Graves,’ in Studies in Early Anglo-Saxon 
Art and Archaeology: Papers in Honour of Martin G. Welch, ed. Stuart Brookes, Sue Har- 
rington, and Andrew Reynolds, British Archaeological Reports British Series, bk. 597, 14- 
19 (Oxford: British Archaeological Reports, 2011), 14. 

u4 Hauck, ed., Die Goldbrakteaten, 1.3, 77. 
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is twice called an eordsele, “earth hall” (2410, 2515), with the same term, sel, 
used earlier in the poem for Heorot of the Danes. 

The serpent’s contending against Beowulf begins with his having been 
robbed."6 The discovery angers him; he becomes gebolge[n] [swollen with 
rage | (2220), as Beowulf is gebolgen (2401) by the serpent’s answer to the theft. 
Before this incident, guarding the hoard he had found, the wyrm is character- 
ized with an epithet already applied twice (1724, 2114) to Danish king Hroth- 
gar—wintrum frod [wise in years] (2277). With a sense of his own status and 
entitlements, the dragon seeks revenge, he “wolde ... lige forgyldan/ drincfet 
dyre” [wanted to pay back with fire for the dear drink cup] (2305-2306). For 
him, however, the prospect of a fight was enjoyable: wiges gefeh,/ bea[dwe] 
weorces [he rejoiced in war, in fighting work] (2298b—2299a). 

The dragon intensely focuses on the theft, perhaps obsessively: oft ymbe- 
hwearf [often he went around] (2296b) the outside of the howe, hwilum æt- 
hwearf [sometimes he went inside] (2299b), looking for the cup. His reaction is 
ferocious: he burns dwellings, including Beowulf’s home, trying to leave noth- 
ing alive (2314b—2315); he hatode ond hynde [hated and humbled] (2319) the 
Geatish people. He continues to act like a warlord, but his behavior is excessive 
and reminiscent of Heremod, an early king of the Danes who nallas beagas 
geaf [gave rings not at all] (1719). Heremod’s sorhwylmas [surging sorrows/dark 
moods] (904) lead him to kill his beodgenéatas, / eaxlgestellan [table compan- 
ions, comrades] (1713b-1714a).""” 

Before confronting the wyrm, Beowulf learns hwanan sto féhd aras [whence 
the feud arose] (2403b). A feud might be settled by compensation or violence 
or both.!8 The fæhð mest [greatest feud] (459), caused by Beowulf’s father 
Ecgthéo, had been resolved by Hrothgar’s payment to the family of Heatholaf, 
whom Ecgthéo killed (470-472b). However, with the stolen cup in his lap, Be- 
owulf does not conceive of restitution or compensation, but plans revenge 
(2336b). It is possible to imagine narratives that might involve the return of the 
cup,!9 but Beowulf does not communicate or negotiate with such a challenger, 
even one wronged by the theft of a cup he now possesses. The (male) monster's 
qualities and actions elicit from the (male) protagonist self-assessment, lead- 


u5 Frank Battaglia, “Hall versus Bog,” 47-50, cult-center; and 67, “cleansing” and sele. 

u6 The being with whom Beowulf fights to his death is called wyrm, “serpent,” nineteen times 
in the poem; draca, “dragon,” twelve times. 

u7 The poem here upholds an old Germanic bi-lateral standard for loyalty—obligations bind 
both sides—explicit in the early sixth century Visgothic code and preserved longest in 
Scandinavia. See: Lear, Treason, 40, 86, 88, 101, 129-130. 

u8 Green, Language and History, 50. 

ug An Irish story in which a dragon was kissed is cited above (n. 110). 
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ing to a desperate courage which is brought to bear with fighting skills and 
recklessness shared by a (male) comrade in arms who also is a relative and has 
special equipment. With human characters facing a hostile suprahuman force, 
the story is a template of heroism. If the narrative is credible and satisfying, it 
produces a positive sense of the past—even if that past never existed. Showing 
how early states developed the capacity to influence, without force, the behav- 
ior of communities, Seth Richardson explains the function of heroic narrative 
in the formation of the early Germanic kingdoms. He suggests such “power can 
be enabled by fantasies about the past, not only through the ‘negative capabil- 
ity’ of transcending the past’s limitations, but also through a retrospective de- 
sire for and misapprehension of things as they never quite were.”!2° Although 
the dragon episode could never have actually happened, it represents the de- 
termined, even reckless courage of early kings, creating pride in the tradition 
which produced it, the practices and institutions associated with it. 

The dragon’s hoard itself constructs a past that never quite was. The claim of 
authority borne by this mute material can be better understood because of an 
important insight offered a century ago by Knut Stjerna. Subsequent material 
discoveries have confirmed his analysis and make it possible to deconstruct 
the dragon treasure as a cache of reconstituted Scandinavian cultural experi- 
ence. Stjerna argued that the wyrm’s treasure incorporates some folk memory 
of the bog sacrifices of weapons in South Scandinavia and northern Europe. 
Especially in Denmark, southern Sweden, and northern Germany, the equip- 
ment of defeated invading armies had been deposited in the same watery loca- 
tions at long intervals over a period of hundreds of years. Stjerna plausibly 
concluded that “the continually repeated offerings ... kept alive a knowledge ... 
of the buried objects.”!?! The words of the poem confirm Stjerna’s insight. That 
Stjerna’s suggestion has not been more consequential in discussion of the 
poem may be because South Scandinavian bog-weapons deposits are not bet- 
ter known. But the number of such deposits is quite remarkable, as is the size 
of some of them. The first discovery of military equipment sacrificed in 
formerly watery Danish locations was made in 1856.!22 The oldest sacrifice, of a 
boat and the weaponry of its raiding crew, was made in the fourth century BCE 


120 See: Richardson, “Before Things Worked,” n. 18; Lotte Hedeager, “Migration Period Eu- 
rope,” 16. 

121 Knut Stjerna, Essays on Questions, 150. 

122 Stine Wiell, “Denmark’s bog find pioneer, The archaeologist Conrad Engelhardt and his 
work,” in The Spoils of Victory, ed. Lars Jorgensen, Birger Storgaard, and Lone Gebauer 
Thomsen, 66-83 (Copenhagen: Nationalmuseet, 2003), 70. 
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at Hjortspring, Jutland.!23 Stjerna knew seventeen such sites; twenty-eight 
were recognized by the end of the last century, at which about fifty separate 
deposits had been made. A bog site in the Illerup river valley of eastern Jut- 
land has yielded swords, lances, shields, coins, combs, and a range of other 
equipment totaling fifteen-thousand items, which were put into the bog in 
four sacrifices.!25 Altogether, about forty-thousand objects have been recov- 
ered from Scandinavian and northern European wetland sacrifices of weap- 
ons.!26 Surveying Danish sacrifices, Anne Nørgård Jorgensen remarks that “as 
has been known for many years, each of the very many weapon-offering sites 
covers several depositions.”!2” Some ceremony almost certainly accompanied 
each sacrifice in a watery location of the weapons from an army of defeated 
attackers, which may be understood as be the basic form of such deposits.!28 
That these ceremonies had a religious character is very probable because such 
locations had been used for votive deposits for millennia.!29 


123 Klaus Randsborg, Hjortspring: Warfare and Sacrifice in Early Europe (Aarhus: Aarhus Uni- 
versity Press, 1995); Jes Martens, “Weapons, Armaments and Society—The Pre-Roman 
Iron Age on Zealand and in Scania,” in The Iron Age on Zealand, Status and Perspectives, 
ed. Linda Boye, 147-174 (Copenhagen: Royal Society of Northern Antiquaries, 2011), 168- 
170. 

124 Stjerna, Essays on Questions, 148; Charlotte Fabech, “Booty Sacrifices in Southern Scandi- 
navia—A History of Warfare and Ideology,” in Roman Reflections in Scandinavia, 135-138 
(Rome: ‘LErma’ di Bretschneider, 1996), 135; Jorgen Ilkjær, “Danish War Booty Sacrifices,” 
in Spoils of Victory, ed. Jorgensen, Storgaard and Gebauer Thomsen, 44-65; J. Ilkjzer, Illerup 
Adal, Archaeology as a Magic Mirror, trans. Joan F. Davidson (Hojberg: Aarhus University 
Press, 2000); Jorn Lønstrup, “Mosefund af hzerudstyr fra jernalderen,” in Fra Stamme til 
Stat i Danmark. 1: Jernalderens stammesamfund, ed. Peder Mortensen and Birgit M. Ras- 
mussen, Jysk Arkæologisk Selskabs, Skrifter 22, 93—100 (Aarhus: Aarhus Universitetsfor- 
lag, 1991). 

125 The excavations have been published in a series beginning with: Jørgen Ilkjær, Illerup 
ådal. 1-2. Die Lanzen und Speere (Moesgård: Aarhus University Press, 1990); most recently: 
Aleksander Bursche, Claus von Carnap-Bornheim, and Jorgen Ilkjær, Illerup ådal. 14. Die 
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to establish a typology and chronology of Scandinavian weaponry, although the method- 
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tischer Demonstration—Uberlegungen zu den siidskandinavischen Kriegsbeuteopfern,” 
in Glaube, Kult und Herrschaft, Phänomene des Religidsen, ed. Uta von Freeden, Herwig 
Frieslinger, and Egon Wamers, 25-35 (Bonn: Rudolf Hambelt, 2009), 25. 
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Glaube, Kult und Herrschaft, 37-51 at 37. 
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The amount of time that may separate sacrifices in the same locale is as 
surprising as anything else about these weapon deposits. The earliest sacrifice 
at Illerup dates from about 200 CE, with further deposits made about 230 CE 
and 375 CE, and the final, smaller offering being put in the bog in the fifth cen- 
tury. Five weapon sacrifices in a bog at Kragehul, Funen, Denmark span the 
period from about 180 CE to the late fifth century.!°° Figure 1.3 diagrams the 
chronology of some major deposits between approximately 75 CE (B2) and 450 
cE (end of D1).!*! Ineluctably, in each area, a sense of the practice must have 
been preserved by a continuously transmitted cultural memory, as Stjerna sug- 
gested. 

Ejsbøl lake in southeast Jutland, Denmark received three weapons sacri- 
fices: the first, about the beginning of the Common Era, 1 CE, the second and 
largest about 300 CE, and the last in the early fifth century.!°? In the second of 
these sacrifices—‘“a major public ritual act’—the equipment of about one 
hundred fifty men, including over a pound of gold with which their military 
commander would have paid them, was put into a small lake “probably simul- 
taneously” at five locations.!93 Anne Norgård Jorgensen represents the ritual of 
the roughly 300 cE offering with these words: “The defeated army is to be sac- 
rificed in order to strengthen the local community and... to ... etch in memory 
for decades—perhaps even a century into the future.”!34 

As investigation of these sites and practices has continued, so has debate 
about them.!35 However, “few would doubt that the large weapon offerings ... 
have a direct connection with actual hostilities, and that they should be seen 
as the result of sacrifices of the equipment of the conquered forces.”!°° Posi- 
tioning such deposits in a continuum of social practice, Xenia Pauli Jensen 
reflects, “[i]t is worth considering that almost all of the weapon bogs contain 


130 Rasmus Birch Iversen, Kragehul Mose—Ein Kriegsbeuteopfer auf Siidwestfiinen (Moes- 
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131 A detailed chronology of the periods is provided in Anne Nørgård Jorgensen, “Fortifica- 
tions and the Control of Land and Sea Traffic in the Pre-Roman and Roman Iron Age,” in 
Spoils of Victory, ed. Jorgensen, Storgaard, and Gebauer Thomsen, 194-209 at 200. 

132 Nørgård Jorgensen, “Mission Impossible,’ 300. 
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134 Nørgård Jorgensen, “Mission Impossible,’ 311. 
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in Spoils of Victory, ed. Jorgensen, Storgaard, and Gebauer Thomsen, 84-89; Birger Stor- 
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Aristocracy in Barbaricum in the Roman and Early Migration Periods, ed. Birger Storgaard, 
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FIGURE 1.3 
Chronological distribution of war booty offerings in some Danish bogs from roughly 75 CE 
(beginning of B2) to 450 CE (end of D1) [after Ilkjær, “Danish war booty sacrifices,” Fig. 2] 
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earlier non-military offerings.”!3” This might be expected since virtually every 
wetland of South Scandinavia is the site of food sacrifices offered in Iron Age 
pots.!38 Wetland deposits of ceramics associated with animal bones, white 
stones, platforms, and other materials are traditionally interpreted “as a kind of 
fertility ritual.”3° At Forlev Nymølle, in eastern Jutland, near the bog weapons- 
deposits in the same Illerup river valley, one of the largest fertility religion sites 
in northern Europe was excavated, including a ten foot tall natural-wood figu- 
rine, considered a goddess statue.!4° Modest fertility ceremonies were carried 
out at ten locations in the Forlev Nymølle site over about six centuries, a period 
that overlaps at least the c. 200 CE and 230 CE weapon sacrifices nearby, and 
probably the c. 375 CE one as well. Remains include a portion of human shoul- 
der blade apparently used as an amulet; a connection of the practices at Forlev 
Nymolle with the cult of the désir and with tribal organizations based on fe- 
male kinship has been suggested.!*1 War-booty deposits may be considered a 
transition away from the older fertility-religious uses of bogs by individuals, 
families, or tribes. War-booty offerings suggest emerging regional communities 
or polities; that is, larger social entities that emerged out of the recurrent ne- 
cessity of large-scale armed self-defense.'4? In Scandinavia, where Iron Age bog 
votive deposits had renewed even earlier traditions, the powers venerated in 
the initial dedications of the war gear of defeated invaders are likely to have 
been the same as, or related to, those previously honored in wet locations.!*4 
But only late social and religious relationships are represented in the Beowulf 
poem’s treatment of the dragon's hoard. Goddess-venerating communities like 
those who used Forlev Nymølle shrines for centuries before and during the bog 
weapons deposits nearby in the Illerup A watershed have been transformed 
into m@re péodnas [famous princes] (3070), like Hrothgar (129, 345, 1046, 1598, 
1992), Beowulf (797), and even Heremod (1715).!44 

Stjerna rightly observed that “[t]he continually repeated [war-booty] offer- 
ings will ... have kept alive a knowledge of the character of the buried objects, 
and this agrees with the descriptions in Beowulf; for ... the most lengthy of 


137 Pauli Jensen, “From Fertility Rituals,” 55. 

138 Battaglia, “Hall versus Bog,” 47. 

139 Pauli Jensen, “From Fertility Rituals,” 55. In Anglo-Saxon England, “almost half of crema- 
tion graves ... contain evidence of animal sacrifice.” See: Howard Williams, “Animals, 
Ashes and Ancestors,” 19. 

140 Battaglia, “Cannibalism,” 142-143, fig. 14.1; Kaul, “The Bog,” 33-34, fig. 7. 

141 Battaglia, “Cannibalism,” 142-143 n. 31, 146. 

142 Battaglia, “Beowulf: A Regime of Enforcement,” 41. 

143 Pauli Jensen, “Warrior Identities,’ 77. 

144 Besides the people whose weapons went into the hoard (2234, below), epele [noble] is 
used only for Beowulf (198, 1312) and his father (263). 
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the descriptions shows, in spite of the intervening time, no ignorance of the 
nature of the objects which went to make up the hoard|s].”!45 Stjerna was not 
correct, however, in suggesting that “traditions as to the original deposit are 
obscurely visible,’ for few readers of the poem will discern that the rite that 
made a thank-offering of the weapons in bogs was originally part of, or at least 
compatible with, a fertility religion that included a goddess as object of venera- 
tion.46 Replacing the agency of self-defending goddess-venerating communi- 
ties with “famous princes” substitutes an imagined past for the more complex 
actual one, and expands the power of kings, whose ancestors surely must have 
been revered aristocrats. 

The poem does, however, retain an important clue as to the origin of the 
dragon's hoard: 

Þær wees swylcra fela 


in dam eordse[le | zrgestréona, 

swa hy on geardagum gumena nāthwylċ 
eormenlāfe æþelan cynnes, 
panchycgende per gehydde, 


déore madmas 


[There was much of such ancient treasures in the earthhall, since, in days 
of yore, some man of noble kin, thanks-thinking, (had) hid them there, 
an enormous legacy, precious treasure-gifts] (2231b—2236a). 


The adjective banchycgende is a compound of panc + hycgende [thanks + think- 
ing]. Panc occurs six times in the poem as a simplex meaning “thanks,” four of 
the six being thanks to a deity. Hycgende occurs in the compound wishycgende 
[wise-thinking] (2716), describing Beowulf. banchycgende appears to identify 
the hoard as, literally, a “thank-offering.” John Hines uses the term for a bog- 
weapons deposit: “It may be too simple to infer in the minds of those who 
made these deposits no more than a concept of fulfilling a contract, a retro- 
spective payment or thank offering for a victory granted. [But] it is tolerably 
clear that gift-exchange, particularly of the spoils and rewards of warfare, was 


145 Knut Stjerna, Essays on Questions, 150. Wade Tarzia has noted that oral transmission of 
these events will have “compress[ed] historical details.” See: “The Hoarding Ritual in Ger- 
manic Epic Tradition,” Journal of Folklore Research 26.2 (1989): 99-121 at 106. 

146 Fabech has noted that “sacral names are only rarely associated with booty-sacrifices and 
other bog finds. This suggests that the original sacral names of these religious places van- 
ished with the cessation of their sacral significance.’ See: “Booty Sacrifices,’ 137. 
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perceived as one of the fundamental bonds of the relevant warrior societies.”!4” 

That the deposit of the hoard was considered by some “man of noble kin” and 

by the poet to be gift-exchange is clinched by the term mad(p)um, which 

Thomas Markey traces into prehistory to enlarge our understanding of gift- 

exchange in early Europe.!*8 

The being that kills Beowulf is called the weard [guardian]!*9 (2524, 2580, 
2842, 3066) or hyrde [keeper] of the beorg [2304] or hoard [3060] numerous 
times. That a dragon guards treasure is a recurrent theme of Northern Mythol- 
ogy, appearing in Fafnismal, Völsunga Saga and other texts.!°° The association 
of dragons with treasure may derive from these phenomena: 

1. +The hoard of Beowulf’s wyrm emanates from folk memories formed as 
communities of South Scandinavia, through several centuries, repeatedly 
made thank-offerings (or, later, other kinds of dedications) in fifty watery 
locations to deities responsible for victory in combat. 

2. Wetlands of South Scandinavia had been for millennia the site of cere- 
monies and rites of indigenous chthonic religion. Those religious prac- 
tices had included the honoring of serpents for cooperating with the sun, 
receiving its bounty into the earth, and contributing to the health of liv- 
ing things, including humans.!! 

A religious reverence for sites hallowed by sacrifices may be assumed, with an 

adverse response to be expected from the powers to whom the sacrifices had 

been made if the offerings were tampered with or violated. In the poem, repre- 
sentatives of these chthonic powers are destroyed as memories of their earlier 
veneration are obliterated in a reconstruction of the past. 

The poem opens by recalling Gar-Dena ... / peodcyninga prym [the power/ 
greatness of the Spear-Danes, kings of a people] (1a—2). The word péodcyning 
combines lexemes: péoden + cyning. The first, originally a term for a religious 
and political leader of an ethnic tribe, was “on the retreat” at the beginning of 


147 John Hines, “Ritual Hoarding in Migration-Period Scandinavia: A Review of Recent Inter- 
pretations,” Proceedings of the Prehistoric Society 55 (1989): 193-205 at 195. 

148 T.L. Markey, “Gift, Payment and Reward Revisited,” in When Worlds Collide, Indo-Euro- 
peans and Pre-Indo-Europeans, ed. T.L. Markey and John Greppin, 345-362 (Ann Arbor: 
Karoma, 1990). 

149 Warað [he guards] (2277). 

150 Fulk, Bjork, and Niles, Klaeber’s Beowulf, xlv-xlvi, 299. 

151 Lines 2275b to 2277a share vocabulary with Maxims 11, 26f (n. 83 above). The Latin-derived 
term draca (2273) would not have been part of a maxim in Germanic prehistory; however, 
in light of the emended (hea)r(h) [2276], it is noteworthy that “Old Danish hørg ... referred 
to collections of stones which identified sacred places in bogs,’ like Forlev Nymølle, Jut- 
land, where “all ten find concentrations ... were so marked.” See: Battaglia, “Cannibalism,” 
147; Kaul, “The Bog,” 34, and the passage on “central element ... white stones.” 
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written records; the second, originally a term for a petty chief, became the title 
for a powerful military ruler.!5* Herwig Wolfram has suggested that the term is 
the exact equivalent of East Germanic thiuda-reiks or Theodoric—one of the 
commonest of Germanic royal names after Theodoric the Ostrogoth ruled Italy 
from 491 to 526.153 After the opening lines of the poem, péodcyning is subse- 
quently an appellative for Hrothgar of the Danes, Beowulf when ruler of the 
Geats, and Ongenthéo of the Swedes. It certainly appears to reference regents 
of large political entities headed by a military commander. But the occurrence 
of péodcyning has been proposed as evidence of Beowulfs late date of composi- 
tion since the term also occurs in skaldic poetry. The Beowulf-poet is alleged to 
have been “imposing his own monarchic mentality upon the past.”!54 Condi- 
tions in Anglo-Saxon England, however, vitiate such an objection. Sir Frank 
Stenton observes that: “In the seventh and eighth centuries the distinction be- 
tween a king, an under-king, and a thegn set in charge of a province by his lord 
was blurred by the recurrent subjection of all the southern English rulers to an 
overlord whose powers over their lands and men were very wide.’!55 So the 
political geography of southern England in the seventh century already includ- 
ed the claims and conflicts of superior kings who governed petty kings and 
other reigning aristocrats. 

The prologue to the laws of Ine (688 x 694) extends the term féod in an- 
other figurative direction that has become commonplace.'*® Ine declares that 
he took counsel with, among others, “þpæm ieldstan witum minre þeode” [the 
chief councilors of my people].!5’ As D.H. Green explains, Ine thus “refers to ... 
Wessex by the word féod, [meaning] the people organized as what is now a 
Christian state.”!58 In seventh-century England, min þēod was being used pa- 
ternally to designate a kingdom. The laws of Ine are also of interest when con- 
sidering the dragon episode of Beowulf because they give us a sense of social 
changes in England that can be characterized as constraining the behavior of 
an unreconstructed warlord—one aspect of the Beowulf dragon. Ine’s code in- 
cludes “the first of many enactments intended to discourage the export of 


152 James, “Barbarian Kingdoms,” 43; Green, Language and History, 121-140; n. 51 above. 

153 Cited in James, “Barbarian Kingdoms,’ 43. 

154 Roberta Frank, “Skaldic Verse and the Date of Beowulf” in The Dating of Beowulf, ed. Colin 
Chase, 123-139 (Toronto: University of Toronto Press, 1981), 130; disputed in George Clark, 
Beowulf (Boston: Twayne, 1990), 47. 

155 F.M. Stenton, Anglo-Saxon England, 3rd edn. (Oxford: Oxford University Press, 1971), 45- 
46. 

156 n.54, above. 

157 Attenborough, Laws, 36-37. 

158 Green, Language and History, 125. 
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slaves into foreign markets.”!5° Several regal purposes may be discerned in such 
a measure. For one, soldiers in Ine’s army could not be sold as slaves after a los- 
ing battle.!6° Additionally, such provisions also made direct violent expropria- 
tion of humans less easily remunerative. A limit was set to the plunder of 
persons in Wessex. The free-ranging expropriations of an older type of warlord 
were not compatible with expanding kingly power. 

Killing Eanmund, nephew of Onela, earned Wihstan the sword Wiglaf 
would carry. But besides being Onela’s brother's son, Eanmund was a king’s 
son: his father Ongenthéo had ruled before Onela. The Edictus Rothari autho- 
rizes the killing of whomever a king wanted dead. The Leges Saxonum prohib- 
its the killing of sons of a king. In different ways, these legal provisions 
extended the dominion of rulers. But Onela’s actions make apparent the po- 
tential contradiction: even though such a deed is forbidden to others, a king 
could freely cause the death of the son of a king. Heads of government would 
go on for more than a millennium generating laws to strengthen their ability to 
govern, including new strictures on treason. Wiglaf’s sword symbolizes the po- 
tential ferocity of that process, now challenged by the Nuremburg Tribunal’s 
declaration of international human rights. 


159 H.P.R. Finberg, The Formation of England 550-1042 (London: Paladin, 1974), 62. “Gif hwa 
his agenne geleod bebycgge, deowne odde frigne, ðeah he scyldig sie, ofer sæ, forgielde 
hine his were [& wid Godd deoplice bete]” [If anyone sells one of his own countrymen, 
bond or free, over the sea, even though he be guilty, he shall pay for him with his wergild 
and make full atonement with God (for his crime)]. Text and trans., Attenborough, Laws, 
Ine n, 40-41. Ken Dowden, European Paganism (London: Routledge, 2000), 181 discusses 
later Germanic prohibitions of slave export. Athelred’s was listed as the first such prohibi- 
tion in Pollock and Maitland, English Law, 1, 96n29. 

160 After defeat by Mercia in the Battle of Trent in 679, Imma of Northumbria was sold to a 
Frisian slave-trader for marketing in London. Venerable Bede, Historia Ecclesiastica, in 
Baedae Opera Historica, 2 vols., ed. Thomas Stapleton and trans. J.E. King (Cambridge, 
MA: Harvard University Press, 1963), 18-125; Pelteret, “Slavery,” 120. 


CHAPTER 2 


In Sickness and in Health: the Boethian Narrative of 
the Two Geralds of Brecon 


Sarah J. Sprouse 


Nos igitur hupupe quondammodo que nidficat in stercoribus suis similes 
extitimus; nepos autem noster cuculum, qui nutritores suos, cum adultus 
fuerit, devorare solet, expresse representat. 


[In some ways we are like the hoopoe who builds her nest in her drop- 
pings, while our nephew clearly resembles the cuckoo who, when he is 
fully grown, usually devours his foster-parents]. 


GIRALDUS CAMBRENSIS! 


A contract in the Canterbury Chapter Archives, recorded between 1203-1204, 
was executed to silence the exceedingly vocal Giraldus de Barri (1146-1223). 
More widely known as Gerald of Wales, he spent much of his life advocating 
for the primacy of St. David’s Cathedral in Wales, including three trips to the 
pope in Rome. This contract stipulated that Gerald would never again raise the 
metropolitan claim for this bishopric and, in exchange, his nephew Giraldus 
fitz Philip would be confirmed as the archdeacon of Brecon when Gerald re- 
tired. This contract is remarkable for two reasons: The first is that Gerald or- 
chestrated a controversial suit for the archiepiscopal primacy of St. David's, 
which lasted several years and was initially supported by the Welsh clergy, 
Welsh princes, and even King John. The second point is Gerald’s incredible 
hypocrisy in light of his long career pursuing moral reform of the Church, 


1 Giraldus Cambrensis, Speculum Duorum, ed. Yves Lefevre & R.B.C. Huygens, trans. Brian 
Dawson (Cardiff: University of Wales Press, 1974), 6-7. This edition provides the Latin with 
facing-page translations. Hereafter, page numbers are given in parentheses. Michael Richter 
wrote an introduction, which is also referenced below. 
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including nepotism of this exact kind. Nepotism is not particularly unusual in 
ecclesiastical offices, but Gerald was emphatic in his admonition of the prac- 
tice. In his Descriptio Kambriae [Description of Wales], Gerald wrote of the 
practice in Welsh churches: “Successive quoque, et post patres, filii ecclesias 
obtinent, non elective; hereditate possidentes, et poluentes sanctuarium Dei” 
[When fathers die, the sons succeed, not by election, but as if they held these 
benefices by hereditary right, which is a pollution of God’s sanctuary].2 The 
contract Gerald signed represented his resignation to the status quo and pre- 
cipitated a legal and moral conflict with his nephew. 

After Gerald’s heartbreaking resolution to give up on the primacy of St. Da- 
vid’s (his purported life’s cause) in order to secure a position for fitz Philip, this 
same nephew absconded from his duties, slandered the Church (and Gerald), 
and stole from parishes. These acts were nothing short of treasonous in the 
eyes of Gerald. After all that transpired, Gerald retreated to Lincoln in a self- 
imposed exile, and there wrote the treatise known as Speculum Duorum [A 
Mirror of Two Men; hereafter, Speculum]. Perhaps the most emotional and 
melodramatic of Gerald’s works (and yet one of the least popular), the Specu- 
lum, which only survives in Rome, Vatican Library, Codices Reginenses Latini 
MS 470 (c. 1216), enacts a Boethian self-consolation that functions as both re- 
buke to his nephew and a remedy for wickedness. Gerald borrows the Boethian 
physician/patient metaphor and the consolation genre of Consolatio Philoso- 
phiae [The Consolation of Philosophy; hereafter, Consolatio]? in order to con- 
sole himself in the wake of his nephew’s treacherous acts and the lack of legal 
remedies from the ecclesiastical court. Gerald explains his motivation in writ- 
ing the Speculum, according to a letter to the clergy of Hereford, which is in- 
cluded in the manuscript, though not formally incorporated into the main 
body of the text: 


presertim vero cum conquerendi intuitu, quatinus nos utcumque quasi 
querulo carmine consolemur, et corrigenda, quatinus nepos noster cre- 
bra verorum inspection et ad animum revocatione saltem ob verecundi- 
am emendetur, et premuniendi ceteros, ut in casibus similibus discant 
decetero caucius negociari, cum hoc, inquam affectu solum et proposito 
singula proponantur, non infamandi, quia quicquid agant homines, inten- 


2 Giraldus Cambrensis, “Descriptio Kambriae,” Giraldi Cambrensis Opera, ed. James F. Dimock, 
Rolls Series, no. 21 (London: Longman, 1873), 6:214. Gerald of Wales, “Description of Wales,’ 
Gerald of Wales: The Journey through Wales and the Description of Wales,’ trans. Lewis Thorpe 
(New York: Penguin, 1978), 263. 

3 Except when referring to the Latin edition, which uses the title De Consolatione Philosophiae. 
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tion iudicat omnes, quamquam tamen aliqua revera, immo pleraque vide- 
antur inserta, que male meriti maleque morigerati et prorsus ingrate 
famam et opinionem non inmerito ledere possint. 


[For the purpose of this book is to complain—so that we are comforted 
somehow with this plaintive song; and to reform—so that our nephew, 
by seeing the truth frequently and keeping it in mind, should be set on 
the right course by truthfulness; and to warn others—so that they should 
learn to act with greater circumspection in future when similar circum- 
stances arise; since, I say, the individual charges are put forward with this 
idea and intention alone, not of slandering, because ‘whatever a man 
does he is judged by his intentions’, although truly, however, some of the 
charges, indeed most of these included, appear to be of the kind which 
could not undeservedly damage the reputation and standing of an un- 
worthy, badly behaved, and ungrateful person]. (164-5) 


The stated intent is complex, but the Speculum ultimately serves as a personal 
consolatory song, punctuated by a poem summarizing Gerald’s harshest medi- 
cine for his nephew. By assuming the physician role played by Lady Philosophy 
in the Consolatio, Gerald situates his nephew as the patient in need of such 
medicine. This framework, adapted from Boethius’s Consolatio, establishes a 
consolation for Gerald rather than for his nephew. Boethius wrote his last work 
from prison while preparing for his execution, while Gerald composed the 
Speculum in exile after fitz Philip turned the Welsh clergy against him. Like 
Boethius, there was little else Gerald could do to cope with the circumstances 
of his nephew’s treachery other than write a lament, and because he lacked a 
patron for his work, Gerald was free to pursue the intimately personal desire 
for self-consolation. 

The Speculum is unpolished, suggesting that it is a draft still in the process of 
revision. It is divided into two parts (Pars), revised from an extensive letter that 
he wrote to his nephew.* Each section sets out the nature of Gerald’s com- 
plaints as well as the methods for remedying the nephew’s metaphorical dis- 
ease. Following Lady Philosophy’s pattern, the first section is a gentler antidote 
while, in the second, Gerald is more aggressive with his remedies, including 
identifying fitz Philip’s tutor, William de Capella, as a cancer that must be ex- 
cised. After the second part, there is a short poem of twelve lines pertaining to 
the wickedness of his nephew (fol. 77v), followed by a series of letters that 


4 Fitz Philip called the letter a libel according to Gerald in his letter to the clergy of Hereford. 
See: Giraldus, Speculum, 160-1. 
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Gerald wrote about the affair to other individuals including Albinus (canon of 
Hereford), Hugh (dean of Hereford), William (precentor of Hereford), Ralph 
Folet (canon of Hereford), William (chancellor of the church of Lincoln), John 
(prior of Brecon), Geoffrey (bishop of St. David’s), and the Prior of Llanthony, 
as well as a preface to a sermon on St. Stephen.® The series of letters at the end 
of the work suggest that the Speculum is unfinished because the relevant mate- 
rial in these letters was not incorporated into the body of the two main parts. 
In their paleographic analysis, Yves Lefèvre and R.B.C. Huygens explain that 
there “is no rubric at the top of folios 95-104, and it would thus appear that the 
last two letters of the Epistolarum Pars were added to the manuscript after the 
rubrication of the preceding pages.” In other words, the last two letters (di- 
rected to the Prior of Llanthony and Bishop Geoffrey of St. David’s) in the third 
part were late additions to the work. These last two letters reflectively summa- 
rize Gerald's grievances and his legal case against Bishop Geoffrey, whom Ger- 
ald argues “non instigator talium et tam turpium, sed pocius extinctor, non 
fultor quidem, sed ultor esse deberet” [should not have been the instigator but 
the suppressor, not the promoter, but the punisher of such evil crimes] (254— 
5). According to Huygens, these two letters were written in approximately 
1213-1214, later than the others.’ It is unclear why they were included later, but 
it is possible that Gerald did not initially envision them as part of the work. The 
Speculum is one of Gerald’s last works and the extant manuscript dates to just 
five years before his death in 1223. These letters, because they exist as a sepa- 
rate section, function as supporting evidence for the arguments made in the 
first two parts. These letters reinforce Gerald’s complaint of treason by widen- 
ing the scope of the Speculum beyond the intimate confines of a letter from an 
uncle to his nephew. 

Beyond these letters, there is little evidence to suggest that others were par- 
ticularly moved by what transpired between Gerald and his nephew. Gerald 
made many enemies (amongst his former friends and allies as well as his foes) 
during his bid for the primacy of St. David's, which accounts for the lack of seri- 
ous upheaval when his nephew started stealing from Gerald’s benefices. Ger- 
ald’s bid for appointment to the bishopric of St. David’s arose when its Bishop 
Peter de Leia died (1198), leaving the seat open for election. Initially, Gerald had 


5 Gerald's inclusion of his preparations for a sermon on Saint Stephen suggests that he saw his 
own situation as analogous to the persecution and martyrdom of Stephen. See: Acts 6:11-14 
regarding the gathering of false evidence against Stephen. If Gerald had fully revised the 
Speculum, it seems likely that he would have developed this connection. 

6 Michael Richter, “Introduction,” Speculum, xix. 

7 R.B.C. Huygens, “Une lettre de Giraud le Cambrien propos de ses ouvrages historiques,” 
Latomus 24.1 (1965): 90—100 at 97. 
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the support of most of the Welsh canons® and even King John, but Archbishop 
Hubert Walter of Canterbury was determined to install a Norman bishop to 
help maintain the primacy of Canterbury.? Hubert Walter convinced King John 
that it would not be advantageous to appoint a man who was actively promot- 
ing the cause of Welsh ecclesiastical independence.! King John’s change of 
heart altered the tenor of the proceedings, casting them in terms of treason 
against the Crown. By 1201, Gerald was declared an “enemy of the Lord King, 
working openly against the dignity of the Crown, and encouraging the Welsh 
to plot against the king” by John’s justiciar, Geoffrey fitz Peter, in a letter to the 
abbot of Whitland, which declared anyone supporting Gerald an enemy of the 
Crown as well.” By 1203, Gerald’s case had completely collapsed, and he resent- 
fully put forth names of two other candidates whom he considered suitable for 
the position—Walter Map and John of Brancaster.” Archbishop Hubert Wal- 
ter rejected both men and appointed Geoffrey de Henlaw, a safe Anglo-Nor- 
man candidate who had previously served as a private chaplain to Walter? 
Gerald disapproved on the basis that Geoffrey knew neither the language nor 
the customs of the Welsh people (280-1). At this time, a dejected and isolated 
Gerald signed the 1203 compromise agreement.!* Orchestrated by the Bishops 
of Ely and London, this contract was witnessed by several other bishops and 
required Gerald to put aside forever the matter of the metropolitan status of 
St. David's and his election to its bishopric. In exchange, Archbishop Hubert 


8 Canterbury Chapter Archives, Eastry Correspondence, Bundle 6, f. 1, a letter from Hubert 
Walter regarding the outcome of the canons’ election. While Bishop-Elect, Gerald began 
acting in the capacity of the bishop by confirming churches and responding to petitions. 
For a copy of one such record, see: Cartularium Prioratus S. Johannis Evangelistae de 
Brecon, ed. R.W. Banks (London: Cambrian Archaeological Society, 1884), 56-7. 

9 David Walker, Medieval Wales (Cambridge: Cambridge University Press, 1990), 76-7; 
Michael Richter, Giraldus Cambrensis: The Growth of the Welsh Nation (Aberystwyth: Na- 
tional Library of Wales, 1972), 102. 

10 C.R. Cheney, Hubert Walter (London: Nelson, 1967), 81. 

u Walker, Medieval Wales, 18-9. See also: De Ture et Statu Menevensis, in Giraldi Cambrensis 
Opera, ed. J.S. Brewer, Rolls Series no. 21 (London: Longman, 1863), 3:196. At that time, 
Gerald also lost the regular pension he had secured from the Plantagenet court for his 
years of clerical service there. See: Richter, “Introduction,” Speculum, xxxi, particularly n. 
64, in which he traced the specific sums from the Pipe Rolls. 

12 Joshua Byron Smith, Walter Map and the Matter of Britain (Philadelphia: University of 
Pennsylvania Press, 2017), 17. Gerald’s stated purpose in nominating these two men was 
that they both had some knowledge of the Welsh language or at least their customs. 

13 Canterbury Chapter Archives, Chartae Antiquae C, f. 105r. See also: Cheney, Hubert Walter, 
62-3, 163. 

14 Canterbury Chapter Archives, Reg. A, f. 73v. For a full transcription of the document, see: 
Michael Richter, Giraldus Cambrensis: The Growth of the Welsh Nation (Aberystwyth: Na- 
tional Library of Wales, 1972), 135-6. 
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Walter agreed to confirm fitz Philip to the archdeaconry of Brecon, allowing 
Gerald to continue receiving the revenues of that position until his death. At 
the outset, the terms of this agreement were upheld by all the parties. Arch- 
bishop Hubert Walter assigned Gerald compensation of 60 marks to settle the 
dispute. The money was to be paid in installments, and Gerald had received a 
fraction of it by 1205. The death of Hubert Walter in 1205, which precipitated 
Pope Innocent 111’s Interdict on England from 1208 to 1214,'° led to a collapse of 
the peace maintained by the contract. Gerald also never received the remain- 
der of the financial settlement promised by Hubert Walter.!” This agreement 
was not especially popular in Welsh ecclesiastical circles, so the archbishop’s 
death left Gerald in the uncomfortable position of having to defend his nepo- 
tism. 

In the lead up to that agreement, Gerald took fitz Philip into his care to tutor 
and groom him for an ecclesiastical position. However, fitz Philip was not par- 
ticularly receptive to these attentions. Gerald repeatedly rebukes his nephew 
for illiteracy and laziness in the Speculum. It is evident from the text that fitz 
Philip’s principal language was Welsh, rather than French, and that he neglect- 
ed his Latin studies too (42-61). Poor language skills would keep fitz Philip 
from maturing as a figure in the Church, and his lack of interest in Latin sig- 
naled to Gerald a greater ineptitude. Gerald refers to his nephew as “neronia- 
nus revera discipulus” [a true pupil of Nero] (70-1), situating himself in the role 
of Seneca, the Roman emperor Nero’s tutor, who failed to turn his pupil away 
from savagery and was sentenced to death.!8 While fitz Philip never commit- 
ted any crimes as brutal as Nero, Gerald found the comparison suitable for 
describing his nephew’s tendency towards lies and theft. After an extended 


15 William G. Batchelder, “The Courtier, the Anchorite, the Devil and his Angel: Gerald of 
Wales and the Creation of a Useable Past in the De Rebus a se Gestis,’ (PhD Dissertation, 
Ohio State University, 2010), 262-3. 

16 In 1208, Pope Innocent 111 placed England under Interdict because King John refused to 
accept the pope’s appointee Stephen Langton for the Archbishopric of Canterbury. The 
Interdict lasted until 1214, essentially freezing the ecclesiastical administration in England 
for six years. See: William Campbell, “Growth, Crisis and Recovery,” in The Landscape of 
Pastoral Care in 13th-Century England, 25-36 (Cambridge: Cambridge University Press, 
2018), especially the “Interdict” section at 32-36. See also: Canterbury Chapter Archives, 
Chartae Antiquae C, f. 109r for a letter from King John regarding an agreement made with 
newly consecrated Archbishop Stephen Langton regarding ecclesiastical elections after 
the Interdict. 

17 Batchelder, “The Courtier, the Anchorite, the Devil and his Angel,” 262-3. 

18 Philippa Byrne, “Instructing the Disciples of Nero,’ Haskins Society Journal 25 (2014): 187- 
204 at 203. Gerald makes this statement as part of his accusations that fitz Philip is a lazy 
student, one more likely to be persuaded by evil than virtue. See also Gerald’s own expla- 
nation of the same in Speculum, 118-9. 
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stay in Ireland to visit relatives, Gerald hired William de Capella as a new tutor 
for fitz Philip (44-5). According to Gerald, de Capella saw this promotion as an 
opportunity for personal financial gain at the expense of Brecon, as well as 
other nearby churches (78-81).!9 Under de Capella’s tutelage, fitz Philip transi- 
tioned from lazy pupil to treacherous archdeacon; indeed, the tutor devised 
the financial schemes that would help fitz Philip take advantage of, and de- 
fame, Gerald (114-5). 

Soon afterwards, de Capella and fitz Philip found an ally in Bishop Geoffrey 
de Henlaw of St. David’s. In 1208, Bishop Geoffrey collected some of the reve- 
nues from the Brecon archdeaconry, prompting a dispute with Gerald (248- 
g).2° The paltry sum was not enough to merit Gerald’s journey from Lincoln to 
argue for its return, but he gave consent for his nephew and de Capella to go to 
Hereford to resolve the matter on his behalf. At Hereford, fitz Philip and de 
Capella complained to both the bishop and Pope Innocent 111 that Gerald had 
unlawfully withheld revenues from his nephew. However, according to Gerald, 
it was fitz Philip and de Capella who had been taking revenues unlawfully from 
Gerald's churches at Brecon and a grange at Llandew (250-1). The nephew and 
pupil used this occasion to share with Bishop Geoffrey private letters from Ger- 
ald’s office at Lincoln, which prompted Bishop Geoffrey to side with fitz Philip, 
and, in turn, Gerald appealed to the pope for a breach of contract.?! While 
Gerald explains that he received a favorable answer, and though both the 
nephew and de Capella were compelled to appear, nothing came of the suit 
(250-3). 

However, fitz Philip and de Capella journeyed to Brecon and then to St. Da- 
vid’s to appeal the suit. At each stage of their journey, the nephew and his tutor 
stayed at houses and churches owned by Gerald, which Gerald viewed as fur- 
ther theft and imposition, especially given that his financial situation was 
bleak (88—g).22 Along the way, they enjoyed lavish hospitality at Gerald’s ex- 
pense. When they returned to Lincoln, Gerald refused to see them, so de Ca- 
pella and fitz Philip returned to Wales. However, before they left Lincoln, the 
nephew and his tutor combed through Gerald’s library of works and compiled, 


19 Again on 210-1, where Gerald writes “Sed in aqua turbida solet esse piscatio bona, sicut 
et apud Tinebeh nunc apparet” [But fishing is usually good in troubled waters, as indeed 
now seems to be the case at Tenby]. The benefices of the church at Tenby were unlawfully 
collected by de Capella. Gerald reports that the loss was forty marks annually from the 
archdeaconry, the prebend, and the church of Tenby (218-9). 

20 Gerald reports that the total sum was about five or six marks. 

21 Due to the Interdict, the archbishopric of Canterbury was at that time vacant, so Gerald’s 
only recourse for a legal suit was directly to the pope. 

22 Batcheld, “The Courtier, the Anchorite, the Devil and his Angel,” 264. 
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and possibly elaborated on, quotations from many of Gerald’s more hostile pri- 
vate letters and papers (142-3). Gerald’s corpus of written material is full of 
invectives and complaints, including tirades against many ecclesiastical and 
political figures, which would be severely damaging for a man already on tenu- 
ous footing with the Welsh and English authorities. These vitriolic quotations 
were compiled into a letter that was copied and distributed in Wales to those 
parties about whom the passages were written (208-9). Gerald does not iden- 
tify the specific individuals involved, but it seems likely that Bishop Geoffrey 
was one of the figures mentioned in the letter since Gerald’s relationship with 
him had never been a congenial one. This was the final move to fully turn Bish- 
op Geoffrey against Gerald. The nephew took full control of Brecon away from 
his uncle, including the revenues, and remained archdeacon until the mid- 
thirteenth century.”° Gerald remained at Lincoln?* and wrote a lengthy letter 
of complaint to his nephew, as well as a series of letters to various ecclesiastical 
officials, all of which he compiled into the extant version of the Speculum.?5 
The Speculum does not offer one coherent narrative of these events, but in- 
stead reconciles them into a work more fitting for the rhetorical style of the 
consolation genre. Gerald’s self-proclaimed carmine consolari [song of lamen- 
tation] (152-3) was never circulated in copies to anyone else, and its stated 
audience is fitz Philip, but it remains unfinished, suggesting that it may never 
have been distributed at all, even to fitz Philip. In it, Gerald constructs a fic- 
tional fitz Philip, a potentially receptive patient who willingly listens to the 
litany of his faults and receives insights for moral improvement. The real fitz 
Philip does not appear to have either reconciled with his uncle nor accepted 
any of Gerald’s suggestions. The dearth of corroborating or even conflicting 
written accounts of the nephew’s betrayal indicates that Gerald cared a great 
deal more about fitz Philip’s treacherous activities than anyone else involved,”° 


23 According to Richter, Gerald fitz Philip cannot be traced in the records beyond 1246/7. 
Richter, “Introduction,” Speculum, xxxviii. See also: M.J. Pearson, “Archdeacons: Brecon,” 
Fasti Ecclesiae Anglicanae 1066-1300: Volume 9, the Welsh Cathedrals (Bangor, Llandaff, St 
Asaph, St Davids) (London: Institute of Historical Research, 2003), 54-6. 

24 After the resolution of the Interdict, Gerald did receive revenues from Tenby again, but he 
stayed at Lincoln. See: Richter, “Introduction,” xxxvii. 

25 For other accounts of the events that transpired, see: Richter, “Introduction,” xxx—xxxiii; 
Byrne, “Instructing the Disciples of Nero,’ 190-1; and Batcheld, “The Courtier, the Ancho- 
rite, the Devil and his Angel,” 262-5. 

26 The same is true of modern scholarship. While a few scholars such as Philippa Byrne and 
Everett U. Crosby address the Speculum Duorum and Gerald’s nephew in their work, there 
has been relatively little written about these events. Even the most prominent works on 
Gerald—Richter’s Giraldus Cambrensis, Robert Bartlett’s Gerald of Wales: A Voice of the 
Middle Ages (Stroud: Tempus, 2006), and H.E. Butler’s The Autobiography of Gerald of 
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so the Speculum is a de facto self-consolation because it is a remedy of words 
for Gerald alone. The lack of a patron for the latter years of Gerald’s life gave 
him the space to reflect inward and write on much more personal matters, to 
vent his disappointment and frustration at what he saw as his nephew’s treach- 
ery, even if only to himself. 

The Speculum adheres to the rhetoric of consolation found in similar works 
from antiquity despite its aberrant formation of the physician-patient-remedy 
structure. Antonio Donato argues that two common characteristics of the con- 
solation genre are that it “(i) manifests the author’s awareness that language 
has therapeutic power and (ii) tries to heal by employing whatever argument, 
register of language, or linguistic device that author deems appropriate for the 
case at hand.’2” Donato challenges the suggestions by earlier critics that Bo- 
ethius’s work does not fall under the rubric of Consolation genre or that it fails 
(or partially fails) to function as consolation.?® The contentious argument fo- 
cuses squarely on whether the Consolatio is a work of self-consolation. Clifford 
Robinson argues that this self-consolation is ironic because it is structured on 
a problem of contradictory conditions: “since the philosophers must possess 
the self-mastery and self-possession that qualifies the consoler to perform his 
task felicitously, and they must lack those very same qualifications, insofar as 
their experience of loss has exposed their dependence upon others and they 
thus require consolation”? Gerald elides such contradictions by positioning 
himself in the narrative of the Speculum as the consoler, and by providing rem- 
edies to fitz Philip in the shape of harsh rebukes informed by philosophy and 
clerical law. The comfort of the work rests in the preponderance of evidence 
that Gerald provides, placing himself on the right side of the law even though 
fitz Philip succeeds in his treachery. This reconfiguration is another manifesta- 
tion of the consolation rhetorical strategy of placing the author in the narra- 


Wales (Woodbridge: Boydell, 2005)—only briefly allude to Gerald’s nephew and what 
transpired. 

27 Antonio Donato, “Boethius’s Consolation of Philosophy and the Greco-Roman Consolatory 
Tradition,” Traditio 67 (2012): 1-42 at 7-9. See also: Antonio Donato, Boethius’s Consola- 
tion of Philosophy as a Product of Late Antiquity (New York: Bloomsbury, 2013); Antonio 
Donato, “Self-Examination and Consolation in Boethius’ Consolation of Philosophy,” Clas- 
sical World 106.3 (Spring 2013): 397-430. 

28 See: John Marenbon, Boethius (Oxford: Oxford University Press, 2002); J.C. Relihan, The 
Prisoner's Philosophy: Life and Death in Boethius’s Consolation (Notre Dame: University of 
Notre Dame Press, 2007); T.F. Curley, “How to Read the Consolation of Philosophy,” Inter- 
pretation 14 (1984): 21-63. John R. Fortin, “The Nature of Consolation in The Consolation 
of Philosophy,’ American Catholic Philosophical Quarterly 78.2 (2004): 295-305. 

29 Clifford Robinson, “The Longest Transference: Self-Consolation and Politics in Latin Phil- 
osophical Literature” (PhD Dissertation, Duke University, 2014). 
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tive as a character. Boethius, like Gerald, finds himself in a lamentable position 
and constructs a narrative based on one of the principal metaphors of consola- 
tion rhetoric—the physician-patient-remedy formula. In Consolatio, Boethius 
is the patient, and, thus, the character within the narrative seeking consola- 
tion. This structure supposedly has its roots in the work of the Greek tragedian 
Antiphon (480-411 BCE). Pseudo-Plutarch explains Antiphon’s work: 
Aeyetat dé tpaywõiaç cvvOetvart xai idia xal obv Atovuciw TH TUpdvvw. ETL Ò’ OV 
TPO TH TONEL TEXVV HAUTAS TUVETTHTATO, OTEP Tots vododaW Á TAPA TAV 
latpav Sepameta brtdoyel: ev Kopivow te xatecKxevaopevos OXN u TL TAPA THY 
ayopav Meoeyparpev, Sti Sbvactatr Tobs AUTOVMEVOUS Sid Adywv Bepamedety xai 
TruvOavopevos Tas aitiag mapeuvdeito Tods xduvovtac. vopičwv dé Thy TExVIV 
Erde tw Ñ xad’ adtov elvan ent dytopnyy aretpdry. cioli ò’ ot xal tò TAadxouv 
tod ‘Pyyivov nepi romt BiBAtov cig AvtipOvta &vapépovow. emouvettat ò’ 
avtod UdAtota ó nepi ‘Hpwdov, xai ó med¢ Epactotpatov nepi. TV Tady, xal ó 
nepi tHS EloayyeAtac, Ov ntp Exvtod yeypage, xal ó mpdg¢ AnuoobEevy Tov 
aTPATHYOV napavópwv. ëypape SE xai xatà ‘Imnoxpdtouc; tod otpatyyod 
Adyov xai cirev adtov ¿ë żphpov. (883-4)3° 


[Antiphon is reported to have composed some of his tragedies by himself 
and others with the tyrant Dionysius. During the time in which he was 
still pursuing poetry, he designed a method for the cure of grief, on the 
fashion of the treatment of the sick by doctors and, having built a little 
house in Corinth, near the market-place, he advertised that he was able 
to cure those suffering from grief through [the power of] words; he would 
discover the causes of their sickness by inquiry and immediately give 
consolation to the sufferers]. (7-8)?! 


This “remedy of words’ is the basis for how the consolation genre works. Phi- 
losophy and rhetoric are deployed to lead the sufferer through the reasons of 
their suffering, and the resulting enlightenment is meant to console. Gerald, as 
the author of the Speculum, performs this rhetorical “remedy of words” for 
himself, as the character, by detailing the causes of suffering in the lengthy let- 
ter to his nephew. This consolation exposes his personal feelings of betrayal, 


30 Plutarch, Moralia, ed. Gregorius N. Bernardakis (Leipzig: Teubner, 1893). The quote above, 
from the “Lives of Ten Orators” and collected into the Moralia, was attributed to Plutarch, 
but has since been identified as one of the Pseudo-Plutarch works. See: Michael J. Ed- 
wards, “Notes on pseudo-Plutarch’s Life of Antiphon,” The Classical Quarterly 48.1 (1998): 
82-92. 

31 Translation: Donato, “Greco-Roman Consolatory Tradition,’ 7-8. 
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which is then supported by the evidence of the accompanying letters in the 
third part of the work. While fitz Philip is the patient of the Speculum, Gerald 
is the one who experiences the catharsis. The resolution arises only in the nar- 
rative, rather than real life, and, thus, the consolation is experienced exclu- 
sively in the text. 

Boethius deploys that split in the Consolatio, which produces two Boethi- 
uses—the writer Boethius and the character Boethius, or “the prisoner”? As 
the writer, Boethius presents his audience with a philosophical text explaining 
the nature of the world, and, as the narrator, he receives consolation from Phi- 
losophy in the form of an explanation of the world. If Philosophy is the physi- 
cian and the narrator-Boethius is the patient, then writer-Boethius enacts a 
form of self-consolation through narrative construction. For Gerald, this struc- 
ture permits a fictional reimagining of fitz Philip that offers some cathartic 
relief for himself. The remedy for the narrator’s ills is a speculum-esque expla- 
nation of the world and the reasons for the rise and fall of his fortunes in it. 
That explanation is the consolation, regardless of whether it succeeded in con- 
soling the author. The Consolatio is a treatise of suffering; the remedy is an ex- 
planation for why he must suffer. Boethius preserves a philosophy of wickedness 
as illness for future generations. This kind of equivalence creates the possibil- 
ity for redemption of the nephew in Speculum because an illness is treatable. If 
Gerald can cure his nephew, or at least lead fitz Philip towards the cure, then 
he can find comfort in his own actions as the metaphorical physician. Just the 
act of leading fitz Philip through the “remedy of words” consoles Gerald and 
posits the possibility of a cured nephew. The character-Boethius reflects on 
that illness in Book 4, Prose I: 


Sed ea ipsa est uel maxima nostri causa maeroris quod, cum rerum bo- 
nus rector exsistat, uel esse omnino mala possint uel impunita praetere- 
ant; quod solum quanta dignum sit ammiratione profecto consideras. At 
huic aliud maius adiungitur; nam imperante florenteque nequitia uirtus 
non solum praemiis caret, uerum etiam sceleratorum pedibus subiecta 
calcatur et in locum facinorum supplicia luit. Quae fieri in regno scien- 
tis omnia, potentis omnia, sed bona tantummodo uolentis dei nemo sa- 
tis potest nec ammirari nec conqueri. (78-9)? 


32 For the sake of this argument, the character will be referred to as “narrator-Boethius.” 

33 Boethius, De Consolatione Philosophiae, ed. Wilhelm Weinberger, Corpus Scriptorum Ec- 
clesiasticorum Latinorum, 67 (Vienna, 1934): 78-9. Hereafter De Consolatione. Page num- 
bers are given in parentheses. 
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[But, although the sorrow caused by my misfortunes had made me forget 
these truths, I had not always been ignorant of them. Here, though, is the 
greatest cause of my sadness: since there is a good governor of all things, 
how can there be evil, and how can it go unpunished. Think how aston- 
ishing this is. But it is even more amazing that with wickedness in full 
control, virtue not only goes unrewarded, but it is trampled underfoot by 
the wicked and is punished instead of vice. That this can happen in the 
realm of an all-knowing and all-powerful God who desires only good 
must be a cause of surprise and sorrow to everyone]. (58)°* 


Boethius uses the narrative conceit of himself as a character to establish the 
horrors of the world and to explain his own predicament. It is a form of self- 
consolation to define the mechanisms of evil, and his antidote to suffering (his 
consolation) occurs through the survey. The Speculum relies on this same 
structure with narrator-Gerald describing the sequence of wicked acts and in- 
fluences that lead fitz Philip down the path of his illness. The antidote is a 
compilation of descriptions of fitz Philip's deeds and a variety of exempla for 
comparison, all of which ultimately consoles Gerald rather than curing his 
nephew. So, the consolation is for Gerald, but the medicine is for fitz Philip. 
The Prima Pars presents the gentler of the two types of medicine like that 
which Lady Philosophy administers to narrator-Boethius. Gerald begins with a 
rubric stating: “Incipit speculum duorum et utile cognicionis, correctionis, 
conquestionis et commonicionis instrumentum” [Here begins the Mirror of 
Two Men, a useful Manual for Recognition, Correction, Complaint, and Exhor- 
tation] (2-3), a clear decree that the treatise could be used to address the mor- 
al failings of others. However, what follows is a description of fitz Philip’s 
treachery and a flurry of exempla designed to remedy the nephew’s disease 
and console the author. If Gerald had had a patron, or if he had revised the 
Speculum for other audiences, it would have become a manual designed for 
much wider use. However, it remains a personal and vindictive work that high- 
lights fitz Philip’s betrayal, rather than providing useful instruction. He starts 
the text with a pun: “Magister Giraldus de Barri Giraldo archidiacono de Brech- 
ene, nepoti suo, et vere a nepa dicto, salute et salutacionem quam meretur” 
[Master Giraldus de Barri to Giraldus, archdeacon of Brecon, his nephew—a 
word justly derived from the Latin for a scorpion—the greeting and salutation 
he deserves] (2-3). Nepos [nephew] and nepa [scorpion] are bitterly punned 
throughout the text, reflecting Gerald’s anger over the collapse of the contract 


34 Boethius, The Consolation of Philosophy, trans. Douglas C. Langston (New York: W.W. Nor- 
ton, 2010), 58. Hereafter Consolation. Page numbers are given in parentheses. 
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with the archbishop of Canterbury and fitz Philip’s ensuing treason. In the first 
full paragraph, Gerald takes up the metaphor of wickedness as disease, stating: 
“Qua scilicet nota non solum Lincolniam et Herefordiam atque Meneviam et 
Walliam totam, verum etiam Hiberniam, pernicibus semper alis fama volante, 
quia contagiosa quoque turpia esse solent et enormia, iam contaminavit” [by 
the disgrace of this scandal he has contaminated not only Lincoln, Hereford, 
St. David’s, and the whole of Wales, but also Ireland; for scandalous and outra- 
geous actions are normally contagious] (2-3). Gerald compares treachery to 
plague, connecting fitz Philip’s actions to disease that requires the remedy of 
knowledge and remediation. Fitz Philip serves the approximate role of narra- 
tor-Boethius, and Gerald sets himself up as the physician. Just as narrator-Bo- 
ethius is a fictional figure, so too is the character of fitz Philip as the patient. 
This fiction is necessary because it establishes a version of Gerald’s nephew 
who might be receptive to the remedies that the real fitz Philip had already 
rejected outright. This artifice means that the Speculum will not likely achieve 
the stated goal of self-consolation because it has no bearing on reality, which is 
perhaps why the extant version is unfinished.*® 

Following his initial pun of nepos and nepa, Gerald identifies the principal 
treacherous acts that led him to write his letter of complaint. He explains that 
the contagiosa of treachery spread to all corners of Gerald’s holdings, including 
ill-treatment of the men who work for him. This includes berating stable boys, 
who refused fitz Philip horses (on Gerald’s orders), and the gardener, whom 
fitz Philip had “vinculus ferries compedivit” [bound in iron chains] because he 
questioned the extensive consumption of garden vegetables by fitz Philip and 
his cronies (3-5). To add to his complaint, Gerald describes a dream he had of 
fitz Philip, in which they were sharing a bed and “partem lecti maiorem occu- 
pans ex toto nos totis viribus expeller nitebatur” [he was taking up more than 
his fair share [of the bed] and was trying to oust us with all his might] (6-9). 
A second dream depicts fitz Philip in Welsh attire, uninterested in his archidia- 
conal duties. Gerald remarks that “Vestis igitur illa discolor et varia, levis et 
inordinate, levem eius animum, varium et incompositum designavit” [That 
multicoloured, variegated, frivolous, and disordered dress signified the fickle- 
ness, the changeability, and the disorder of his mind] (8-9). He then draws the 
connections for his nephew, arguing that these dreams or visions reflected the 


35 Instead, Gerald devoted the remainder of his days to moral reform of the church (Specu- 
lum Ecclesiae, c. 1220), setting out for posterity the facts of his suit for the primacy of St. 
David's (De Ture et Statu Menevensis Ecclesiae, c. 1218), and composing a work of instruc- 
tion for the monarchy (De Principis Instructione, c. 1218). See: Bartlett, Gerald of Wales, 


178-9. 
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very real problems of fitz Philip’s sluggishness, sloth, and lack of good habits 
that all contributed to his ultimate turn to treachery. 

After establishing the connections of sloth to treachery, Gerald launches 
into his exempla from contemporary events. He begins with the note that Wal- 
ter Map thought it foolish to engage in the nepotism of transferring the arch- 
deaconry to a nephew, citing the example of King Henry 11 and his sons who 
notoriously caused problems for him. Gerald tells a tale of a priest in Lincoln 
who gave his church to his son and, in turn, was made homeless and pushed 
into a life of poverty. He tells a similar story of a canon in Lincoln whose son 
was punished by the bishop—episcopaliter [as a bishop should]?®—for com- 
mitting nefarious deeds; the bishop reinstated the father and sent the son to 
Rome to do penance (14-5). Gerald gives several additional anecdotes and 
then concludes by stating that: “Huius itaque nepotis nostril effectum est op- 
era quod iam in exemplum apud Lincolniam positi sumus et proverbium” [The 
result of the action of this nephew of ours is that we have already become a 
proverbial example at Lincoln] (18-9). According to Gerald, he and fitz Philip 
have become another in the long line of cautionary exempla for the dangers of 
nepotism. Gerald notes for his patient that, sometimes, harsh words are neces- 
sary “ubi per lenia non proficitur” [when there is no profit in using gentle 
words] (22-3). In order to address the illness, Gerald argues that he must act as 
the doctor. He cites several authorities on the remedies of words, including Je- 
rome, Solomon, and Martial. 

Gerald is simultaneously writer and narrator of the events that transpire in 
the text. Narrator-Gerald, in the role of Philosophy, walks his nephew through 
a statement about the error of his ways, provides exempla that closely relate to 
the problems of nepotism and nephews, and then, as a doctor, takes fitz Philip 
through the moralizing remedies found in classical and biblical sources. Like 
Boethius, Gerald draws heavily on the medical metaphor, regularly identifying 
himself as the physician who must provide harsh but necessary treatment to 
his patient fitz Philip. On numerous occasions, Gerald seems to suggest that 
fitz Philip is lost in the way that narrator-Boethius is lost in Book 1 of the Con- 
solatio. In Secunda Pars of the Speculum, Gerald places greater emphasis on 
this sense of miasmic confusion by addressing the ways in which the tutor de 
Capella has influenced and indeed tricked the nephew into repeatedly com- 
mitting treachery. Taken as a whole, the work becomes the act of self-consola- 
tion for the bitter and betrayed Gerald, who presents to his lost patient all that 
has transpired and then identifies the possible remedies for his situation. In 


36 Literally, “in the fashion of a bishop.” This appears to be a comment on Bishop Geoffrey de 
Henlaw for mishandling the events with fitz Philip. 
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direct reference to Boethius, Gerald tells fitz Philip: “Item et Boecius: ‘Res qui- 
dem puerilibus auribus accommodates senior philosophiae tractatus elimi- 
nat” [And Boethius: “The more mature reflections of philosophy get rid of the 
things that delight a child’s ears”] (Speculum 138-9). In other words, philoso- 
phy is the remedy to the childish whims that seem to continue to move fitz 
Philip to injure his uncle. 

While narrator-Boethius seeks solace in the proposed remedies of his physi- 
cian, Gerald’s nephew is much more resistant; however, the methods of in- 
struction are similar. Both Philosophy and narrator-Gerald begin by stating 
that medicine is necessary. In Consolatio, Philosophy states: 


Nihil, inquit, pericli est, lethargum patitur, commune illusarum mentium 
morbum. Sui paulisper oblitus est; recordabitur facile, si quidem nos ante 
cognoverit, quod ut possit, paulisper lumina eius mortalium rerum nube 
caligantia tergamus (5). 


[There is no danger. You are suffering merely from lethargy, the common 
illness of deceived minds. You have forgotten yourself a little, but you will 
quickly be yourself again when you recognize me. To bring you to your 
senses, I shall quickly wipe the dark cloud of mortal things from your 


eyes]. (4) 


Deception is a key concept for both texts. The riches of earthly goods lure away 
both narrator-Boethius and Gerald’s nephew from righteousness. Fitz Philip 
was also deceived by de Capella and encouraged by him to pursue personal fi- 
nancial gain at the expense of Gerald. Through the influence of his tutor, fitz 
Philip stole church benefices and pursued luxurious activities such as music 
and eating rich foods rather than rigorously attending to his studies. Further, 
de Capella encouraged fitz Philip to see these benefices as his entitlement as 
the new archdeacon of Brecon, though the earlier agreement stipulated that 
he would not receive those incomes until after Gerald died. In blaming de Ca- 
pella for his undue influence on fitz Philip, Gerald absolves his nephew of 
treachery to a certain extent, though he still feels that betrayal deeply. These 
conflicting perspectives are at the very heart of the dispute. Following in the 
footsteps of Philosophy, narrator-Gerald writes: 


Nam et qui freneticum ligat, et qui letargicum excitat, ambobus moles- 
tus, ambos amat. Sic et medicus, calibata nonnunquam manu putrida 
separans et ad vivum resecans, non parcit quidem ut parcat et sevit ut 
miseratur. 
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[For the man who ties up the madman, and the man who stimulates the 
lethargic man, provokes both of them, but loves both of them. So, too, the 
doctor, with a hand of steel, while cutting out the infected part, some- 
times cuts down to the living flesh; he does not spare, in order to spare: he 
causes pain in order to be merciful]. (24-5) 


Gerald uses a surgical metaphor, suggesting his medicine is necessary to cut 
out the “infected part,” but his nephew has several such parts, too many to cure. 
Gerald identifies the other major source of infection as the negative influence 
of de Capella. 

Gerald gives his nephew the background of de Capella’s treacheries and 
crimes in order to reveal to fitz Philip the moral dangers of continuing down 
this path. These include keeping a concubine, theft from the benefices of 
Brecon, and even taking possession of the church of Llanhamlach. This church 
had belonged to de Capella’s father, who told Gerald on his deathbed that it 
had been unlawfully taken from him by de Capella (112-3). Gerald repeatedly 
cites biblical sources and canon law to demonstrate the illegality and immoral- 
ity of de Capella’s actions. He repeats the warning that fitz Philip must turn 
away from his tutor “si de patris optimi natura” [if there was any trace in you of 
your admirable father’s nature] (120-1). Gerald writes, “si tales aut talia diu vo- 
bis adheserint et placuerint, materne nature peiorisque partis eiusdem melan- 
colia pessima vos plenum esse pro certo prohabetis” [If such characters and 
such activities are associated and please you for long, you can be quite sure 
that you are full of the dreadful madness of the worse side of your mother’s 
nature] (120-1). If fitz Philip cannot extract himself from his tutor, who appeals 
to his very worst qualities, then there can be no redemption. 

Examining that danger of the tutor is one of the primary purposes of the 
Secunda Pars. First, Gerald identifies all the ways in which fitz Philip now re- 
sembles his tutor. He explains to his nephew: “Preter prodicionem itaque nobis 
factam in hoc quod vos abduxit, immo seduxit, dum vos perpetuo infamam 
reddidit” [Apart from betraying us in the manner in which he alienated, indeed 
seduced your affection, while at the same time making you eternally notori- 
ous] (78-9). He sets up the argument to be about William de Capella, who 
Gerald calls de capre [the whoreson] in the rubric for Secunda Pars,?” and the 
damage caused to everyone because of fitz Philip’s involvement with him. 


37 Gerald uses this appellation a few times in the text, especially in the compilation of letters 
in the third part. Just as Gerald finds a natural pun between nepos and nepa, he also relies 
on the punning quality of de Capella and de capre to make his point to third parties (espe- 
cially Bishop Geoffrey de Henlaw since he is an integral participant in the incidents that 
transpired). 
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According to Gerald, it is because of the ills of lethargy and foolishness that fitz 
Philip was so prepared to be seduced by the wickedness of the tutor; thus, the 
problems addressed in the first part lead directly to the argument made in the 
Secunda Pars. In order to begin to reconcile himself with the right path, fitz 
Philip must look inward and contemplate the ways in which his temporal de- 
sires led him to his current state. In the Secunda Pars, Gerald leads his nephew 
through exempla from historical accounts, legal texts, biblical paraphrase, and 
classical philosophy to address those weaknesses and guide fitz Philip away 
from de Capella. Gerald identifies the ways in which de Capella tricked fitz 
Philip into doing his bidding, noting that the tutor even jokingly called fitz 
Philip his duckling. Gerald argues that 


sicut pullus adulterinus fugax est semper et aberrans, sic et vobis, aliene 
nature, qua replemini, morem gerenti, fugere quam cicius a nobis, sicut 
et nunc videri potest, et aberrare, ne et exorbitare dicamus, expedire. 


[just as the bastard chick is always flighty and straying, since you have a 
totally different nature from ours, you found it convenient to escape from 
us as quickly as possible, as can now be seen, and to stray, not to say turn 
aside, from the path of virtue]. (84-5) 


In other words, fitz Philip is receptive to the seductions of his tutor because of 
the illnesses addressed in the Prima Pars, and, thus, he is lost to this dubious 
influence. Gerald describes the ways in which he too was initially seduced by 
the flattery and smooth-talking of de Capella, even noting that Richard, a dean 
at Brecon, warned him about the earlier crimes and treachery of de Capella. In 
essence, he acknowledges his own weaknesses as a contributing factor to de 
Capella’s eventual seduction of fitz Philip. Gerald identifies several of his neph- 
ew’s misadventures with the tutor and then states: 


Set ecce qualiter verbis his et similibus ad recalcitrandum, ut officialis 
vester et plus-quam-magister fieret, modis omnibus vos instigare para- 
bat, quatinus etiam in aqua turbida melius piscari posset, qui, etiam in 
aqua clara et limpida, nimis bonam hactenus, per frauds tamen et falsi- 
tates multas et crebras, apud nos invenit piscacionem. 


[But see how, with these and similar words he set about inciting you by 
all means to kick over the traces, so that he might become your official, 
and more than your tutor, so that he could get even better fishing in trou- 
bled waters, when he found, even in the clear, untroubled waters of your 
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household, the fishing to be very good, with many frequent frauds and 
forgeries]. (94-5) 


Gerald then states that de Capella will not be fishing from his bank anymore 
and that, if fitz Philip wishes to continue to be deceived, de Capella can con- 
tinue fishing from fitz Philip’s side. Gerald follows up this statement, advising 
fitz Philip to repent now and step away from the tutor, noting “solet quod emp- 
ta per iacturam sapiencia vix ab animo elabi, set tanquam in habitum verti et 
peretue memorie infigi solet” [the mind rarely forgets wisdom dearly bought: 
it becomes part of one’s habit; it is buried deep in one’s memory for ever] (94- 
5). This is the harshest medicine of all because it is the wisdom most painfully 
purchased. According to the constructed scenario of the Speculum, fitz Philip 
fell down the rabbit hole of de Capella’s influence, and he must use the guiding 
lessons of Gerald’s exempla to climb his way back out of it again. This patient is 
an abstraction from reality and, unlike the real fitz Philip, he might actually do 
the difficult work of extracting himself from his tutor. 

The other primary source of infection is the nephew’s Baskerville family 
blood. Fitz Philip is Gerald’s brother’s son, but fitz Philip’s mother is a Basker- 
ville, a Marcher family in Hereford with an apparently bad reputation.38 While 
Gerald does not explain his reasons, it is evident that he despises the Basker- 
villes, but he also blames that bloodline for his nephew’s poor linguistic skills 
and tendency towards dishonesty. He contends that even Henry 11 did not like 
them: 


De hoc etenim hominum genere dicere consueverat rex Henricus secun- 
dus quia, si tantum vir unus de Bascrevillanis, sicut avis unica fenix, in 
mundo foret et non plures, totam mundi massam et machinam tantillo 
ferment contaminandam fore et corumpendam. 


[King Henry the Second used to say of that family that if only one of the 
Baskervilles and no more were left in the world, like the single bird, the 


38 Jill Bradley speculates on the basis of generous donations to the Church that the Basker- 
ville family had made themselves notorious in the Marches and that, through their mon- 
etary gifts, they sought some reconciliation with their Anglo-Norman neighbors. See: Jill 
Bradley, “Adapting Authority: The Harrowing of Hell on Two Romanesque Baptismal 
Fonts,” in Authorities in the Middle Ages: Influence, Legitimacy, and Power in Medieval Soci- 
ety, 89-106 (Boston: De Gruyter, 2013), 94. See also: Brock W. Holden, “The Making of the 
Middle March of Wales, 1066-1250,” Welsh History Review/Cylchgrawn Hanes Cymru 20.2 
(2000): 207-226. 
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phoenix, the whole mass and complex of the world would be befouled 
and polluted by that speck of corruption, small though it was]. (58—9)39 


This is not a direct quote from Henry 11, but rather the king’s perspective fil- 
tered through Gerald’s perception of the source of fitz Philip’s illness. The 
phrase ferment contaminandam [speck of corruption] implies that the Basker- 
ville blood is itself a kind of contamination or disease that counters, in Gerald’s 
mind, the noble de Barri family blood running through fitz Philip’s veins. Ger- 
ald points out that his brother (fitz Philip’s father) was never sarcastic, and he 
attributes that sarcasm and scorn directly to the Baskervilles as a family (30-1). 
Gerald tries to lead fitz Philip away from this illness of speech: 


Cum enim erudicioni vestre totis nisibus intendere deberetis, turpi to- 
tum stadium impendistis hactenus et impenditis prodicioni, quia vere 
puer indisciplinatus et pullus indomitus, qui nec litteris indulsistis, nec 
linguam latinam, aut etiam gallicam, addidicistis, nec linguam puerilem 
ac blesam exuistis, nec maturitatem ullam aut moralitatem induistis. 


[For when you should have been devoting all your efforts to your educa- 
tion, you spent and spend all your energy on base treachery; for, indeed, 
you were an undisciplined brat and an unbroken colt, who neither de- 
voted yourself to literature, nor learned Latin or even French, nor rid 
yourself of your childish lisping, nor assumed any mature or decent out- 
look]. (32-3) 


The message here is that the innate wickedness could be remedied if fitz Philip 
would just attend to his studies and listen to the lessons of his uncle. Gerald 
connects fitz Philip’s disinterest in his studies to inept skills with speech, build- 
ing on the first complaint to launch into the second. The lack of discipline 
produced his lingua blesa [lisping tongue] (26-7), which then fuels his boasts, 
speeches, and lies. Gerald notes that this is partially attributed to fitz Philip’s 
unwillingness to listen, a problem that persists with the nephew’s maturity 
from boy to man (26-31). 

The subsequent sections of this first part identify the many ways Gerald at- 
tempted to lead fitz Philip to morality through education, citing the many au- 
thors he would set fitz Philip to read and identifying the ways in which fitz 


39 See also: B. Coplestone-Crow, “81’The Baskervilles of Herefordshire, 1086-13007” Trans 
Woolhope Natur Fid Club 43 (1979): 18-39. 
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Philip resisted. Gerald then turns to the ways in which fitz Philip might im- 
prove. He explains: 


Scire vos etiam ad hec volumus venerandis legibus et imperialibus cau- 
tum esse sanctionibus quod ob ingratitudinis odibile vicium et detesta- 
bile malum filii et heredes exheredantur et liberti quoque in servitutem 
revocantur. 


[In addition to this, it is our desire that you know a warning is given in 
venerable laws, as well as in imperial sanctions, that sons and heirs are 
disinherited, and freedmen re-enslaved, for the hateful crime, the detest- 
able sin of ingratitude]. (60-1) 


He suggests that fitz Philip’s failings are akin to senility, which might be reme- 
died with mental exercise, sobriety, and wisdom (64-5). Gerald supplies ex- 
amples from within the de Barri family, identifying a cousin who was unwilling 
to seek remedies for his wickedness and, thus, fell into poverty in a foreign land 
(66-9), and naming a brother who did attend to his studies and became a good 
man (68-71). Gerald concludes this Prima Pars by encouraging fitz Philip to- 
wards gratitude, citing biblical sources and even canon law. He warns fitz Phil- 
ip to turn away from wicked speech, reminding him “non enim a Domino 
datum est os istud” [That “mouth” of yours was not given to you by the Lord] 
(76-7). The last words of the Prima Pars transition directly into the Secunda 
Pars: “quia quails doctor talis discipulus” [Like master, like pupil] (76-7). The 
point Gerald makes to his patient-nephew is that there are many things about 
his character that can be remedied through wisdom; however, the one matter 
than cannot be cured is the tutor, de Capella. Fitz Philip has become the mouth 
of the tutor, so he must excise de Capella like a tumor in order to be cured of 
the illness. 

Despite its large focus on the influences of the unmovable tutor, the remain- 
der of the second part of Speculum again takes up the problems of fitz Philip’s 
unwillingness to attend to his studies. Gerald reiterates the corroborating re- 
ports of various canons and prebends who noted fitz Philip’s negligence of his 
books and his preference for his Welsh lute, archery, and hunting (138-9). Ger- 
ald also cites the ways in which fitz Philip, at the encouragement of his tutor, 
used Gerald’s personal papers against him by compiling the letters and notes 
into what became the notorious pamphlet that circulated and incited the 
wrath of the Welsh clergy (142-3). Gerald describes de Capella’s role with the 
language of poison: toxico [poisonous], veneno [venom], and maliciose [mal- 
ice] (142-3). Gerald explains to his patient that the tutor poisoned him with 
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wickedness through sly seduction, like a demon possessing a man and making 
him do evil. His lack of interest in studying and general laziness are the flaws 
in fitz Philip’s moral makeup that made him so susceptible to de Capella’s in- 
fluence. Fitz Philip can exorcise the tutor if he possesses the will to do so. Ger- 
ald concludes: 


Quociens igitur, ut ad vos verba vertamus, animum vestrum natura per- 
verse pungit et ad scelerosa propellit, literas istas pre manibus et oculis in 
secreto tanquam speculum habeatis, in quo mores et modos ac gestus 
vestros inspicere possitis, et sic eos el mutare prorsus, si fieri posset, quo- 
niam omni doctrina longe focior est natura, vel saltem minuere et mitig- 
are curetis. 


[To return to you: whenever your wicked nature makes its presence felt in 
your mind, and pushes you on to the path of crime, keep this letter at 
hand for your private examination like a mirror, in which you can see 
your morals, manners, and habits, and thus be able to change them, if it 
can be done (for nature is far stronger than any teaching), or at least mod- 
erate and temper them]. (150-1) 


Gerald also notes that a passive pupil of treachery is the worst friend to himself 
because he must be strong enough to rise above the temptations of a figure like 
de Capella. By constructing a fictitious nephew who can see his own moral fail- 
ings and who will listen and actually consider the best path forward, Gerald 
vindicates his own perspective on the matter. This synthesis of the simpler and 
harsher medicines is meant to lead Gerald’s patient back to full health, and the 
act of guiding fitz Philip through the methods of these remedies constitutes 
the consolation for author-Gerald. 

The twelve-line poem that follows the Secunda Pars, but precedes the letters 
of the final section of the text, summarizes the points made in both the first 
and second parts of the Speculum. He refers to de Capella’s seduction in the 
first lines: “En tibi quam bellum dat dicta capella capellum / Mensque secuta 
dolum, tendens ad turpia solum” [Oh, what a pretty chaplet that chapel gives 
you /And a mind that pursues guile and is intent on wickedness only] (Il. 1-2, 
pp. 154-5). Gerald laments in the poem fitz Philip’s lack of maturity and urges 
him to mend his ways because crime increases “Ni cito deleta maiori sorte re- 
pleta” [Unless it is quickly destroyed and filled out again with greater things] (1. 
12, pp. 154-5). The poem notes the damage to fitz Philip’s reputation as a con- 
sequence of his wickedness and the dangers of not accepting the medicines 
Gerald offered to him. It serves as a final, abbreviated reminder to the nephew, 
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and it encourages him to follow the course of remedies carefully laid out in the 
first two parts to guide him out of his lethargy and treachery and back to 
healthful moderation and morality. Of course, the letter and this poem did lit- 
tle to persuade the real fitz Philip.*° The revision of that lengthy letter into this 
dramatic work, the Speculum, indicates that Gerald is no longer attempting to 
persuade fitz Philip; rather, he is trying to console himself by reiterating his 
complaint and remedies. Just as Boethius must console himself by writing a 
narrative of Lady Philosophy, so too must Gerald seek self-consolation in a nar- 
rative revision of illness and antidote. 

The whole of the work attempts to lead fitz Philip away from the combined 
illnesses of his own laziness and the dangers of the tutor which have led him 
into treachery. The remedies presented to the patient—reflection and self- 
discipline to cure the laziness and distance from the tutor to avoid external 
temptations—are both meant to extract the wickedness that Gerald sees as 
the main culprit for fitz Philip’s treachery. The fact that the real fitz Philip did 
not pursue either remedy means that the Speculum is both a letter that failed 
and a consolation text that may have succeeded, if only in providing comfort 
to Gerald. However, the incomplete state of the Speculum, coupled with the 
fact that Gerald turned his attention to other works of ecclesiastical and moral 
reform prior to his death, indicates that the catharsis of the written word was 
momentary and that the self-consolation of the Speculum failed. The differing 
accounts of events in the constructed part of the text (the Prima Pars and Se- 
cunda Pars) and the unmodified letters of the third part demonstrate Gerald’s 
desire to reconcile with his nephew and to resolve his disappointment with 
reality. The Speculum is a meaningful text because this Boethian expression of 
the conflict reveals the deeply personal impact for Gerald. In his later years, 
Gerald was unable to secure a patron for his writing,#! which was a new and 
unusual difficulty that added to his financial troubles. However, it also gave 
Gerald the space to write a deeply personal work that explored the possibility 
of such self-consolation. Without the constraints of writing to the interests of 
a patron, Gerald began the revision process of his letters to express this com- 
plicated relationship with his nephew. Just as his uncle, Bishop David of St. 
David’s, had groomed Gerald for an ecclesiastical position, so too Gerald sought 
to raise fitz Philip in his own image. This failure defines Gerald’s last years, 
shaping his position, financial struggle, exile from Wales, and apparent per- 
sonal turmoil. 


40 Inthe end, fitz Philip actually fathered four children despite maintaining his ecclesiastical 
position. See: J.S. Barrow, “Gerald of Wales’s Great-Nephews,’ Cambridge Medieval Celtic 
Studies 8 (1984): 101-6; and Pearson, “Archdeacons: Brecon,’ 54-6. 

41 Batchelder, “The Courtier, the Anchorite, the Devil and his Angel, 265. 


CHAPTER 3 


Treasonous and Dishonorable Conduct: The Private 
Dimension of Treason and Chivalric Reform in Late 
Medieval Florence 


Peter Sposato 


The chronicles and histories of late medieval Florence are replete with acts of 
violence committed by the traditional warrior elite. While scholars have iden- 
tified a whole host of economic, social, and political factors that served as cata- 
lysts of this violence,! recent scholarship by historians of chivalry has stressed 
the important role played by chivalric ideology in valorizing violence commit- 
ted by traditional elites in defense of their honor and autonomy.” And yet, the 
ideas and ideals that comprised Florentine chivalry, like iterations elsewhere 
in Italy and Europe, were often in tension with one another. Effusive praise of 
prowess and violence was met with the quiet approval of restraint and mercy 
and the honorable treatment of noble and knightly enemies. These “reform 
virtues,” which already existed within the general European constellation of 
chivalry under the loose umbrella of “courtesy,” were promoted by individuals 
both within and outside of chivalric circles in late medieval Florence and Tus- 
cany. These reformers shared similar concerns about the deleterious conse- 
quences of uncontrolled chivalric violence and responded by offering various 
reform themes. One such theme involved the reconceptualization of treason 


1 The literature is extensive, but see in particular: Silvia Diacciati, Popolani e magnati: Società e 
politica nella Firenze del Duecento (Spoleto: CISAM, 2011); Andrea Zorzi, La trasformazione di 
un quadro: Ricerche su politica e giustizia a Firenze dal comune allo Stato territoriale (Florence: 
Firenze University Press, 2008); John Najemy, A History of Florence, 1200-1575 (Malden, MA: 
Blackwell Publishing, 2006); Jean-Claude Maire Vigueur, Cavalieri e cittadini: Guerra, conflitti 
e società nell'Italia comunale (Bologna: Il Mulino, 2004); and Carol Lansing, The Florentine 
Magnates: Lineage and Faction in a Medieval Commune (Princeton: Princeton University Press, 
1991). General studies include: Samuel K. Cohn Jr. and Fabrizio Ricciardelli, eds., The Culture 
of Violence in Renaissance Italy (Florence: Le Lettere, 2012) and Lauro Martines, ed., Violence 
and Civil Disorder in Italian Cities (Berkeley: University of California Press, 1972). 

2 Peter Sposato, “Chivalry and Honor-Violence in Late Medieval Florence,” in Prowess, Piety, and 
Public Order in Medieval Society: Studies in Honor of Richard W. Kaeuper, ed. Daniel Franke and 
Craig Nakashian, 102-119 (Leiden: Brill, 2017). For the general European context, see: Richard 
Kaeuper, Medieval Chivalry (New York: Cambridge University Press, 2016). 
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as synonymous with dishonorable conduct in armed conflict between indi- 
vidual knights.3 

Indeed, subtle reform currents circulated within chivalric circles, primarily 
through the medium of imaginative literature, especially the large corpus of 
very popular chivalric romances composed and consumed in Tuscany in the 
thirteenth and fourteenth centuries.* Given the nature of the extant histori- 
cal sources for this period of Florentine and Tuscan history, however, it is dif- 
ficult to establish with certainty which knights read, listened, and even tried 
their hand at writing romances. These sources also offer little insight into 
whether the ideas and ideals embedded in these texts had an appreciable im- 
pact on the mental framework and behavior of historical knights. This lack of 
insight into the intellectual and cultural milieu of the Florentine warrior elite 
can be explained by the sociocultural origin of most contemporary chroni- 
clers, who belonged to a different and antagonistic cultural community, that of 
the Popolo.® These popolani authors were not only largely ignorant of the 
intricacies of Florentine chivalry, but, as intellectual representatives and pro- 
ponents of a popularly-supported Florentine government underpinned by a 
nascent civic ideology that was in many ways antithetical to chivalry, their 
works were often overtly hostile toward this group. 

As a result of the limitations of traditional historical sources in the Floren- 
tine context, scholars must rely more heavily on the suggestive body of evi- 
dence provided by romances. Constance Bouchard and Richard Kaeuper have 
both argued for the validity and necessity of using imaginative literature to 
understand chivalry in the general European context, and this holds true for 
Florence and Tuscany. Moreover, the recent scholarship of Martin Aurell 
strongly suggests that many Florentine and Tuscan knights read and listened 


3 Foran important example of a reformer operating outside of chivalric circles, the Florentine 
notary Brunetto Latini, see: Peter Sposato, “Reforming the Chivalric Elite in Thirteenth Century 
Florence: The Evidence of Brunetto Latini’s Il Tesoretto,’ Viator 46.1 (Spring 2015): 203-228. 

4 Foran analysis of reform messages in chivalric literature, see: Kaeuper, Chivalry and Violence, 
231-297; Kaeuper and Elspeth Kennedy, The Book of Chivalry of Geoffroi de Charny: Text, 
Context, and Translation (Philadelphia: University of Pennsylvania Press, 1996), 29-30, 52-56; 
and Sposato, “Reforming the Chivalric Elite,” 210-227. A comprehensive discussion of these 
romances can be found in The Arthur of the Italians: The Arthurian Legend in Medieval Italian 
Literature and Culture, ed. Gloria Allaire and F. Regina Psaki (Cardiff: University of Wales Press, 
2014) and Daniela Delcorno Branca, Tristano e Lancillotto in Italia: Studi di letteratura arturi- 
ana (Ravenna: Longo Editore, 1998). 

5 Fora basic overview of the Popolo, see: Najemy, A History of Florence, 35-62. 

6 Constance Bouchard, ‘Strong of Body, Brave and Noble’: Chivalry and Society in Medieval France 
(Ithaca: Cornell University Press, 1998) and Richard Kaeuper, “Literature as Essential Evidence 
for Understanding Chivalry,” Journal of Medieval Military History 5 (2007): 1-15. 


80 SPOSATO 


to literary works. In fact, Aurell notes that literacy among the warrior elite in 
Communal Italy was perhaps the highest in Europe, pointing out that the spa- 
tial arrangement of elite households were designed to enhance the experience 
of listening to literature read aloud.” Aurell’s work complements the more gen- 
eral scholarship of Robert Black for late medieval and Renaissance Florence 
and Tuscany, painting a picture of literate or semi-literate knights who would 
have been more than capable of understanding, possibly even fully reading 
and writing, works of imaginative literature.® 

Florentine knights who read or listened to these literary works were exposed 
to contradictory currents of thought: the most obvious is a veritable deluge of 
praise for violence committed in the defense or assertion of honor, but also 
present are more subtle reform messages intended to temper the violent ex- 
cesses of the warrior elite. One of these reform messages connected dishonor- 
able conduct with treason. Treason and its associated terms (betrayal, 
treachery, etc.) were traditionally associated with the public sphere and disloy- 
alty to a lord or sovereign government,? but this particular current of reform 
sought to redefine treason in a private context as a betrayal of chivalry itself 
and, by extension, an abnegation of membership in the knightly order.!° In 
these romances, the betrayal takes place when a knight engages in conduct 
that violates the normative ideals of chivalry, especially behaviors falling un- 
der the banner of courtesy, in order to successfully defend or assert his honor, 
thus turning an enterprise that is generally seen as positive and identity affirm- 
ing into something dishonorable. Therefore, the goal of this current of reform 
was not to delegitimize knightly violence committed in the defense or asser- 
tion of honor, an idea that would have found little purchase among historical 
knights, but rather to limit the excesses of this type of violence by ensuring 
that knights conducted themselves in an honorable manner, one that allowed 
the prowess and valor of each knight to decide the victor. 


7 Martin Aurell, The Lettered Knight: Knowledge and Aristocratic Behaviour in the Twelfth 
and Thirteenth Centuries, tr. Jean-Charles Khalifa and Jeremy Price (Budapest: Central Eu- 
ropean Press, 2017), 39-97, 103-111, 145-172. 

8 Robert Black, Education and Society in Florentine Tuscany: Teachers, Pupils and Schools, 
c. 1250-1500 (Leiden: Brill, 2007). 

9 For treason against a centralized authority in the Florentine context, see: Robert Fredona, 
“Baldus de Ubaldis on Conspiracy and Laesa Maiestas in Late Trecento Florence,’ in The 
Politics of Law in Late Medieval and Renaissance Italy, ed. Lawrin Armstrong and Julius 
Kirshner, 141-160 (Toronto: University of Toronto Press, 2016). 

10 Kaeuper, Medieval Chivalry, 46—48 at 46; and Richard Kaeuper, Chivalry and Violence in 
Medieval Europe (New York: Oxford University Press, 1999), 186: Kaeuper argues that the 
focus of knightly loyalty was to chivalry itself. 
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This reform message was delivered to historical knights primarily through 
the use of exempla, specifically of literary knights who are condemned for 
their dishonorable conduct. Most of these offending knights reform their be- 
havior after several rounds of castigation by fellow knights, which include ac- 
cusations of treason. These reformed knights see their honor restored and 
their membership in the knightly order reaffirmed. These works also double 
down on this reform message by offering several exempla of traitorous knights 
who refuse or fail to be reformed and, thus, end their lives excluded from the 
chivalric community and with their honor destroyed by the indelible stain of 
shame. The ignominious fate of these unreformed knights was a powerful 
warning to historical warriors of the consequences of persisting in dishonor- 
able and treasonous conduct. 

Rustichello da Pisa’s Romanzo Arturiano, a French redaction of a compila- 
tion of popular Arthurian material completed in Pisa (c. 1270-1274)," circu- 
lated widely in Tuscany and Italy, appealing as it did to the “novellistic taste 
of municipal Italy of the late thirteenth century,’ and provided much of the 
material for later “Italian” Tristan romances.!* The militaristic nature of the 
episodes in this work suggests that the romance would have attracted the at- 
tention of the warrior elite both in the courts of northern Italy as well as in the 
cities and countryside of Tuscany.!+ Thus, this romance would have intro- 
duced many historical knights to this reform message, primarily through the 
use of exempla. 

When Tristan decides to spend the night at a castle whose owner is the fa- 
ther of a man Tristan had killed honorably in battle some time before, his iden- 
tity is discovered and the lord of the castle orders twelve men to take Tristan 
into custody (312 [57.4]). The men arrive, fully armed, at Tristan’s room and 
take him prisoner while he is unarmed and in bed: 


Allora il valvassore fece armare ben dodici uomini, e ordinò loro di re- 
carsi subito nella camera dove era alloggiato Tristano, di catturarlo e di 
metterlo in prigione. Quelli subito vi si recarono, e trovarono Tristano in 
camicia e brache. Non potendosi difendere, così svestito e senza armi 
comera, fu catturato con facilità. 


u Rustichello da Pisa, Il Romanzo Arturiano, ed. and trans. Fabrizio Cigni (Pisa: Cassa di 
risparmio di Pisa, 1994). All English translations for this work are mine. Page numbers are 
given in parentheses. 

12 Fabrizio Cigni, “French Redactions in Italy: Rustichello da Pisa,” in Allaire and Psaki, The 
Arthur of the Italians, 21-40 at 26-27: Cigni identifies four principal manuscripts. 

13 Cigni, “French Redactions in Italy,” 25, 35. 

14 Cigni, “French Redactions in Italy,’ 26. 
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[And then the vassal armed well twelve men, and ordered them to go to 
the room where Tristan was lodged, and to capture and put him in prison. 
They immediately went there and found Tristan in nightshirt and hose. 
Not being able to defend himself, as he was so dressed and without arms, 
he was easily captured]. (312 [57-11-14]) 


Making matters worse, the lord of the castle intends to execute Tristan (312 
[58.16]), calling him a malvagio traditore [wicked traitor] and accusing him of 
killing his son in a in modo così sleale [very disloyal manner] (312 [58.22—23]). 
Tristan, of course, vehemently denies that he killed the lord’s son through dis- 
honorable means or, in fact, that he could ever conduct himself in a disloyal 
and treacherous manner: “o non mi sono mai comportato da sleale e traditore” 
[I have never behaved like a disloyal [knight] and traitor] (312 [59.1]). Thus, 
both the lord’s accusation and Tristan’s denial clearly establish the connection 
between dishonorable conduct and treason. 

This connection is reinforced when Tristan laments that he cannot prove 
his innocence by means of his prowess and valor, a right belonging to any loyal 
and honorable knight, but one violated by the dishonorable and treacherous 
conduct of the lord of the castle: 


Tristano, vedendosi in quel luogo, dove a nulla gli valevano la prodezza e 
la forza delle armi, e considerando la grande sfortuna che gli era capitata, 
divenne furente e disperato, lamentando e piagendo la precoce fine delle 
sue imprese di cavaliere. “Oh, signor Lancillotto” esclamò, “voi non sape- 
te la mia disgrazia, altrimenti mi liberereste da una morte così vergogno- 
sa per me, che non sono in grado di difendermi!” 


[Tristan, seeing himself in that place, where prowess and force of arms 
were worth nothing, and considering the great misfortune that he had 
happened to him, he became furious and desperate, crying and lament- 
ing the premature end of his knightly enterprise. “Oh, Sir Lancelot!,” he 
exclaimed, “you don’t know my disgrace, otherwise you would liberate 
me from a death so shameful for me, that I am not capable of defending 
myself? |. (312 [58.19—21]; my italics) 


Indeed, when the decision is announced that he is to be beheaded, Tristan 
loudly bemoans that he is unable to die a valorous, honorable death because of 
the dishonorable actions of the treacherous lord: “E invero abbiate pieta di un 
uomo a cui dispiace molto di più di non aver potuto mostrare il suo valore, ora 
che é giunto cosi presto alla fine, che della sua morte” [And verily have pity on 
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a man who is very sorry to not have been able to show his worth, now that he 
has arrived at the end, that of his death] (312 [59.9]). 

Fortunately for Tristan, Palamedes arrives at the castle in time to stop his 
execution. The arrival of Palamedes also buttresses the thrust of the reform 
theme, as Palamedes and Tristan were frequent adversaries and only occasion- 
al allies. Indeed, Palamedes initially hesitates before saving Tristan, as he seems 
to recognize that Tristan’s impending execution represents an opportunity to 
eliminate his greatest competitor on the field of honor. Tristan convinces Pala- 
medes to rescue him by making it clear that, should Palamedes let him die in 
such a shameful and villainous manner, Palamedes would suffer great dishon- 
or: “Palamides, come puoi essere cosi malvagio da permettere che davanti a te 
stia per essere messo a morte il miglior cavaliere del mondo? Ne avrai certa- 
mente eterna vergogna, una volta che tutti sapranno che hai assistito a questo, 
e che non hai fatto niente per liberare il cavaliere!” [“Palamides, how can you 
be so contemptible as to allow the best knight in the world who is before you 
to be put to death? You will certainly have eternal shame, as soon as all know 
that you have assisted in this, and that you have done nothing to free the 
knight!”] (312 (60.33-34). Thus, Tristan’s powerful rebuke helps Palamedes see 
the error of his initial desire to allow Tristan to be killed through dishonorable 
means. In addition to avoiding the dishonor earned by standing by as Tristan 
dies in a shameful manner, Palamedes also wins great honor by freeing his erst- 
while enemy through his prowess (312 [60.41-44]). In other words, in this 
scene, Rustichello promotes a reform message encouraging historical knights 
to recognize that vengeance or victory won through ignoble means is actually 
a source of dishonor and that by choosing not to exploit an opponent, even a 
mortal enemy, who is at a disadvantage, in turn earns a knight great honor. 

While most of the knights in the Romanzo Arturiano are heroes who are eas- 
ily reformed and redeemed, Rustichello also offers the powerful exemplum of 
a treacherous and dishonorable knight, the Signore della Rocca, whose obsti- 
nacy is overcome by Tristan’s personal example of honorable behavior. The 
interaction between Tristan and the Signore della Rocca not only provides one 
of the clearest examples of a literary knight being reformed but it also high- 
lights the tensions inherent within Florentine and Tuscan chivalry, tensions 
that historical knights had to negotiate. In short, this exemplum would have 
resonated with historical knights who, inevitably, more closely resembled the 
Signore della Rocca than the literary hero Tristan in their mentality and con- 
duct. 

Tristan first encounters the Signore della Rocca while traveling in the com- 
pany of Palamedes after learning of his misdeeds from a pair of knights who 
had been defeated and mistreated by him previously (322 [g2]). Rather than 
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attacking the Signore della Rocca and teaching him a lesson, Tristan decides 
instead to first instruct him on a variety of aspects of honorable conduct, an 
interaction that takes the form of a dialogue. Tristan begins by emphasizing 
the dishonor suffered when an armed knight attacks a peer who is unarmed: 
“egli è disarmato; e voi avete le armi, perciò non potete toccarlo senza riceverne 


disonore” [“he is unarmed; and you have arms, therefore you cannot touch him 
without receiving dishonor’ | (323 [94.5-6]; my italics). The Signore della Rocca 
responds by claiming the right, perhaps even the obligation, to attack and kill 
his mortal enemy wherever he finds him: “Se egli è mio nemico, è mio dovere 
assalirlo in qualsiasi luogo io lo incontri, e metterlo a morte, se mi riesce” [“If 
he is my enemy, it is my obligation to assail him in any place that I meet him, 
and put him to death, if I am able”] (323 [94.7]). This powerful response would 
have resonated with historical knights, who also treated violent vengeance as 
both licit and praiseworthy. 

Tristan’s condemnation of the Signore’s powerful impulse to secure ven- 
geance at any cost, especially through dishonorable means, is a rare dissenting 
voice in a loud chorus of approval. Tristan’s opinion, however, carries particu- 
lar weight because of his status as the undoubted hero of Arthurian literature 
in Italy, making him a powerful agent of reform. Faced with the Signore’s obsti- 
nacy, Tristan promises that all honorable knights will be required to resist his 
dishonorable efforts to secure vengeance (323 [94.7]). Tristan champions the 
reform message by acknowledging that violence committed when honor is in 
question is licit and praiseworthy, but only when carried out through honor- 
able means. In the Signore’s case, his desire to secure vengeance against a mor- 
tal enemy leads him to attack an unarmed opponent who is on foot and, thus, 
is a source of dishonor. Moreover, Tristan seems to understand the Signore’s 
dishonorable conduct as an attack on the chivalric community, requiring all 
loyal and honorable knights to defend it. 

Rather than taking the rebuke to heart, however, the Signore decides to at- 
tack Tristan, who is unarmed, thus directly contravening Tristan’s lesson. Tri- 
stan condemns the Signore’s intransigence in no uncertain terms: “sareste 
davvero cosi fellone da uccidere un cavaliere errante disarmato, quando voi 
siete armato?’; ‘In verità questo non è un comportamento leale, ma molto diso- 
[“are 
you truly so felonous as to kill a knight-errant who is unarmed, when you are 


nesto! E quando vedo in voi la disonesta, non vi considero un cavaliere 


armed”; “In truth this is not loyal conduct, but very dishonest! And when I see 
in you [such] dishonesty, I do not consider you a knight”| (323 [94.11-13]; my 
italics). Thus, Tristan’s reprimand connects the Signore’s dishonorable con- 
duct, described as dishonest and disloyal, to the abnegation of his membership 
in knightly order. The Signore responds by doubling down on the justification 
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that a knight is obliged to attack his mortal enemy wherever and whenever he 
finds him (323 [94.12]). 

After exchanging a few words, Tristan and the Signore della Rocca ride at 
one another with their lances leveled. This honorable act of violence, which 
Tristan easily wins thanks to his prowess and valor, stands in stark contrast to 
the dishonorable nature of the Signore’s violence. In addition, Tristan offers 
the vanquished knight peace, an honorable act of mercy that also differs sharp- 
ly from the Signore’s now unrealized plan to kill Tristan after defeating him 
(323 [95.1-8]). The Signore della Rocca reacts with great humility to Tristan’s 
offer of an honorable peace and forswears his desire for vengeance, implying 
that Tristan’s prowess and honorable conduct has convinced him to change his 
ways (323 [95.16-20]). This last scene sharply emphasizes the reform theme, as 
Tristan succeeds in defending his honor through violence without resorting to 
dishonorable means, and he earns even greater honor by offering his van- 
quished enemy mercy, rather than putting him to death. Thus, Tristan is a pow- 
erful model of reformed knighthood to be emulated by historical knights. 

The Tristano Riccardiano, composed in Tuscany (probably Pisa) by a Floren- 
tine in the late-thirteenth century (c. 1280-1300), also offers powerful exempla 
that promote a reform message connecting dishonorable conduct and trea- 
son. The Florentine origin of the author suggests that he may have had the 
warrior elite of that city in mind when crafting this reform message, as Flor- 
ence was plagued during the final decades of the thirteenth century by devas- 
tating violence inflicted by members of this group against one another and 
their fellow citizens. The composition of this work also roughly corresponds 
with the promulgation of a series of repressive laws aimed at controlling the 
excessive violence of Florentine knights. 

The anonymous author of this work often explicitly connects dishonorable 
conduct and treason, as in the case of Lancelot’s conflict with a fellow knight, 
Lamorak. The scene begins when Lancelot interrupts a private combat be- 
tween two other knights, Lamorak and Maleagant, who are fighting over 
whether Queen Guinevere or Isolde, lady of Orcanie, is the most beautiful 
(316—318/317-319). When Lancelot discovers that Lamorak is serving as Isolde’s 
champion in the fait d'armes (deed of arms or single combat), he takes this as 
an attack on Guinevere and, thus, as an affront to his personal honor.!6 His im- 
mediate resort to violence is typical of both literary and historical knights: 


15 Italian Literature 11: Tristano Riccardiano, ed. and trans. F. Regina Psaki (Cambridge: 
D.S. Brewer, 2006) [hereafter Tristano Riccardiano]; all English translations are Psaki’s. 
Page numbers are given in parentheses. See also: Marie-José Heijkant, “From France to 
Italy: The Tristan Texts,” in Allaire and Psaki, The Arthur of the Italians, 48-50. 

16 For a further discussion of Guinevere’s treason, see in this volume: Albrecht Classen, 
“Treason and Deception in Late Medieval German Romances and Novels Königin Sibille, 
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“Per mia fé, voi avete molto fallito e molto malvagia[mente contra mee.— 
E] incontanente ismontoe da cavallo e imbraccioe lo scudo e mise mano 
ala spada e disse:—Cavaliere, ora lasciate a mee questa battaglia, imper- 
cioe ch'io la voglio menare a ffine, perch’io debo difendere madama da 
tutti li cavalieri.” 


[“By my faith [Lamorak], you have offended me very seriously.’ At once 
he dismounted from his horse, took up his shield and drew his sword, 
saying, “Knight [Maleagant], leave this battle to me, and I will fight it to 
the end, for it is I who must defend my lady from all knights” |. (318/319) 


When Lancelot strikes Lamorak, who is busy fighting Maleagant and unable to 
defend himself, the latter two knights join together to condemn Lancelot’s vio- 
lence. Lamorak criticizes Lancelot for “voi fate molto grande villania quando 
voi non ci lasciate menare a ffine nostra battaglia, la quale noi avemo incomin- 
ciata intra noi due” [“acting very basely in not letting the two of us conclude 
the battle which we had begun’], a sentiment echoed by Maleagant who char- 
acterizes Lancelot’s conduct as “la maggiore villania ch’unqua fosse fatta per 
uno cavaliere” [“the basest thing any knight ever did”] (318/319). Both rebukes 
share acommon theme: Lancelot’s single-minded pursuit of vengeance against 
Lamorak leads him to act in a dishonorable manner and, thus, act in a manner 
unbefitting of a knight. 

Once again, the author explicitly connects dishonorable conduct and trea- 
son when Lancelot strikes Lamorak for a second time. This time, Lamorak ex- 
coriates Lancelot for his treacherous conduct: “Per mia fé, Lancialotto, questi 
kolpi che voi m'avete dati siranno ricontati davanti a lo ree Artù, si come voi 
mavete ferito molto malvagiamente per due fiate” [“By my faith, Lancelot, 
these blows you have given me will surely be told before King Arthur, for you 
have treacherously struck me twice”] (318-320/319-321; my italics). Just as 
Tristan’s example in the Romanzo Arturiano presents a model of reformed 
knighthood for emulation by historical knights, so Lancelot’s dishonorable 
conduct and treason against chivalry itself is a powerful warning of how his- 
torical knights should not comport themselves. 

Indeed, the author clarifies the consequences of dishonorable and treason- 
ous conduct in this literary world with the arrival of a fourth knight, Eric, who 
witnesses Lancelot’s behavior: 


Melusine, and Malagis”; Inna Matyushina, “Treacherous Women at King Arthur's Court: 
Punishment and Shame”; Melissa Ridley Elmes, “Treason and the Feast in Sir Thomas 
Malory’s Morte Darthur’; and Larissa Tracy, “The Shame Game, from Guinevere to Cersei: 
Adultery, Treason and Betrayal.” 
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“Per mia fé, cuscino, voi non fate kortesia, quando voi kombattete ko 
lAmorat per questa aventura. Ond’io voglio che voi si lasciate questa 
battaglia e nnoe kombattete piue ko Ilui[...] Onde per lo certo il sappiate, 
se lo ree Artù sappesse queste kose, per neuna cagione voi si ne potreste 
essere <iscusato> e ssareste molto biasimato e lo ree non vi vorrebe ve- 
dere in sua korte.” 


[“By my faith, cousin [Lancelot], you are not courteous in fighting Lam- 
orak over this adventure. I want you to drop the battle and fight no more 
with him [...] You may be very certain that if King Arthur learned about 
all this, there is nothing you could do to obtain pardon; you would be 
harshly blamed, and the king would not want to see you in his court ever 
again’ |. (320/321) 


Eric’s warning about the dire consequences facing a knight if the larger chival- 
ric community learned of his dishonorable and treasonous conduct seems to 
finally convince Lancelot to stop attacking Lamorak and make peace. The con- 
clusion of the scene, however, leaves even a modern reader wondering about 
the sincerity of Lancelot’s apology and the success of the reform message pro- 
moted by the three knights. Indeed, Lancelot’s apology to Lamorak is qualified 
by an obstinate defense of his right, perhaps even obligation, to violently de- 
fend the honor of his lady and, by extension, his own honor: “‘im[percioe che 
voi] sappete bene ked io si debo difendere mada[ma in tu]tte parte a mio po- 
dere” 
where, to the best of my ability” (320-322/321-323; my italics). Lamorak can 
only respond by praying that Lancelot “per un’altra fiata voi non dobiate <fare> 


[“for you [Lamorak] know very well that I must defend my lady every- 


quella villania” [“not do such a base thing another time” | (322/323). 

Like Lancelot, the eponymous hero of the Tristano Riccardiano also needs 
reform. Tristan’s dishonorable conduct occurs during a fight between the hero 
and an unknown knight near the Fountain of Adventure (286-290/287-291). 
After exchanging many blows and admiring one another’s prowess, the two 
knights come together to make peace (290/291). When Tristan learns the iden- 
tity of the other knight, his mortal enemy Lamorak, his willingness to make 
peace is replaced by an almost visceral need for vengeance. In fact, Tristan is 
molto allegro [overjoyed] to have the opportunity to attack Lamorak, whom he 
eagerly calls out: 


“Amoratto, per mia fé, ora se’ tue morto né da mee non puo’ tue kampare 
in nessuna maniera, impercioe ch'io voglio ke ttue sappie ked io si sono 
Tristano di Cornovaglia, per le cui mani tue dèi morire [...] E ssì tti dico 
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ked io ora non ti lasceroe pit per cortesia in nessuna maniera; e imper- 
cioe io si tt’appello a la battaglia.” 


[“Lamorak, by my faith, you are a dead man now, nor will I let you live for 
any reason; for I would have you know that I am Tristan of Cornwall, by 
whose hands you must die [...] And I tell you that I will by no means let 
you off out of courtesy now; therefore I summon you to fight”]. (290- 


292/291-293) 


Lamorak immediately concedes the battle and asks Tristan for mercy, but the 
latter refuses. In fact, Tristan demands that Lamorak defend himself so that he 
can safely attack: “e impercioe [vi dico] ke voi si vi guardiate da mee, imper- 
cioe k’io vi disfido, e impercioe il ti dico perch’io non voglio che[ ttue possi 
dire] lio ti feggia [a ttra]dimento” [“I tell you [Lamorak] to be on your guard, 
for I challenge you. I tell you this because I do not want you to be able to say 
that I attacked you dishonorably”] (292/293). This is a remarkable exchange 
because it suggests that Lancelot is aware of the dishonor he will suffer if, in his 
pursuit of vengeance against Lamorak, he conducts himself in a manner unb- 
efitting a knight. 

Despite this recognition, when Lamorak continues to refuse to fight, Tristan 
falls victim to the same overpowering desire for violent vengeance that plagues 
other literary and, ostensibly, historical knights. Lamorak responds to Tristan’s 
attack in a manner similar to his castigation of Lancelot’s conduct during Lam- 
orak’s combat against Maleagant. In this case, however, Lamorak reprimands 
Tristan for attacking a knight who has surrendered and seeks mercy, stating 
“Per mia fé, Tristano, voi avete troppo fallito quando voi mi ferite, dappoi ked 
io non voglio piue combattere, e impercioe vo priego ke voi non mi dobiate 


piue fedire, impercioe ked io si vi lascio questa battaglia” [“By my faith, Tristan, 
you do very wrong to attack me, for I no longer wish to fight. Therefore I pray 
you not to strike me again, for I concede this battle to you”| (292/293). Like 
Lancelot, Tristan is consumed by his desire to secure vengeance by any means 
necessary. When he strikes Lamorak again, the knight issues an even more 


powerful rebuke of Tristan’s dishonorable conduct: 


“Per mia fé, Tristano, ora conosco io bene ke voi si m’avete ferito due fiate 
e ssi kome voi non dovete, impercioe k’io non vidi unqua neuno kavaliere 
il quale volesse menare a morte tutti li cavalieri, si come fate voi. Ma io 
voglio che voi sappiate [...] ked io si mi richiameroe di voi a lo ree Arturi 
ed a ttutti li buoni cavalieri, si come voi mi volete menare a ffine, chia- 
mandov’io mercede.” 
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[“By my faith, Tristan, I see now that you have struck me twice when you 
should not; I never saw any knight who wanted to kill all other knights, as 
you are doing. I want you to know [...] that I will complain of you to King 
Arthur and to all the worthy knights, that you wanted to kill me even as I 
was asking for mercy” |. (292—294/293-295) 


Although Tristan eventually relents and makes peace with Lamorak, the hero’s 
continued willingness to abandon the proper and honorable conduct he pro- 
motes elsewhere in the work and demonstrates at the start of his conflict with 
Lamorak, suggests the powerful impulse among historical knights to secure 
violent vengeance through whatever means are necessary. Thus, Tristan’s even- 
tual transformation in the face of this potent impulse reinforces the author's 
reform message. 

The anonymous Tuscan romance Tristano Panciatichiano, composed in the 
early fourteenth century in the Pisan vernacular, provided members of the Flo- 
rentine and Tuscan warrior elite with numerous exempla of literary knights 
who are condemned for dishonorable conduct committed during the violent 
pursuit of honor and vengeance.” As in the Tristano Riccardiano, this conduct 
is often connected explicitly to treason, and most of the offending knights see 
the error of their ways and are reformed. An exchange between Sir Gauvain 
and Lamorak illustrates the powerful, almost visceral desire for vengeance at 
any cost felt by the Signore, Lancelot, and Tristan in previous examples, as well 
as efforts to correct this impulse through reform. In this particular scene, 
Gauvain comes across Lamorak, his mortal enemy, who is injured and cannot 
defend himself. Gauvain initially sees nothing wrong with taking his vengeance 
whenever the opportunity presents itself, regardless of the fact that his enemy 
is incapacitated. Lamorak responds to Gauvain’s aggression by condemning 
Questo serebbe grande villania [...] e voi lo sapete bene [...] et 
” (“This would be great villainy [...] 
and well you know it [...] and whoever finds this out will hold you in low es- 


ac 


his conduct: 
chi lo sapera lo vi pora in grande disnore 


teem”] (314/315). This sharp rebuke, however, does not succeed in stopping 
Gauvain, who is poised to behead Lamorak. After Tristan witnesses the grande 
oltraggio [great outrage] done by Gauvain, he decides to rescue the defenseless 
knight by attacking Gauvain (314/315). With Lamorak safe from Gauvain’s vio- 
lence, Tristan rides off, leaving the formerly defenseless knight with the power 


17 Italian Literature I: Tristano Panciatichiano, ed. and trans. Gloria Allaire (Cambridge: 
D.S. Brewer, 2002) [hereafter Tristano Panciatichiano]; all English translations are Al- 
laire’s. Page numbers are given in parentheses. See also: Heijkant, “From France to Italy,” 
50-52. 
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to punish Gauvain. Lamorak, an honorable knight in comparison, chooses to 
show mercy rather than to take vengeance upon Gauvain, thus echoing 
Tristan’s merciful treatment of the Signore: 


“Siate leale, cavalieri, re note has to be made regarding represen- 
tation of the flexural term in Eq. (4.635). The flexural term is represented based on the elemen- 
tary theory of bending. This can be considered as sufficiently accurate until ratio of the half 
wave of flexure to thickness for a bar as a partial system is much larger than unity, i.e., A/it >>1 
, where 7 is a number of half waves of flexure on the length of the bar. Otherwise, corrections 
accounted for the effects of rotary inertia and shearing deformations on the kinetic and potential 
energies related to the flexural vibrations must be taken into consideration, as it is illustrated in 


Section 4.3.5. 


4.6.2.4.2 Results of Solving Equations of Coupled Vibration ofin Thin-Walled Tubes 

The equations of free vibration of isotropic elastic tubes can be obtained as the Lagrange’s 
equations. The second approximation will be considered, in which case n = 2 in Eqs. (4.635) 
and (4.636). The new notations will be introduced for the generalized coordinates as follows: 
Či 76.6374, a > ó, &, > &. Thus, the five generalized coordinates €, will be used 
to describe a solution to the problem. To obtain the Lagrange’s equations the kinetic and po- 
tential energies of a tube must be considered. Under the assumption that for the flexural defor- 
mations elementary theory of bending is applicable the energies will be determined as follows. 


The kinetic energy of a tube is 


h/2 


1 E Ul an otas 
Wes J PÈ +é2)aV == 2natp | (È +E )dr. (4.639) 


—h/2 


Here & is the time derivative of the displacement or the velocity, and V is the volume of the 
tube. The following expression for the kinetic energy will be obtained after substituting the 


displacements €. and č, from Eqs. (4.633) and (4.634) and after integrating over the height 


1 4 4 eer: 
Wan -Èm E HÝ Mabel} (4.640) 
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where 
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Mazu, } m, => (at i=1,2,3,4, M,=2M, 
T 


2 

12a (4.641) 
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My =-= M, M 3=--—-M, My= zM. 
ma 3a 9am 
Here M =2zahtp is the mass of the tube. 
The potential energy of a tube is 
1 Š 
Wam 3 f (S.T, + S,T,)aV , (4.642) 
y 


Substituting expressions (4.635) and (4.636) for the strain and expressions (4.637) and (4.638) 
for the stress under integral (4.642), integrating over the volume of the tube and a little manip- 


ulation yields 


W pa = TSKE + 2(Ko15051 + Ki06152 + Kobos +K] > (4.643) 


i=l 


where it is denoted 
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As it was noted, for small aspect ratios corrections to the flexure related parameters of the 
masses and rigidities must be introduced. Following formulas (4.140) for the masses and rigid- 
ities at i= 1, 3 with the corrections accounted for the rotary inertia and shearing deformations 


will be obtained 
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where u is the shear modulus. Calculations made with these corrections are accurate in the 
range of aspect ratios h/2a>0.5 ati=1and h/2a>1.5 ati=3. 


The Lagrange’s equations of free vibration of a tube, 


_\) OW. 
d Win +—2"_—( (i=0,1,2,3,4), (4.647) 
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after substituting expressions (4.640) and (4.643) for the kinetic and potential energies, differ- 
entiating and converting to the complex quantities yield 


(joM,,,, tK, 


eqvi eqvi 


/jo)U,=0 (i=0,1,2,3,4). (4.648) 


Here U, is the complex amplitude of velocity , and M,,,, and K,,,, are the equivalent 


eqvi eqvi 
parameters defined as follows 


4 
M avo =Mo +) Mx„(U, /U,), M 


e eqvl 
i=] 


=M,, +Ma (U, /U;), 


Moyo =M,+My (U, /U,), M env =M,;+M,, (U, /U;), (4.649) 
M evs = My +M,,(U, /U,), 
Kavo =Ky+KoU, /U,)+ Ko (U, /Up), Ken =K,+K,(U, /U,), 
Kowa = Ky + Ky, (U; /U,), Kam = K, +Ka (Uo / U,)+K,, (U, /U,), (4.650) 
Keys = K;; +K (Uo /U;)+K3,(U, /U;). 


After substituting the parameters thus determined into Eqs. (4.648), these equations finally may 


be represented as 


ZU, +>°2U, = 0 (i,l= 0,1,2,3,4) , (4.651) 


Izi 


where 


Zy =Zi 243 = Zn = Za =Zy =0, Z; =(K; /j@l-0 /@;), 
Za =(Ky, / jO- / 0), Zo = jOMy, Zy =(Ky;/ JOL- /@;), (4.652) 
Zy =JOMy, Zn =Kp/j@, Z4 = Ky,/ jo. 


When representing the impedances (4.652), relations (4.650) and (4.651) are taken into consid- 
eration and it is denoted 


o; =K;/M; 


ii? 


a =K / Ma @3 =Ky/ Mo. (4.653) 


The frequencies @, can be interpreted in the following way 
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OW, = Ky /M,, = PRESS = A ; (4.656) 
Os = Ky; | Myy = Oppe + Ons = Cube t90 m> (4.657) 
O, = Ky, / My, = O =9@),. (4.658) 


The expressions for @,, and @,, are given for the aspect ratios, at which elementary theory of 
bending is applicable, i. e., when the corrections in Eqs. (4.645) and (4.646) can be neglected. 
In Eqs. (4.654)-(4.658) the following notations are introduced: @,,,, for the resonance fre- 
quency of the radial vibration of a thin ring of the height A small compared with its radius; @,, 
and @,, for the fundamental resonance frequency and the third harmonics of vibration of infi- 


nite thin strip in direction of its width A; @,,,, for the resonance frequency of the radial vibration 


ube 
of a thin-walled tube of infinite height; @,,, and @,,; for the first and third resonance frequen- 
cies of the flexural vibrations in the “width” mode of an infinite strip of thickness ¢ simply 
supported on the edges. The expressions for the frequencies in Eqs. (4.654)-(4.656) may be 


found in Ref. 1. Equation (4.655) can be transformed to the form 


4 
Oi = Opte Í + Ad hy’(2a/ n| ; (4.659) 


where from it follows that frequency @,, depends on both the aspect ratio and the thickness to 
height ratio of a tube. Further these frequencies will be labeled for brevity as @, at i=0,...,4. 

The set of Eqs. (4.651) provides solution to the problem of free coupled vibrations in a 
passive isotropic elastic tube. Results of calculating the resonance frequencies as functions of 
aspect ratio h/2a are represented in Figure 4.51. The calculations were carried out for PZT-4 
ceramic tubes with the outer diameter D, = 38.2 mm and thickness ¢ = 3.2 mm, which corre- 
spond to the dimensions of tubes used in the experimental study”®. Parameters of PZT-4 were 


used as presented in Ref. 29 (see Appendix B, Table B.1). Results of calculations showed that 
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at least up to the aspect ratios h/2a=3 the second approximation doesn’t contribute noticea- 


bly to values of frequency branches 0, 1 and2 calculated using just the first approximation. 
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Figure 4.51: The resonance frequencies @, of the thin-walled tube (PZT-4, 2a = 35 mm, t= 3.2 
mm) normalized by the resonance frequency of a short ring, f} = 30 kHz, as a function of aspect 


ratio h/2a. The curves are labeled by number i = 0,...,4 . 


The only deviation due to the second approximation is shown in Figure 4.51 by dashed line 
and is related to curve 1. Thus, given that the dependencies 0, 1 and 2 are of the most practical 
interest, the generalized velocities U,, U, and all the related impedances in Eqs. (4.651) can 
be set to zero. Therefore, the further analysis will be restricted by the first approximation the 
more so because the range of aspect ratios h/2a <3 is the most interesting for practical appli- 
cations and the restriction simplifies analysis for this range without loss of accuracy. Besides, 
the same technique can be used to analyze the solution at larger values of the aspect ratios in 
case this is needed. 

The part of the plot in Figure 4.51 related to the first approximation only is displayed in 
Figure 4.52 up to values h/2a = 3 in a larger scale together with results of calculations made for 
different thickness of the wall of the tube and with experimental data included. The notable 
difference between the frequency plots displayed in Figure 4.51 and those presented in Ref. 25 
is in existence of the flexure related branches 1 and 3, which could not be predicted by the 


“membrane” theory and which cross the so called “dead zone.” It is of note that for these 
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branches the normalized numerical values are valid for the thickness t = 3.2 mm only, whereas 


the extensional vibration related frequency branches do not depend on the thickness. 
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Figure 4.52: Normalized resonance frequencies of the tube (PZT-4, 2a = 35 mm) calculated to the 
first approximation at different wall thickness t: 2.0 mm (1a), 3.2 mm (1b), 4.0 mm (1c). Experi- 
mental data from Ref. 28 are shown by circles for branch 0, by squares for branch 1 and by dia- 


monds for branch 2. 


The results of calculations made for the tubes with different thicknesses presented in Figure 
4.52 show significant dependence of the “intermediate” frequency branch 1 from the thickness 
at aspect ratios up to values in vicinity of the point of the strongest coupling. This is indicative 
of a flexural nature of the corresponding modes of vibration in this range of aspect ratios. Above 
the point of the strongest coupling this frequency branch becomes independent of thickness as 
the extensional branches do. This is in accord with results of observations made in Ref. 28. 

Effects of the coupled vibration on performance of the piezoceramic finite-size cylindrical 


transducers will be considered in Chapter 7. 
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4.7 Input Impedances of Mechanical Systems 


4.7.1 Input Impedance of a Homogeneous Uniform Bar 
The input impedance of a bar of the uniform cross section S, that is loaded at the opposite end 
with impedance Z, , is determined by the relation (4.101), or from the two-port circuit in Figure 
4.6 (a) as 


Jpcs, , tankl +Z, 


in = (4.660) 
1+ j(Z, / pcS,.,) tan kl 


Besides, the ratio of vibration velocity, U, , of the load to velocity of vibration at the bar input, 
U, in this case is as follows 


U, /U =1/coski[l+ j(Z, / pcS,,) tan kl]. (4.661) 


Consider the input impedances of a bar at different loading conditions. 
The input impedance of a bar with free end ( Z, =0) is 


Zi, = J pcs. tank . (4.662) 


This function is shown in Figure 4.53 by the solid line. For the case that Z > 1/4 (the quarter 
wavelength bar), which corresponds to the parallel resonance frequency @,,., the input imped- 
ance approaches infinity Z, — œ, and close to this frequency the equivalent circuit of the bar 
can be represented by the parallel contour. Thus, attaching the quarter wavelength unloaded bar 
to some surface may result in its clamping. When the length of the bar decreases to 11/6, 


then within 10% accuracy the input impedance becomes 


Za © J pCS.kl = jM , (4.663) 


and the bar behaves as amass M = pS../. 
The input impedance of a bar loaded by active resistance Z, =r, , where r, / pcS., <1, 


may be obtained from formula (4.660) as 


Z,, ~ jpcs,, tankl +r, / cos’ kl. (4.664) 


Thus, a bar can be used for transforming the load resistance to a great extent by changing its kl. 
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Figure 4.53: Input impedance of a bar: bar with free end-solid line, bar with the clamped end — 


dashed line. 


The input impedance of a bar with the clamped end ( Z, — © ) is 


Z„ = J pPCS,, / tankl . (4.665) 


This function is shown in Figure 4.53 by the dashed line. 
At the length /=4/4, we have Z, =0, which corresponds to the resonance frequency of the 
bar. In the frequency range close to this frequency the equivalent circuit of the bar can be rep- 


resented as the series contour with 


M,=M/2, C,=8/a7°YS,,. (4.666) 


Atl<A/6 


Za *—j cS, /kl = pc’S,, =K,/ jo, (4.667) 


and the bar behaves as the rigidity 


K, =I/ pS, =1/YS., . (4.668) 


Thus, the reactive and active components of the input impedance of a homogenous bar of 
constant cross section with a load applied to its end, can be changed significantly depending on 
the wave resistance pcS',, and the bar wave size kl. Because of this bar can be used for matching 
transducers with the external loads, in particular, for compensating the reactive component of 
the transducer internal impedance at a particular operating frequency (resonance tuning) and 
for transforming of the load impedances and the external forces in order to approach the optimal 
operating conditions for the transducer. To expand the matching capabilities, along with ho- 


mogenous bars of constant cross section the systems with variable area of cross section are 
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used, such as systems composed of bars having different cross sections and build from different 
materials. 

It must be remembered that all the considerations of this article are valid under the condi- 
tion that cross sections of a bar vibrate in piston like fashion. In practice this approximation 
takes place at significant values of the bar height to diameter aspect ratio (A/2a > 1.5). At 
smaller aspect ratios effects of coupled vibration in the axial and radial directions may become 
significant, and eventually the flexural vibrations, as of the thick disk, interfere. An accurate 
analytical solution for the vibration problem becomes hardly possible and using FEA for cal- 
culations becomes the appropriate option. In the extreme case of small aspect ratio (at 
h/2a—>0) the input impedances of the thin disk vibrating in axial direction under action of 


forces applied to its surface are considered in the next section. 


4.7.2 Input Impedances of a Circular Disk 
Circular disks are widely used elements of the transducer designs. The caps of a cylindrical 
transducer can be regarded as the circular disks. Calculating the cylindrical transducer in this 
case requires determining input impedances on the edge of the disk in radial ( Z,,,.) and perpen- 
dicular to its surface (Z,,, ) directions. A circular disk may be considered also as an extreme 
case of a matching element of a Tonpilz like transducer. In this case the bar transducer is often 
made as a hollow cylinder, and its calculation requires knowing the input impedance of a disk 
in the direction perpendicular to its plane on the circumference with a radius that may change 
from considerations of optimizing the matching conditions. In both the cases it is expedient to 


use disks with such dimensions that their resonance frequencies were above an operating fre- 


quency range. 


4.7.2.1 Input Impedance of a Circular Disk in the Radial Direction 
Assuming that in the frequency range below the first resonance frequency the resonance mode 
of vibration holds, the disk with the free edge can be considered as one degree of freedom 


system having the mode of vibration 


6(r/ a) = J (2.05r / a) / J,(2.05). (4.669) 


The total system of Eqs. (4.254) for a disk in this approximation is reduced to equation 
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Z 


mll 


U, =F. 


ml > 


(4.670) 


where F,,, is the total radial force acting on the edge of the disk, U, is vibration velocity of the 


edge in the radial direction, and Z 


mll 


is determined by relation from (4.253). Thus, the input 
impedance of the disk will be found as 


Z„ =F, 


ml 


IU, = Zm (4.671) 


that is, 


Zip. =F, /U, = jOM,, +(K,,/ jo) +r, =-jK D-0 @) ]/@+r,, . (4.672) 


inr mi 


The equivalent mass M,, and rigidity K,, have to be determined by formulas (4.236). For this 


case 


M,, = 2ntp| @(r/aydr, K= ue Í 0er laydr . (4.673) 
0 0 


11 
l-o 


After substituting the mode shape (4.84) and integrating we obtain 


M,,=0.78M, K,,= e, Q, oa Zr : (4.674) 
l-o a \ p(l-o’) 
4.7.2.2 Input Impedance at the Edge of a Disk in the Transverse Direction 


We represent displacements of the disk as 
é(r) =€, +E O(r/a), (4.675) 


where 


6(r/a)=(1-r* /a’\(1-r? / 4a’) (4.676) 


is the mode of static deflection of simply supported disk; €, is the displacement of its edge 
(Figure 4.54 (a)). In this approximation the disk represents a system with two coupled degrees 
of freedom, and the general system of equations of vibration (4.254) is reduced to equations of 
type (4.526) and (4.527). The partial systems represent a rigid disk that vibrates as a piston with 
displacements &,, and a simply supported disk that performs vibration &(r)=€O(r/a). 
Therefore, in Eqs. (4.526) and (4.527) we have 6, =. p => K,=0, M,=M. 
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Figure 4.54: To the input impedance on the edge of a circular disk: (a) general view of the disk, 
(b) equivalent circuit for calculating input impedance between points 1, 1; (c) simplified equiva- 


lent circuit. 


The equivalent parameters for the second partial system must be determined considering 
that the thickness of the disk can be significant to ensure its static strength and needed value of 
the resonance frequency. Therefore, the equivalent parameters must be determined with correc- 
tions for the rotary inertia and transverse shear that are introduced in Section 9.4.3 by formulas 


(9.266). Namely, 


M, =0.3M[1+0.5(¢/a)" |, (4.677) 
2 Y Y r 
z 1-0.25 4.678 
iar | ae ( ) 


The mutual mass M,, and rigidity K,, must be calculated by formulae (4.236) assuming that 
6,(r) =1 (piston-like vibrations) and 6,(r) = O(r/ a) . Thus, will be obtained that K,, =0 and 


M,, =27pt| O(r/a)rdr = ptS,, =0.45M , (4.679) 
12 av 
0 


(remember that for a circular simply supported plate S, =0.45S,,). 

When calculating the input impedance of a disk at the condition that its surface is not 
loaded, it should be taken F, =0. Thus, Eqs. (4.526) and (4.527) of vibration of the disk under 
the force applied to the edge can be represented in the generalized velocities as 

JoOMU , + j0.45@MU, = F., (4.680) 


j0.45@MU, + joM,[1-(@}, /@) WU, =0. (4.681) 
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From these equations follows that 


2 2 
Z. -E= joufi Ste J 0.5 =, (4.682) 


pl 


a 


where o = Ķ, / M,. If the disk represents a transducer cap, then it may experience an action 
of external forces and impedances, which in its turn will result in the change of the input im- 
pedances. In order to consider the external actions in estimating the dependence of vibration 
velocity U, from the force F, , the equivalent circuit shown in Figure 4.54 (b) can be used that 
results from Eqs. (4.680) and (4.681). 

The equivalent forces F,,,, F,,. and impedances of loads Z, and Z, must be determined 


from expressions (4.240) and (4.242) provided the external actions are known. If the transducer 


cap experiences the acoustic pressure P, , which is uniform over its surface, then 


E ,=PS,=Pr@, F,,=PS,,. (4.683) 


o™ pl 


This corresponds to the case that dimensions of a transducer are small compared to the length 
of acoustic wave. It is natural to assume that impedances of the loads can be neglected in com- 
parison with the mechanical self-impedance of the cap (remember that its resonance frequency 
is supposed to be above an operating frequency range), therefore in this case Z, ~ Z,, ~ 0. By 
the Thevenin’s theorem applied regarding the points 1, 1 in the circuit Figure 4.54 (b), this 
circuit can be transformed to those shown in Figure 4.54 (c). In this circuit Z,,, is determined 
by formula (4.682). The equivalent force, F , accounts for the combined action of forces F, 
and F, reduced to the open output of the circuit between points 1, 1 (see Figure 4.54 (b)). 


Considering that U, =0, 
U, =-F,,0/ jM, (0-0), (4.684) 


and 


(4.685) 


eqv 


ME 
F „=F + MaU, =Fai 12i 'm2® } 


M,F (0 -a’) 


After substituting expressions (4.683) for F, and F 


m2? 


and expressions (4.677) and (4.679)for 
M, and M,, into this relation will be obtained 


F „ =P xa’[1—0.67(1+ 0.5t* /a*)@” / (@;, -@”)]. (4.686) 


eqv 
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4.7.2.3 Input Impedance of the Free Disk on the Circle of Radius b < a 


We will represent the distribution of displacements over the disk surface as 
o(r)=¢,+¢,4(r/a), (4.687) 


where 8 (r/a) is the natural mode of vibration of a circular plate with the free edge. This 


function is expressed by formula (4.200) at the eigenvalue ka =3.0, i.e., 


6(r/a)=1.1J,8r/a)—-0.U,3r/a). (4.688) 


Peculiarity of the displacement distribution (4.687) in comparison with the previous case is that 
for the free plate the normal mode 6,(7/a)=1 exists that formally corresponds to natural fre- 
quency @ =1 (the free plate may vibrate as a piston). At @ =0 Z,, = j@M,,, and formula 
(4.687) represents sum of the first two terms of expansion of displacement &(r) into series in 
terms of the normal modes. The equations of vibration in the form of Eqs. (4.526) and (4.527) 
in a similar to the previous case manner. In this case M,, =0, since the modes @(r/a) =1 
and 0 (r/a) are orthogonal, and the partial systems (a rigid piston and a plate vibrating in the 
mode 6,(7/a)) are independent. The equivalent mass and rigidity for the free circular plate 


that account for the inertia of rotation and shear (see Section 9.4.3) are 


M, =0.26M[1+1.5-(¢? /a’)], (4.689) 


K, =| 6P°Y/a°(1-o°) |[1-0.7-Yu? /a’)/(-o°)]. (4.690) 


The resonance frequency of the partial system, which is the free plate, is a, = o =K,/M,. 
The generalized forces acting on the partial systems can be obtained from expression (4.523) 


converted into the complex form as 
W, = FEO) = Fo, +F E OOla). (4.691) 


Thus, 


FE ,=F,„ F,,=F,6(b/a), (4.692) 


and equations of the forced vibration of the disk are 


joMU, =F.,, (4.693) 


m 


joM, (1-@*, / @ U, =F,0 (b/a). (4.694) 
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The distribution of velocity over surface of the disk will be represented as 


Ura) =U Gy LO. OU p= 2 12 a á HE ayy, (4.695) 
joM| M, œl -l 
Determined from this relation input impedance of the disk is 
2 -1 
Donien aa E (4.696) 
U(a,b/a) M, œ / 0 -1 


Behavior of the input impedance vs. ratio b/a is qualitatively shown in Figure 4.55 (a). 


Figure 4.55: Input impedance of a circular disk on circumference of a variable radius. 


At some frequency @,, (anti-resonance frequency) that depends on the radius of the circle, 
at which generating force is applied, the input impedance becomes infinitely big, Z,, — œ. It 
is not desirable to have this frequency in the operating frequency range. In Figure 4.55 (b) 
dependence of @,,./@,, on the ratio b/a is shown. It can be concluded from the figure that 
optimal in terms of removing frequency @,. from the operating frequency range is value of b/a 
= 0.68 that corresponds to the radius of the nodal circle at which @(r/a)=0. Expression 
(4.695) shows that in the case that acting force is applied on the nodal circle the distribution of 
vibration over the surface must be uniform. A violation of vibration uniformity may be caused 
by the fact that in reality the force is applied not exactly on the line, but on a ring area of finite 
width. Besides, in the absence of the first vibrational mode contribution of the next vibrational 
mode 6,(r/a), which so far was neglected, must be considered. However, using expression 
(4.200) at ka =6.29 for the mode of vibration 6,(r/a), it is easy to verify that at b/a = 0.68 


in the frequency range @< @, 
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2 2 
(0) 
Ad 0 hoo (4.697) 
oO 2 

pl2 


|U, /U,| < 100, (0.68) 


pl 


where @,,, is the corresponding resonance frequency (note that @,, 


/ @y = 9.23 ). Given that 
@/ @,, <1, contribution of the second mode of vibration is relatively small. Thus, by appropri- 
ate application of the acting force vibration of even relatively thin disk can be made close to 


uniform. More detail on this issue will be presented in Chapter 10. 


4.8 References 
1. A. E. Love, Mathematical Theory of Elasticity (Dover, New York 1935). 


2. S.P. Timoshenko, Strength of Materials, Part I, Elementary Theory and Problems, 2"! Ed. 
(Van Nostrand, New York, 1940). 


3. Handbook of Mathematical Functions, edited by M. Abramowitz and I. A. Stegun (Na- 
tional Bureau of Standards Applied Mathematical Series, Washington, DC, 1964). 


4. L. Ya. Gutin, “To the theory of the magnetostrictive transducer”, Zhurnal Tekhnicheskoi 
Fiziki, Vol. XV, No. 4-5, 1945. In Selected works (Sudostroenie, Leningrad, 1977), p. 135 
(in Russian). 

5. L. V. Kantorovich and V. I. Krylov, Approximate Methods of Higher Analysis, translated 
from the 3" Russian edition by Curtis D. Benster (Interscience, New York, 1959). 


6. A. W. Leissa, Vibration of Shells (Reprinted by the Acoustical Society of America, New 
York, 1993). 


7. W. E. Baker, “Axisymmetric Modes of Vibration of the Thin Spherical Shell,” J. Acoust. 
Soc. Am. 33, 1749-1758 (1961). 


8. A. Kalnins, “Effect of Bending on Vibrations of Spherical Shells,” J. Acoust. Soc. Am. 36, 
74-81 (1964). 
9. B. Aronov, D. A. Brown, X. Yan, and C. L. Bachand, “Modal analysis of the electrome- 


chanical conversion in piezoelectric ceramic spherical shells”, J. Acoust. Soc. Am. 130(2), 
753-763 (2011). 


10. R. V. Southwell, “On the free transverse vibrations of a uniform circular disk clamped at 
its center and on the effect of rotation,” Proc. Roy. Soc. (London), Ser. A, 101, 133-153 
(1922). 


11. R. S. Woollett, Theory of the Piezoelectric Flexural Disk Transducer with Applications to 
Underwater Sound, USL Research Report No. 490, Naval Undersea Warfare Center, New- 
port (1960). 


172 4. Vibration of Elastic Bodies 


12. G. V. Joga Rao and K. Vijayakumar, “On Admissible Functions for Flexural Vibration and 
Buckling of Annular Plates”, Journal of Aeronautical Society of India, Vol. 15, No. 1, pp. 
1- 5 (1963). 

13. A. W. Leissa, Vibration of Plates (Reprinted by the Acoustical Society of America, New 
York, 1993). 


14. S. M. Vogel and D. W. Skinner, “Natural Frequency of Transversely Vibrating Uniform 
Annular Plates,” J. Appl. Mech. Trans. ASME, 32, 926-931 (1965). 


15. T. B. Gabrielson, “Frequency Constants for Transverse Vibration of Annular disks,” J. 
Acoust. Soc. Am., 105, 3311-3317 (1999). 


16. I. S. Gradshtein, and I. M. Ryzhik, Table of Integrals, Series, and Products, (Academic, 
New York, 1963). 

17. T. Boussinesq, “Résistance d’un Anneau à la flexion, quand sa surface exlérieure supporte 
une pression normale” (“Resistance of a ring to bending under external constant pressure”), 
Comptes Rendus 97, 843 (1883). 

18. B. S. Aronov, “Piezoelectric slotted ring transducer”, J. Acoust. Soc. Am. 133(6), 3875- 
3884 (2013). 

19. E. Giebe and E. Blechschmidt, “Experimental and Theoretical Studies of Extensional Vi- 
brations of Rods and Tubes,” Ann. Physik 18, 417-485 (1933). 


20. M. Onoe and H. F. Tiersten, “Resonant Frequencies of Finite Piezoelectric Vibrators with 
High Electromechanical Coupling,” IEEE Trans. Ultrasonic Engineering 10, 32-39 (1963). 

21. B. S. Aronov, C. L. Bachand, and D. A. Brown “Analytical modeling of piezoelectric ce- 
ramic transducers based on coupled vibration analysis with application to rectangular thick- 
ness poled plates,” J. Acoust. Soc. Am. 126(6), 2983-2990 (2009). 

22. E. A. G. Shaw, “On the resonant vibration of thick barium titanate discs,” J. Acoust. Soc. 
Am. 28, 38-50 (1956). 

23. S. Ikegami, I. Ueda, and S. Kobayashi, “Frequency spectra of resonant vibration in disc 
plates of PbTiO3 piezoelectric ceramic,” J. Acoust. Soc. Am. 55, 339-344 (1974). 

24. S. Ueha, S. Sakuma, and E. Mori, “Measurement of vibration velocity distribution and 
mode analysis in thick discs of Pb(ZrTi)O3,” J. Acoust. Soc. Am. 73(5), 1842-1847 (1983). 

25. J. F. Haskins and J. L. Walsh, “Vibrations of ferroelectric cylindrical shells with transverse 
isotropy,” J. Acoust. Soc. Am. 29, 729-734 (1957). 

26. M. C. Junger and F. G. Rosato, “The propagation of elastic waves in thin-walled cylindrical 
shells,” J. Acoust. Soc. Am. 26, 709-713 (1954). 


27. B. S. Aronov, “Coupled vibration analysis of the thin-walled cylindrical piezoelectric ce- 
ramic transducers,” J. Acoust. Soc. Am. 125(2), 803-818 (2009). 


28. B. S. Aronov, D. A. Brown and S. Regmi, “Experimental investigation of coupled vibra- 
tions in piezoelectric cylindrical shells,” J. Acoust. Soc. Am., 120(3), 1374-1380 (2006). 


4.8. References 173 


29. D. A. Berlincourt, D. R. Curran, and H. Jaffe, Piezoelectric and Piezomagnetic Materials 
and their Function in Transducers, in Physical Acoustics, Vol. I, Part A, edited by W. P. 
Mason (Academic, New York, 1964). 


CHAPTER 5 


ELECTROMECHANICAL CONVERSION 


5.1 Equations of State for Piezoceramic Medium 

According to the energy approach that is accepted in this treatment and formulated in Chapter 
1, all the equations describing a transducer operation are derived from variational principle. The 
main characteristic feature of using variational principle to deriving equations of vibration for 
piezoceramic bodies is that the state of a piezoceramic body is defined not only by mechanical 
but also by electrical generalized coordinates. Therefore, in the expression (1.94) for the La- 
grangian L of an electromechanical system that a piezoceramic body presents, a suitable ther- 
modynamic function characterizing its energy state should be used instead of the density of the 
potential energy, w,,,. Since the processes of vibrations of elastic bodies are considered to be 
adiabatic (proceed under conditions of thermal insulation at constant entropy), a suitable ther- 
modynamic function may be the internal energy, w 


int ? 


ow, 


int 


=T.6S,+E,6D,, +T6S , (5.1) 


where TOS, and E,D, are independent mechanical and electric energies applied to an ele- 
ment of a body (thermodynamic functions are related to the unit volume), T is the temperature, 
S is the entropy; TOS is the thermal energy which vanishes in adiabatic process (6S =0). 
Variations of the thermodynamic functions are meaningful only, as a measure of work per- 
formed in process of change of state of a body. For thermodynamics of piezoceramic media 
see, for example, Ref. 1. For a piezoceramic body that is under an action of external forces, or 
for a unit volume of this body, we will present Lagrangian in the form analogous to that ac- 
cepted by relations (1.94) and (1.92)), replacing the potential energy with the internal energy. 
Namely, for a unit volume 


L z Wiin ~ Want ah: We (5.2) 


and for a body 


-Wp +W, Wry =| Wry AV (5.3) 
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Equations of motion for piezoceramic bodies can be obtained in the same way, as they were 
derived for elastic bodies made from passive materials, in the form of Euler's equations (4.1) in 
the generalized coordinates, or (4.2) in the geometric coordinates. The only difference being 
that electric coordinate must be included in the generalized coordinates. For deriving a partic- 
ular Euler's equation, it is necessary to obtain the explicit expressions for the internal energy of 
a volume element and for the entire piezoceramic body via generalized coordinates. To this 
end, the equations of state that describe relationship between variables, which are involved in 
determining the internal energy of a body, must be considered. 

The equations of state for piezoceramic medium are derived based on the thermodynamic 
functions chosen depending on what variables are used as independent. For the adiabatic pro- 


cess it is convenient along with the internal energy function to use enthalpy H 


OH =-S.T, —D,6E,, +T6s , (5.4) 


where the stress, T,, and the electric field, E,, , are independent variables, and the electric en- 


thalpy H, 
OH, =TO6S,-D,,6E,,+Tos, (5.5) 


in which case the independent variables are the strain, S,, and electric field £, . 

For a general transducer operation analysis, the function H, is preferable with S, and E,, 
as independent variables. Although the choice of a particular initial function is not crucial, since 
all the thermodynamic functions are interrelated. The convenience of using strain S, as an in- 
dependent variable is because in a general analysis the mode of vibration of a body and the 
strain distribution therein are often assumed to be known. In addition, energy transfer into a 
load is generally caused by the transducer surface displacements, which are directly related to 


the strains. The equations of state derived from the enthalpy H, have the following form 


oH oH 
T=|—2| =T(S,E ), D,=-|—2| =D (SE). 5.6 
i (Z) iC i a) m (Z S „C i, i ( ) 


E,S m 


For particular calculations in many cases it is convenient to use stress 7,,and E,, as independ- 


ent variables. The respective equations of state which are derived from the function H are 
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ôH ôH 
s=- 2] =S(T,E ) D =- | =D (T,E ). l 
F] nse). oE) oae) 67) 


m 


The subscript indices for the derivatives of the thermodynamic functions indicate that the values 
of the corresponding variables remain constant. If to consider transducers at small deviations 
of independent variables from their position of equilibrium and under a linear approximation, 
which is justified for almost all practical modes of operating the transducers built from the 


modern piezoceramic materials, then equations of state (5.6) can be represented, as follows: 
E 
T, =, S, =6 8, ? (5.8) 


D, =e. Se, Fs (5.9) 


where c} =(0F, /as f ), are the moduli of elasticity at constant electric field, 


ep, =(OD,,/0E,), are dielectric constants at constant strain, and 


S 


en =(ôT,/ 3E); =-(3D, /aS,), (5.10) 


are piezoelectric constants. The latter expression is a relationship of electromechanical reci- 


procity for the piezoelectric transduction. In analogous way for equations (5.7) we obtain 


Ssh +d „E> (5.11) 
Dp = doil; +EmEr > (5. 12) 


where si = (as, /OT, ), are the elastic compliances at constant electric field, 
E = (OD, / OE, ) are the dielectric constants at constant mechanical stress, and 
d, =(3S,/ ôE), =(@D,,/OT,),. are the piezoelectric moduli In equations (5.8), (5.9) and 
(5.10) summation is supposed to be performed with respect to repeating indices, in accordance 
with the rule accepted for tensor quantities. These equations are called local piezoelectric equa- 
tions (or the constitutive equations) since they describe situation in a small volume element, 
within which the values of independent variables do not change. In the case that deformation is 
uniform and electric field is independent of coordinates, the volume, in which piezoelectric 
equations are valid, may be not small. In the absence of piezoelectric effect equations (5.8) and 
(5.9) become independent equations of mechanical state (Hooke’s law T, =c,,S,) and equa- 


tions of dielectric state D, = £E,- These equations should be used with respect to those por- 


tions of the transducer volume where the ceramics is not polarized. This is a widespread case 
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in the transducers designing, and in addition to the values of constants roi F si ; È Ei it is nec- 


essary to know the values of elastic and dielectric constants of not polarized ceramics as well. 
The elastic constants c} and s% relate two second-order tensors, and they form the fourth- 
order tensors. (It is more accurate to call these constants electro elastic, because their values 
depend on the electrical state of a piezoelement.) Piezoelectric constants relate second-order 
tensors and vector and form a third-order tensor. Dielectric constants form a second-order ten- 
sor. All the above-listed constants are determined experimentally. The number of non-zero and 
independent constants depends on the symmetry of the material structure. For the polarized 
ceramics, which belongs to the œ mm class of symmetry, the matrices of elastic, dielectric and 
piezoelectric constants that correspond to equations (5.11) and (5.12) are presented in Table 
5.1. Note that the volume element of piezoceramic is related to the orthogonal coordinate sys- 
tem (Figure 5.1), where the direction of axis 3 (unit vector q,) coincides with the direction of 
poling vector P. Directions of the unit vectors q, and q, are arbitrary, but such that all the 
three form a right-hand coordinate system (rotation of q, to the coincidence with q, must be 
seen as counter-clockwise from the end of vector q, ). For simplicity we will consider the di- 
rection of g, being such that vector E is always in the plane 2, 3, whereby E, =0, and 


E = Eq, + Eq. 


Figure 5.1: Volume element in the crystallographic coordinate system. 
The following relation holds between the elastic constants, 


sf =(-1)7A,/A, (5.13) 


where A is the determinant of matrix Gr , Ay is a minor formed by deletion of the line i and 
column j (similarly for c ). Namely, (we will omit superscripts E of elastic constants in the 


relations between them for brevity) 
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2 2 2 2 
A= (Su Sp )[533 (Sy, +512) —25;3], An = 544833 — 813, Â =S TSh 


i (5.14 
A = 512513 T 5115135 Ân = 83 T S128933- 
Piezoelectric constants are related to each other through the equations 
_ E AA E 
d pi =E Cn S jis Cmi = Ange - (5.15) 


Since in process of manipulations the constants of different kind may be used interchangeably, 


it is useful to present some relations between them that follow from expressions (5.13)-(5.15). 


2 í; 2 2 = Za 9 
C33 =C / Cu = Sy, (511853 — sts), Cy =C / C33 = Sy) (si -sp ) 
2 2 2 a) (5.16) 
Cii = Ch / Ci = S3 I (s133 -si;), Cy Ci / 63 = Sp (sp, — Sip); 


e — 63163 / C = (daS a isha)! (S845 Sale: 61 — 233613 / C33 = dy / (Su +s), (5.17) 
e (l-6 /¢,) =[453(5,, + Sizs, )+451531/ (511533 Sik 


Relationships are also valid obtained from (5.16) and (5.17) by replacing c, with s,, and dp 


with e, and vice versa. 


mi ? 


Table 5.1: Matrices of constants of piezoelectric ceramics. 


Fol, ee ee ee ee ee ee 
S, Si Si s5 0 0 0 0 0 ds, 
S, si sii Sh 0 0 0 0 0 ds, 
S; si Si S33 0 0 0 0 0 ds; 
S, 0 0 0 Sig 0 0 0 dis 0 
S; 0 0 0 0 Sig 0 dis 0 0 
S, 0 0 0 0 0 Shee 0 0 0 
D, 0 0 0 0 dis 0 Ey 0 0 
D, 0 0 0 dis 0 0 0 Ey 0 
D, d; d;, dy 0 0 0 0 0 Ez 


In course of calculating electromechanical transducers, it is often necessary to refer to prop- 
erties of analogous mechanical systems made of isotropic passive materials, or to consider me- 
chanical systems of the transducers as comprised of active and passive materials. Therefore, it 
is convenient to use analogous notations for the elastic constants of passive and piezoceramic 
materials. Such notations for the piezoceramic materials may be introduced by comparing the 


equations of state (4.10) and (5.11) at m =3 and E, =0, the latter being rewritten in the form 
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S = saln +p /s Eb +3 SDE] (5.18) 
S, = SO oe He +O SG ], (5.19) 
S =s Sal, +65 Sal FE) (5.20) 


Further we introduce the following notations 


Lis iy Msk, (5.21) 


analogous to Young’s moduli, and 


E; E_ Č E Ej EE EJ E_E 
S/S, =O, , 83/5, = 03> Si / S33 = O> (5.22) 


analogous to Poisson’s ratios. In these notations (that are also useful in terms of brevity) the 


above equations will look like 
1 


S, =pli" -oT -05 T;], (5.23) 
1 
1 

S)= yell’ +T -0 T], (5.24) 
1 
1 

S,=yel-onl" ont: +I]. (5.25) 
3 


Values of the introduced elastic constants are presented in Table 5.2 for several piezoceramic 


compositions following the original data from Ref. 2 (see Appendix B, Table B.1.) 


Table 5.2: Values of the elastic constants of piezoceramic compositions. 


yor | ¥ | of | of | of 

GPa 
PZT-4 81 64 0.33 0.43 0.34 
PZT-5 61 53 0.35 0.44 0.38 
PZT-8 87 74 0.32 0.42 0.35 


Consider the piezoelectric equations (5.8), (5.9) and (5.11), (5.12) from the point of view 
of the rule of signs accepted in Section 1.5.2. For a visual demonstration we will identify be- 
havior of the domain areas in piezoceramic with behavior of a dipole (two charged balls on a 
compliant bar, as shown in Figure 5.2), the electric moment of which is parallel to the direction 
of the dominant orientation of the electric moments of domains. We will also assume that the 


strains in the piezoelectric element and the changes of charges on the electrodes (changes of 
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charge density D) caused by mechanical actions and by the external electric field are due to 
deformations (rotations and tensions/compressions) of domain areas in our model of equivalent 
dipoles. Figure 5.2 shows the cross section of a piezoelectric element with two dipoles, the 
moments of which are equally inclined relative to direction of the poling vector since the direc- 


tions of domain moments are also symmetric relative to the polar axis. 


Figure 5.2: On the rule of signs in the piezoelectric equations for the tensile (a, b) and shear (c) 


deformations. 


In a free piezoelectric element (at T, =0) S, =d,,E,. The action of electric field Æ, in 
direction of the polar axis should result in a positive tensile strain S, and negative compressive 
strains S, and S, in the transverse direction, since in this case the dipoles elongate and rotate 
towards the polar axis (Figure 5.2 (a)). Since d}, >0, d}, <0, it is this direction of q,, which 
is conventionally positive. With changes of direction of vector q, (dashed line in (a)), dipoles 
shorten and turn away from the polar axis, which leads to a negative compressive strain S, and 
positive tensile strains S, and S, . It is easy to verify that for the conventionally positive direc- 
tionof q, ExP>0. 

In a short-circuited piezoelectric element (at E, =0) S, =s,7,. Tensile mechanical 
stresses cause longitudinal tensile strains (s, > 0 ) and transverse compressive strains (s, <0 ). 
Therefore, they are conventionally positive. It follows from equation (5.12) that D, =d,,7,, 
and the tensile mechanical stress T, must cause positive polarization (increase of charge density 
on the electrodes) since d}, > 0, while T, and T, must cause negative polarization (decrease of 
charge density on the electrodes) since d}, <0. Indeed, as can be seen from Figure 5.2 (b), the 
stress 7} results in dipole elongation and rotation towards the polar axis, and hence increase of 
the charge density on the electrodes. By contrast, the tensile stresses 7, and T, cause with- 


drawal of charges from the electrodes and, consequently, a decrease in the charge density. 
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Positive shear stresses lead to dipole rotation towards the electrodes (Figure 5.2 (c)), which 
corresponds to the value of d; >0. 

From the equations (5.8) and (5.9) it follows (and, similarly to the above case, can be illus- 
trated by means of Figure 5.2) that the electric field E,, in the assumed conventionally positive 
direction generates in a clamped piezoelectric element ( S, =0, T, =—e,,,£,, ) mechanical com- 
pressive stresses 7, and negative shear stress 7; (e, >0, e5 >0) as well as positive tensile 
stresses J, and T, (e, <0). Ina short circuited piezoelectric element ( £ =0, D} =e,,S,) the 
tensile strains S, and positive shear strains S, cause positive polarization, whereas tensile 
strains S, and S, cause the negative one. 

Elastic and dielectric constants characterize piezoceramics as an ideal elastic electric me- 
dium. For a proper transducer designing the mechanical and dielectric losses of energy in pro- 
cess of operation must be taken into consideration. The quality of piezoceramics in terms of 
internal energy losses are characterized by its mechanical (Q,, ) and electric ( Q, ) quality factors 
or by the more convenient in some cases angles of losses 6,, and 6, , which are related to the 
quality factors by formulas tand,, =1/Q,, and tan ô, =1/Q,. 

The values of the piezoceramic constants depend on the initial equilibrium state of ceram- 
ics, namely, on the static mechanical stresses and temperature, at which the transducers operate. 
Under strong dynamic mechanical stress and electric field non-linearity of properties of pie- 
zoceramics may become noticeable, which must be taken into consideration in designing pow- 
erful transducers. Information on dependencies of piezoceramic parameters from the strong 


static and dynamic actions can be found in Ref. 2 and in Chapter 11. 


5.2 Energy State of a Volume Element 


Consider the energy state of a piezoceramic volume element in the rectangular coordinate sys- 
tem with unit vectors q,, q, , q, (Figure 5.1). As it was noted, the possible variants of mutual 
direction of vectors P and E for piezoceramics are reduced to two, namely, E = Eq, in the 
case that the same electrodes are used for piezoceramic poling and transducer operation, and 
E = Eq, in the case that working electrodes are placed on the faces of a piezoelectric element, 
which are parallel to the polar axis, upon removing the electrodes used for poling, in order to 


realize electromechanical conversion under the shear deformation. 
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Some mechanical and electrical boundary conditions exist on the faces of a volume element 
in each particular case. If no energy exchange between the volume element and environment 
takes place, they are ideal boundary conditions. Thus, the faces may be free of mechanical 
stresses ( T =0) or clamped ( S = 0), and the electrodes may be short circuited ( E = 0) or open 
(D=0). 

Variation of the internal energy of a unit volume element, 


Ow, 


int 


=T6S,+ E,D, (5.26) 


may be caused by independent mechanical and/or independent electrical energy entering the 


volume. If only mechanical energy is applied, then independent electric energy is absent and 


OW, = OW,,, = 1, 0S;. (5.27) 


If only electrical energy is applied, then independent mechanical energy is absent and 


ÔW n 


= dw, =E,6D,,. (5.28) 


m 


Certainly, it does not mean that in the first case no strains or mechanical stresses arise and in 
the second case no charges or electric fields are generated, as it would be without electrome- 
chanical conversion performed by piezoelectric material. As for piezoceramics, here in the first 
case the electric polarization energy depending on the mechanical actions appears by virtue of 
the direct piezoelectric effect, which is a component of the independent mechanical energy 
Ow,,, - In the second case the strain energy depending on an electrical action appears by virtue 
of the reverse piezoelectric effect, which is a component of the independent electric energy 
ôw, . For distinguishing between energies due to independent electric and mechanical actions 
in general case that both may be applied, we will underline the terms pertaining to independent 
mechanical actions. Thus, the expression for the internal energy in this general case will be 
presented as 


=T6S,+E,6D,,. (5.29) 


At first, we assume that only electric energy is supplied to a volume element. Then the electric 
field E,, is generated in the element, and strains S, allowed by boundary conditions arise due 


to reverse piezoelectric effect. The electric field E,, is the independent variable. Taking into 
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account that in this case independent mechanical energy vanishes Sw, = TOS, =0 , and re- 
ferring to Eq. (5.8) we arrive at the following expression for Eq. (5.28), 
ôw, =Ow, =E, OD, =€,E, OE, +¢,,E,, 0S, - (5.30) 


The first term in Eq. (5.30) is the energy that would be supplied by an external electric source 
with the field strength changing by O£,, to the volume element, if it was completely clamped 
(6S, =0). This energy will be designated as w5 . The second term represents the energy, 
which would be supplied to the volume element by the electric source, if the electric field £, 
was kept constant and the strain changed by ôS, . This quantity will be called the electrome- 
chanical energy and designated dw,,,. The concept of the electromechanical energy was intro- 
duced in Chapter 1 (see Eq. (1.51)) for the case of one- dimensional deformation. Here it will 
be considered for the general case. At m = 3 we have 6w,,,=e,F,0S,, at m = 2 


em 3 
ow 


em 2 


=e,,E,0S,. Multiplying both parts of Eq. (5.8) by OS, and taking into account that 
T,OS, =0 due to ideal boundary conditions, we obtain 


ow 


em 3 


=e, E,5S, =c'S,6S8,+c8S,5S, =dw,, (i,k =1,2,3), (5.31) 


ui 


OW,, = eE, 8S, = CES 8S, = Swe yy. (5.32) 


The expressions for 6w? 


mech 


describe increments of the volume strain energies calculated under 
the condition that the values of elastic moduli are determined at OE, = 0 . Relations (5.31) and 
(5.32) demonstrate that electromechanical energy Ow,, can be considered as that part of energy 
supplied to the volume element, which is converted into the strain energy determined at values 
of elastic moduli at £,, constant. 

Since all the subsequent manipulations concerning the two possible variants of mutual ori- 
entation of vectors P and E at m = 3 and at m = 2 are analogous, we will perform them for the 
most common case of m = 3, omitting subscript m in designations of energies. The relations for 
the case of m = 2 will be presented in their final form, when it will be needed. Thus, summariz- 


ing expressions (5.30)-(5.32) we arrive at the following relations, which will be used in further 


calculations 
w, = Ow, = dw, +6w,, , (5.33) 
Ow, =OW, +Ow.,, (5.34) 


where 


184 5. Electromechanical Conversion 


Ow, =€5,E,0E,, w, = @,E,0S, . (5.35) 


If the volume element is considered in the mode of electromechanical conversion under action 
of an external mechanical load (which is the case), then the energy balance instead of (5.30) 
should be presented in the form 


dw, =Ow; +dw,, = ow, 


em int 


+ôw,, (5.36) 
where Ow, is the mechanical energy generated because of electromechanical conversion and 


propagating into the load. Thus, in this case 


w, =OW, + Ow,, —OW,. (5.37) 
Using equation (5.8), we obtain 
Eni HOS; = cS, 0S, =1,00, > (5.38) 


where T, represents the mechanical stresses that are generated on the surface of the volume 
element as reaction of the load. This expression may be transformed as follows. 

Since the energy Ow, flows into the load, i.e., out of the volume element, 7,6S,= — ôw, 
(the situation is like that illustrated in Figure 1.14). In presence of reaction of the load an electric 
field may be generated in the volume element, which is directed perpendicular to the faces free 
of electrodes. Since there is no free charges on these faces, the corresponding charge densities 
are zero, and from equation (5.8) we obtain: E, =-e,,S,/é and E, =—e,,S,/é> at m = 3; 
E, =—e, S, / £% and E, =-e,,S,/€> atm =2. When the external field E, is applied, the strains 
S,, S; atm=3 and S,, S,, S, at m= 2 are not generated directly, but they may arise as a 
response of the environment to deformation of the volume element. As result of manipulation 
of expression (5.38) upon substituting thus obtained values of electric field and considering that 


T, OS, = —Ow,, we obtain for m = 3 and m = 2, respectively, 


Ow,, =@,,E,08, = ci SES, +c) S58, +c; S58, + Ow, = 
em 31-23 i ii <i i ik™ i k ESE l e 


=OWrast Ow, (i,k=1,2,3;1=4), 
OW,, = eE 0S, = CiS,0S, + 028,68, +c S ES, + Ow, = 


i 


=dw.,,+dw, (i,k #4). 


(5.39) 


In relations (5.39) it is taken into account the correlation between piezoceramic constants 
cj. +e, / e$, =c? , which can be obtained from equations (5.8) and (5.9) at D, =0. We can 


mk mm ik ? 


see that in the general case, when the volume element is located inside of a body that 
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experiences deformation, the expressions for dw,.,, and wñ, resulting from the relations 


mch 
(5.39) have to be used. Relations (5.39) show that in this case dw,,, is the total energy that is 
converted into the mechanical form as the result of electromechanical conversion as well, how- 
ever, now a part of the mechanical energy propagates into a load. Substituting (5.39) into (5.37) 


results in 


ow, 


int 


= Ow) + dw,, —Ow, = Ow, +ow, 


em mch * 


(5.40) 


Thus, while expression (5.37) for internal energy is always valid, the expression (5.34) holds 
for the ideal boundary conditions only, and in the general case, when reaction of the environ- 
ment is present, one should use expression (5.37) instead. 

Determine the total energy imparted to the volume element as its state changes from the 


initial stage at Æ, =0, S, = 0 to that characterized by values £, , S,. Evidently, it will be 


w= ae we = (cis? +c,5,S, +c7pS;) (i,k #4,5;1=4,5). (5.41) 


To determine the total change in w 


em ? 


imagine that the entire interval of change of E„ and S, 
is divided into N equal parts. Assume that within each part 6S, = S,/ N and the electrical field 
remains constant and undergoes a sudden change by E,,/ N at its end. The electromechanical 
energy Wem can be found as the limit of the integral sum 


RS SpE 1 
w, = lim > e, —-—"*-n=-e E S.. 5.42 
a 2, oN / (5.42) 


N>% A= 2 im ~m 


Now, the value of w., 


int 


can be represented based on the relation (5.33) as 


w, (5.43) 


int 


a Sy 
= War a Wa + [Won 


Here w,,, is taken by modulus because of the following reasons. As can be seen from relation 
(5.32), w,,, is the essentially positive quantity (the energy that this quantity represents flows 
into the volume element). This complies also with expression (5.35), if to take a proper account 
for the signs of piezoelectric constants and strains arising from the conventionally positive di- 
rection of E, . However, in practical calculations it is difficult to keep track of the signs of the 
strains, and one may erroneously obtain a negative value of w,,,. Taking this quantity by mod- 


ulus eliminates possibility of such an error. 
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Expression for the internal energy can also be represented in a form other than that in Eq. 
(5.30). Considering that the values of E,, and S, characterize the state of the volume element 
with faces free of stress (except for those fixed by virtue of boundary conditions), the internal 


energy can be represented as 


Ow. 


int 


=E 8D, =dwi =e" EOE,. (5.44) 


mm “m 


Here wi =e" E> /2 can be regarded as the electric energy of the volume element determined 


mm “m 


at the value of dielectric constant £" 


mm ? 


which corresponds to the existing boundary conditions 


(superscript T, indicates, which mechanical stress are equal to zero). Comparing the new ex- 


pression for dw,,, with formula (5.23) leads to the relation 


Won = Wi =w. (5.45) 


When the mechanical state of the volume element changes from the state corresponding to a 
completely clamped volume to the state corresponding to the free (to the extent that is allowed 
by the pre-set boundary conditions), the energy equal to electromechanical energy can be con- 
verted into mechanical work performed in the external medium, provided that the electric field 
is kept constant. Therefore, the electromechanical energy w,,, also can be called convertible, 
as it is done in Ref. 7. Finally, in order to emphasize once again the continuity of the connection 
between the electric and mechanical states of piezoceramics, this energy can be called mutual, 
as it is done in Ref. 2. 


Consider now the internal energy, Ow,,,, in the case that independent flow of mechanical 


int ? 
energy is supplied to the volume element and the electrodes are open ( D,, =0, electrical open 
circuit (no-load) condition), i.e., 


Sw, = TOS, . (5.46) 


Using equation (5.8) we obtain (the case that m = 3 will be considered only) 


ow, Wint = OWnch = 6,5, OS, os, — 65 3,.05} = OWneh £ (5.47) 
From formula (5.8) at D, =0 we obtain E,,. =—e,,S, / £3}. Thus, 
~¢,,E,,,0S, = €,E,,,0E,,. . (5.48) 


Let us designate 
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OE 


ez; E oS, = ô IC 30c 


a En Es = dW. (5.49) 


me? 


As we can see from (5.48), ôw 


me 


is a part of mechanical energy supplied to the volume element 


that can be considered as converted to electric form dw*, . Since (see Eq. (5.31)) 


ES 8S, = Ow. , (5.50) 


we can obtain from formula (5.47) with regard to introduced designations that 


OW ne = OW, y ÔW y 5) (5.51) 
OW, = OW, a, = ôw”, +W, = ôw”, + ows . (5.52) 


Comparing Eqs. (5.49) and (5.35), we can see that, if to replace E, by E, , the expressions 
for dw,,, and dw,, will differ only by sign. The opposite signs for Ow,, and dw,, reflect the 


fact that, while in the case of electromechanical conversion the electric field E, of convention- 
ally positive direction (coinciding with direction of the poling vector) causes positive strain ( 
e > 0), in the case of the mechanoelectric conversion the positive tensile strain causes gener- 
ating of the field Æ, of the opposite direction. This corresponds with relation (5.10) of reci- 
procity of piezoelectric conversion. 

The expressions for energies (5.41) and (5.42) have to be used in the general case, when 
the mechanical boundary conditions are complicated. In the most of cases the number of inde- 
pendent components of tensors of strain or stress is restricted, and it is expedient to simplify 
these expressions in advance. This will be done for the same kinds of boundary conditions, as 
those considered in Chapter 4 with respect to a volume element of a passive isotropic material. 

Note that a brief and less general summary of results of this Section that are useful for 


understanding the essence of the subject is presented in Ref. 3. 


5.3 Expressions for Energy Densities 

The energy densities will be considered for various mutual directions of acting deformations 
and polarization vector that are illustrated in Table 5.3. In the table configurations of the piezo- 
electric elements combined under numbers I-VI are shown, in which the respective boundary 


conditions are realized, and various orientations of the polar axis in these piezoelectric elements 
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(designated by numbers 1, 2, 3). The coordinate axes, direction of which coincides with that of 
acting deformation, are designated by dashed lines. 

At first, we consider variants of deformations that are not accompanied by shear, that is, at 
S, = S; =S, =0.The numbers of variants correspond to the numbers of their images in Table 
5.3. 

I. Deformation through the thickness of a plate, other dimensions of which are large. The 
strains in the plane of the plate are absent from considerations of symmetry. Two directions of 
axis 3 can be considered: 1) perpendicular to the plate, whereby S, = S, = 0 ; 2) parallel to the 
plane of the plate, whereby S, = S, =0. By substituting of S, into expressions (5.41) and 
(5.42) for these two directions of axis 3, in the first of which the longitudinal and in the second 


one the transverse piezoelectric effect is realized, we obtain 
l), 2w =E, 2we =S, 202 S658, 5... (5.53) 
2) 20, Sey Ey, 20g SO > Wm = en ES (5.54) 
II. Deformation through the width of a thin plate, one dimension of which is large, or in 
the direction of the circumference of a long thin cylinder. Since the plate (cylinder) has a small 
thickness and mechanical stresses on its side surfaces are zero, they can be considered as zero 
also throughout the thickness of the plate (cylinder). The strains in the direction of large length 
are absent from the symmetry considerations. In this case the strains that differ by the direction 
of axis 3 are possible: 1) axis 3 is coincident with the strain direction, the longitudinal piezoe- 
lectric effect, 7 =0, S, =0 ; 2) axis 3 is perpendicular to the plane of the plate, the transverse 
piezoelectric effect, T, =0, S, = 0 ; 3) axis 3 is parallel to the length of the plate, the transverse 
piezoelectric effect, 7, =0, S,=0. 
For the variant 1 (longitudinal piezoelectric effect, 7, =0, S, =0) from equation (5.8) at 
i= 1 we obtain S, slak, -cË S, let Cı. Substituting the values of S,and S, =0 into expres- 


sions (5.41) and (5.42) we find by formula (5.43) that 


1 1 ri 
W,, = 5 +e /cl)E; e -ecf /cE)E S, = wy ta =c? JeE)S?. (5.55) 


Considering relations (5.16) and (5.17) between the constants of piezoceramics, the expressions 


for components of the internal energy can be represented as follows 
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Table 5.3: Coefficients characterizing piezoeffect under various boundary conditions (1/3) 


I I 
Mechanical 
System 5 
Boundary l 2 l 
Conditions i i i 
nE 42 Lt 43 34% 42 
Parameter 1 ' 2 ' 1 
S,=S,=0,S, | S,=S,=0,8, | S, =0,T, =0,S, S, 
S12 S 2 E 
5 E = E33 Hez | C3 2 
Co é Ez ese =e +, IÈ $ z ey = +e Ch 
=&;(l- k,) 
E E\2 E 
2 Gi — (C13) C33 E E\2/_E 
Ky os ch Gs - (c; y Ic j 3 3 Cii = (c3) ley 
: = sf, /[(sn¥ = (sn) 
E E 
@,, —2,€,,/¢ 
E E 31 33713 33 E E 
n e e e — ehl C e,,(l—¢3 /¢,;) 
A 33 31 33 31713 11 = d,, / (se +s=) 31 1 11 
k €33 €31 
i ERCI ERC - - i 
Designation of k, in Ref. 2 k, k; k,, k,, k; 
K (l-o)Y Y 
4 (1+0)(1-20) i - l- 0° 7 
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ll IV 
Mechanical <> <> Sı 
System S =a 5 Sy 
Boundary 1 2 1 2 3 
Conditions | n | ii 34 42 2A 41 
Parameter a ) K 3 Va) a» 
T, =T, = 0,5, T, =T, =0,S, S, #S,,T, =0 T, =0,S, =S, T, = 0,5, * S; 
63 =En-dal sa | ER = En -da lS% , E3? = E3 — 2d / (sn +52) s 
Ch T 2 T 2 ef? T 2 E33 
= 8; (l - k;,) = £3 (l - k;3) = 33(1—k,) 
x ! f i nAn Z, fi 5.73 
K; E = Wich from (5.69) sé $ sE w mch rom ( 2 ) 
1 d 2d 
ny =E => Wom from (5.70) = Wom from (5.74) 
Si 533 
k d; d,, 
‘ e581 E3533 - : 
Designation of k, in Ref. 2 k, k,, - k, - 
W from (4.16) 2Y W, from (4.16) 
K, Y pot . io pot : 


Table 5.3: Coefficients characterizing piezoeffect under various boundary conditions (2/3) 
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Table 5.3: Coefficients characterizing piezoeffect under various boundary conditions (3/3) 
V VI - 
Mechanical tT os a 
S A 
System Sı 2 sik 
Boundary 1 1 
Conditions 3 2 P 
As E, 
Parameter Wh 1 
S, =0,S, + S, S, =S, S, 
s s s 
Ca E33 E33 Ei 
KË wË, from (5.76) | (cÈ +c) cu =l/ sa 
Ny w,,, from (5.77) 2e;, €s = ds Sy, 
k dis 
c = = TE 
VE S44 
Designation of k, in Ref. 2 - k, ki; 
K, : 7 4 
we =e E, e =e +e cE, (5.56) 
sé 
Wren = (C33 — C3 Cn) S3 =e SS» (5.57) 
511533 — 513 
Ey E dys -dS 
2Wom = (83 = 61613 / C JESS; = | — ES - (5.58) 


11533 -=s 


. . S34 
Here designation £33 


= €$,+e},/cj, is introduced for the dielectric constant determined under 


the condition that $, = Oand S, =0 ,the index of acting strain coming first in the subscript S, , 


Designations with superscripts of the analogous kind will be used further in general 


For the variant 2 (transverse piezoeffect, T =0, S, =0): 


S12 Sia p2 S2 — pS 2 E 
2wy” =E Ez, E =&,+6;,/c3;, 


E 
S 
2 2 ul 2 
2Wroh = = ee /c33)S} = E2 E2 S 2 
u — Siz 
Au 
2Won = (C31 = 63C / C33) ES, = = =F BS). 
12 


For the variant 3 (7, =0,8, =0): 


(5.59) 


(5.60) 


(5.61) 
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Si EE) Si Ss 
mw =e ER, yt =e (5.62) 
sE 
| aT pe E27 .E\q2 _ 33 
2Wrch =(c) TCh [cS "EE E2 S, ? (5.63) 
511533 T S13 


dp (sË +s5)+d,,s% 
Woy = Cy (l-ci [Cy ES, = ES, (5.64) 
511533 T S13 


II. Deformations of a thin bar in the direction of its length, or of a thin short ring in the 
direction of its circumference. This variant is considered in Chapter 1 (Eqs. (1.47)-(1.50)) for 
the case of the transverse piezoeffect ( T, = T, = 0). The variant of the longitudinal piezoeffect 


can be considered in the analogous way. The final results for the energy densities are 


2wi =e8 E, ef =e),-d2/s*, (5.65) 
awh, SET =8? Ish, (5.66) 
2Woy = d ET, = (d; / s; )E, S;. (5.67) 


Here the subscripts į = 1 and i = 3 correspond to the transverse and longitudinal piezoeffects, 
respectively. 

IV. Two-dimensional deformation in the plane of a thin plate. 
In the variant of the transverse piezoelectric effect, Z =0, S,#0, S, #0. The same condi- 
tions apply for deformations that take place in a thin-walled spherical shell, and along the axis 
of a thin-walled cylinder. In the general case (variant 1), in which S, + S,, we obtain using 


equations (5.8), (5.9) and relations (5.41), (5.42) that: 
2wii? = ey? E}, (5.68) 


Wires = (Gi Ge 1c% XS? A S3) + 26; -c Nea JSS, = 


sË (5.69) 
=- n E2 [sy — (si / s1,)S\S, +54], 
Si — Sip 
2 = -e cË /ch)E,(S,+S,) = dE, 
Won = (81 = 83C / C33 JE, (S, + S,) =- z (S, +S). (5.70) 


Si TSi 


Here relations (5.16) and (5.17) between the constants of the piezoceramics are used. For a 
pulsating sphere (variant 2) S, = S, =S and 
2wË , =28° / (sË +55), 2w, 


mch m 


=2d ES / (s5 +85). (5.71) 
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In the case that direction of polarization is parallel to the plane of the plate (variant 3) 7, =0, 


S, #0, S, #0, and we obtain 


we =e Ef, (5.72) 
ye y= EEF (SÈS? 255S, +5457), (5.73) 
511533 — S13 
E 
2 Wom = vege — 3 rz [(d5,533 d3813)S, +(d,3s7, — ds,51,)S5]. (5.74) 
11533 — $13 


V. Two-dimensional deformation in the plane of cross section of a long cylindrical bar. 


Unlike the above example, here under the transverse piezoeffect S$, =0, T, #0, and 


2W = E&E; (5.75) 
we, = (CES? +2cES S, +ch.S5) , (5.76) 
2Woy, = = eE, (S, +S) é (5.77) 


VI. Shear deformation of an elemental volume. 
If no mechanical transformation of shear into strains of other kinds is assumed, then S, =0 at 


i #4, and from equations of type (5.31) and (5.35) at m = 2 we obtain 


Ween E, (5.78) 
2Wrer = CaaSa = Ty | Say (5.79) 
2Wom = Cr4S4Ey = Ay TE, « (5.80) 


Returning to expression (5.34) for the internal energy of a piezoceramic volume element 
we can conclude that the electric (£) and mechanical (S,) variables are would be separated. 
The quantity w% is determined as the energy of the volume made from ceramics with dielectric 


constant known for each particular case of deforming. The quantity w? is determined as the 


mech 
potential energy of the element of passive ceramic material (with elastic constants at E =0) 
taking into account anisotropy of elastic properties of piezoceramics. 

Essentially new is the quantity w,„„, which characterizes electromechanical conversion of 
energy in piezoceramics. For evaluating the quality of piezoceramics as an active material, 


electromechanical coupling coefficients are widely used. Their values are directly related to 


values of the electromechanical energy w,,, and depend on conditions of a piezoelement 
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deforming. Before considering methods of determining the electromechanical coupling coeffi- 
cients and calculating their values for the most common conditions of deforming of pie- 
zoceramic volume elements, we note that in all the above considered cases of deformation, 
except for examples with two-dimensional deformation at S, # S,, density of the internal en- 
ergy is expressed through one electric ( E ) and one mechanical ( S, ) variable. For all of these 
cases analogy can be drawn between energy conversion in elemental volume of piezoceramics 


and in electromechanical two-port network. Indeed, if one considers a unit volume element 


( Ax, = Ax, = Ax, = Ax =1), then the value of Æ is numerically equal to the voltage between 


electrodes V (E =V / Ax), S, is numerically equal to the displacement of the respective face, 
(S,=&/Av), and s is equal to the capacitance of the volume element, C$ 


(CÌ =£% Ax / Ax) . Taking into account these considerations and relations (5.33), expressions 


for the internal energy and its components, w = W, = W} +W, Wo, =W,.,, Can be repre- 
sented as follows 
wi = CAV? 12, (5.81) 
Wren =KqS; /2, (5.82) 
Wi, =AVS, /2. (5.83) 


Here C$ ,K#, n, are the coefficients, which stand for specific capacitance, specific rigidity 
(CË =1/ K} is specific flexibility) and electromechanical transformation coefficient for differ- 
ent variants of one-dimensional deformation of the volume element. Using these coefficients, 
we can represent piezoelectric equations in the following general form, 


T=K®S-n,E,, (5.84) 


D, =nS+CSE,, (5.85) 


where S is the only active strain. Similar representation can be used for the case of the shear 
deformation. 

Expressions for C, Ki and n, for different variants of one-dimensional deformations 
that follow from above expressions for the energy densities are presented in Table 5.3. The 
table also contains expressions for K, related to the case that a passive isotropic material is 
used at the same boundary conditions. For the two-dimensional deformations the references are 


given to the formulae that must be used for determining the respective energy densities. 
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Figure 5.3: Electromechanical two-port network. 


It is easy to verify that the energy relations (5.81)-(5.83) are valid for the electric two-port 
network shown in Figure 5.3 (a), if to use generally accepted rules for calculating electric cir- 
cuits and to assume that the fictitious transformer introduced in the circuit maintains the trans- 
formation ratio n, down to the frequency æ = 0 (corresponds to the static deformation). 

In the mode of the electromechanical conversion the energy is supplied to the electric input 
(position 2 of switch E/) and the mechanical output is under the conditions of open circuit ( 
S, =0) or short circuit (7; =0) in positions 1 or 3 of switch Mch, respectively. 

In the mode of mechanoelectrical conversion, in which case energy is supplied to the me- 
chanical input (position 2 of switch Mch), one can obtain expressions for internal energy of the 
volume element, which correspond to conditions of short circuit (E = 0) or open circuit (D = 0) 
of the electric side in positions 3 or | of switch E/, respectively. The same results follow from 


the expressions (5.47)-(5.52). 


5.4 Coupling Coefficients 


5.4.1 About the Definitions for the Electromechanical Coupling Coefficients 
Electromechanical coupling coefficients (further just coupling coefficients, k,) are important 
parameters of piezoelectric material and piezoelectric bodies subjected to deformation. They 
are introduced for evaluating quality of piezoceramics as piezo active material for various con- 


ditions of deformation. The basic energy expression for k, is* 
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k= energy stored n the mechanical form l (5.86) 
total input energy 
For the receive mode of operation this definition can be rephrased as 
k= energy stored in the electrical form (5.87) 


total input mechanical energy 


In a piezoelectric body of finite size the quality of electromechanical conversion depends 
on distribution of strains over its volume. For evaluating effects of energy conversion in piezo- 
electric bodies under nonuniform strain distribution the concept of effective coupling coeffi- 
cients, koy» 
done in Chapter 2 (formula (2.88)), to 


is introduced. For this case expressions (5.84) and (5.85) can be modified, as it was 


2, = energy stored in mechanical form in the considered mode of vibration 
of 


: at o> 0. (5.88) 
total input energy 


The effective coupling coefficient is related to a static strain distribution in the body that corre- 
sponds to a particular mode of vibration. Several examples of application of this formula were 
considered in Chapter 2. 

It is difficult in some cases to calculate and especially to analyze the possible ways of 
optimizing the effective coupling coefficients using the above expressions directly. Therefore, 
one more formula for coupling coefficient was introduced in Ref. 2 


k, =, (5.89) 


Vy We W mech 
The extension of this formula to the case of the effective coupling coefficient of a piezoelectric 


body, 
(fw. 


ka = > 5.90 
a cf w.dV\(f W peerd V ) i i 
4 V 


was reported in Ref. 5. In formulas (5.89) and (5.90) w 


em? 


w, and w,,,., are the densities of the 
mutual, dielectric and elastic energies in our notations (the original notations in Ref. 2 are U,,, 
U, and U,, respectively). Applications of these formulas are not straightforward and require 


additional explanations. A systematic review of the definitions for the coupling coefficients that 
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includes explanation of possible shortcomings in application formulas (5.89) and (5.90) is pre- 
sented in Ref. 6. Results of this work will be used for further analysis of issues related to the 
concept of effective coupling coefficients. 

It is noteworthy that sometimes (e.g., in Ref. 2) the coupling coefficients of piezoceramics, 


k,,, are referred to as static coupling coefficients, and the effective coupling coefficients, key : 


as dynamic coupling coefficients. Such definitions do not follow from the essence of the matter 
since the notion of strain nonuniformity is not necessarily related to motion. The dynamic 
strains may be uniform throughout the volume, as, for example, in pulsating vibration of a ring 
or of a spherical shell, while the static strains may be nonuniform, as in the case of bending of 
plates and beams. 

At first, we will turn to the coupling coefficients of piezoceramic material at various me- 
chanical boundary conditions. The effective coupling coefficients for piezoceramic bodies un- 


der nonuniform deformation distributions will be considered in Section 5.6 after the general 


analysis of the energy state of a deformed body will be done. 


5.4.2 Coupling Coefficients of Piezoceramic Material 
The energy stored in mechanical (electrical) form in the expressions (5.86) and (5.87) is the 


or the mechanoelectrical, w 


me ? 


electromechanical, w energy (depending on direction of the 


energy conversion). The coupling coefficient will be denoted as k,, until particular boundary 
conditions are specified. Using relation (5.43) the coupling coefficient can be represented in the 


following equivalent forms 


E E 
w Wem 
k = n (5.91) 
" wtw? wietwe 
2 Won me 
ke T D (5.92) 
War mch 
and, after using relation (5.33), 
Wen Won 
ke =—t x ‘ (5.93) 
War War + Wem 


where from 
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k? w 
Ln el 5.94 
l-k ws Cee 


The reason, by which w,,, and Wie in relations (5.91)-(5.94) are taken by modulus, was ex- 
plained when discussing formula (5.53). Convenience of application of the alternative expres- 
sions (5.92) and (5.94) for the coupling coefficients depends on what quantities are more ap- 
propriate to use as independent variables in a particular variant of the boundary conditions. 
Since the expressions for w,,, and w, under various boundary conditions are determined in 
Section 5.3, formulas (5.91)-(5.94) can be readily used for calculating the corresponding cou- 
pling coefficients. To this end, we will manipulate formulas (5.91)-(5.94) in such a way that it 
explicitly includes specific quantities C$ , K#, n, that were introduced for a unit volume. Us- 
ing relations (5.81)-(5.83) we obtain 
j 1 
ki = HCA (mee) (5.95) 

Expressions for the coupling coefficients k,, at the various boundary conditions considered in 
Section 5.3 are presented in Table 5.3 

Using formula (5.91), we can obtain relations between the values of elastic and dielectric 


constants of piezoceramics under various mechanical and electrical boundary conditions that 


involve the respective coupling coefficients. Since it follows from expressions (5.44), (5.45) 


and (5.51), (5.52) that Sw, =dwi —dw*, Sw, = dw" and, similarly, dw,, =dw,,, -—dw,.,, 
D 
=OwW 


el me 
6 mch mch > 


the formula (5.91) can be transformed, as follows: 


T, 5S, De eE 
k2 a Wa =W = Wrich W mch 
2 Ma = [l (5.96) 
wi w 


el 


These relations can also be obtained by means of the circuit shown in Figure 5.3. In the case 
that independent electric energy is supplied, after transforming the mechanical impedance to 


the electric side (Figure 5.3 (b)) we obtain 


w= sv (CA +n,Cy ) = vc =wi, (5.97) 
Fh maa Ne 
wi sas = oe) = 2 zr = ka. (5.98) 
2 w T+C / nC 


From these expressions follows that 
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Ca=CAI-K,). 633 = 85l ka). (5.99) 


In the case that independent mechanical energy is supplied, after transforming the electrical 


impedance to the mechanical side (Figure 5.3 (c)) in analogous way will be obtained that 


Ke (1-k)=K}. (5.100) 


Thus, using relationships (5.99) and (5.100), in variant I.1 of the boundary conditions (see Table 
5.3) we obtain 
&, =e3(l-k), BA-k)=ch, (5.101) 


and in the variants II.1 and HI.2 


e =e, (1K), 5 (I-K)=s?, (5.102) 


where i = | and i = 3 for the transverse and longitudinal piezoelectric effect, respectively. 
Since the values of the coupling coefficients depend on a type of boundary conditions, a 

question arises, what their maximum values are and under what mechanical action they can be 

realized. In the case that m = 2 the only and hence the maximum coupling coefficient is k,, . In 


addition to the relevant expression presented in Table 5.3 the expression 


ki =1-e) / ef (5.103) 


that follows from relation analogous to formula (5.99) is another option. In the case that m = 3, 


the maximum value of the coupling coefficient k (it is called “invariant” in Ref. 2) can be 


max 3 


obtained by generating in a volume element stresses T, and T, =T, of opposite signs, e.g., 


tension along the polar axis and compression in the perpendicular plane, whereby 


kale le, (5.104) 


5.4.3. Cycles of Energy Conversion by a Piezoelement 
For better understanding the physical meaning of concepts of the electromechanical energy and 
of the coupling coefficient, consider the cycles of conversion of the electrical energy into me- 
chanical energy, and the reverse conversion of energy of a mechanical source into the electric 
energy that are performed by a piezoelement. The piezoelement will be schematically repre- 
sented by the two-port system (short bar) having electrical and mechanical inputs. The electro- 


mechanical conversion is illustrated with diagrams in Figure 5.4. 
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Processes of the energy conversion will be assumed as proceeding in several stages. We 
assume that at the first stage (it will be labeled by the superscript /) an external force F is applied 
that clamps the piezoelement in the direction of axis 3 (S? =0). The external electric source 
produces electric field E} inside the element. As follows from equations (5.11)and (5.12), in 
the piezoelement arise the mechanical stress and charge density 


T} =-dE; / S55 (5.105) 


D; =(e3 -d3 / s} )E3 = e3 E3. (5.106) 


The change of state of the piezoelement at this stage is represented in Figure 5.4 by segments 


0, I. The electric source has supplied energy 


(5.107) 


S. 


Figure 5.4: Cycle of the electromechanical conversion: tan a@ = £33 , 


tan B= <8, 
At the second stage the piezoelement is disconnected from the electric source with its electrodes 
remaining open (thus D” = D; ). The clamping force is removed, which is equivalent to con- 
necting a small resistance of mechanical load, 7, , to mechanical terminals of the piezoelement. 
In the ideal cycle r,, — 0 , and at the end of the second stage T” =0. In the reality r, how- 
ever small, still has a finite value, so that i z0 . Using equations (5.11) and (5.12) we obtain 
by the end of the second stage for an ideal cycle 

D; = Es! = Ds = 6} Es, 

EF Sen |6}, (5.108) 
S? =d EF = deR E; / E 


(Note that T, = T, all the time, and condition T” =0 is equivalent to condition of mechanically 
completely free piezoelement. Therefore, use of £, is justified.) The change of state of the 


piezoelement at this stage is represented by segments Z, II. The energy 
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= TIS! /2=d2e8 (EL) / 255e? = wk (5.109) 


i 
(win 


passes into the mechanical load. Energy w”, is taken by modulus, because formally it has sign 


minus ( ôw” 


mch 


=T} - S” and ST! <0), which means by accepted rule of signs that the energy 
flux flows out of volume of the piezoelement. 

At the final stage, the electrodes are connected to a small internal resistance of the electric 
energy source, r. Ideally z, > 0, Ei” =0 and S” =0. In reality E” %0 . In the ideal cycle 
by the end of this stage the piezoelectric element returns to the initial state of the piezoelement, 
in which £,=0, S, =0, and T, = 0. The change of state is shown by segments ZI, II. On this 
path the piezoelement returns to the electric source the energy 


LH 


wit| = DEBT /2 = 65 (EL) /26%, = whe I£}, (5.110) 


while it does not perform any mechanical work ( T” =T" =0). (The modulus of the energy, 
w is used since the energy flux flows out of the piezoelement and formally should have sign 
minus. Indeed, 8w” = Di SE’, where SEY <0.) 

w” 


el 


, returned 


The difference between the energy w’, , supplied to the piezoelement, and 
by the element to the electric source, is equal to the mechanical work performed by the piezo- 


element, i.e., to the energy transferred into mechanical load. Thus, 


wa -|wi |= wh (1-28 / En ) = Waa 


= w kh. (5.111) 


From the graphic representations of the ideal cycle in Figure 5.4 follows that the energy sup- 
plied by electric source to the piezoelement is proportional to area of the triangles 0,7, E; or 
0,1, D' , i.e, Som > w? . The energy returned to the source in the end of the cycle is propor- 
tional to area of the triangle 0, //, D;' . Area of the triangle 0, Z, 


Soru =S = Sonn > Wom (5.112) 


represents electromechanical energy, as a part of supplied electrical energy that can be con- 
verted into mechanical energy in the ideal cycle. 

For the case of the mechanoelectrical conversion of energy of a mechanical source into the 
energy transferred to an electric load the graphic representation of the ideal cycle can be ob- 
tained in the analogous way. Therefore, we present only basic relations relevant to each of the 


conversion stages that are illustrated in Figure 5.5. 
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Stage I. The source of mechanical energy produces strain S{ (let it be tension, S$ >0). 
Electrodes of the piezoelectric element are open, D} =0. It follows from equations (5.11) and 
(5.12) that 

E; =-d T} / €,, (5.113) 


Se e E. (5.114) 


The mechanical energy supplied is 


=T'S! /2=s2 (oy /2. (5.115) 


Wch 


The change of state of the piezoelement is characterized by segments 0, Z. 

Stage II. Having fixed the face of the piezoelement (maintaining S7 = S{ ), we terminate 
its electrodes by a small resistance of electric load, z, +0. In the ideal cycle, r, =0 and 
Es’ =0. The mechanical stress in the piezoelement changes to a value of T,” that can be found 


from the condition 


Figure 5.5: Cycle of the mechanoelectrical conversion: tan œ = s2 , tn B= st ; 


S=8 SS. sb (5.116) 


where from 


T? =s2T} is, D" Sal Hans 1 Is}. (5.117) 


The electric energy that enters the load is 


Wi |= DIE; /2 =d} sy 12s saw aka. (5.118) 


mch 


This energy is taken by modulus because it escapes the piezoelement, and formally is negative 
by the rule of signs, as this was considered regarding the mechanical energy that flows into load 


in the previous case. In Figure 5.5 the change of state is shown by segment J, JI. 
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Stage III. The force that maintained the strain constant is reduced to zero in the ideal cycle, 
and T” = S7” =0. (In the real cycle they drop to small values that are determined by the in- 


ternal resistance of the mechanical source, r 


mch 


— 0). The electrodes remain short circuited, 
thus, E” = E” =0 and no change of electrical energy takes place. Not spent part of mechani- 
cal energy, 


wi 
Wrich 


=T'S! /2=(s27/) /2s% =wi,s? 155, (5.119) 


on this stage returns to the mechanical source. (The energy is taken by modulus because it flows 


out of volume of the pizoelement.) Change of state of the piezoelement to the initial one (in the 


ideal cycle to Ei” = Di" =0, Si" =T" =0) is represented by segment J, III. As the result, 
= Wro [Waer | = 


Wher (1-53 / 55 ) = Wheikss - (5.120) 


mch 


This part of supplied mechanical energy that may be converted into electrical energy in the 
ideal cycle (mechanoelectrical energy) is represented in Figure 5.5 by area of triangle 0, J, JI. 

Both electromechanical and mechanoelectrical energies are also called convertible or mu- 
tual energies’. Ratio of the convertible energy to the total energy supplied to the piezoelement 
is equal to the coupling coefficient square in the ideal cycle. In a real cycle the convertible part 
of the energy is smaller. 

Clarification must be made regarding using formula (5.89) (and hence formula (5.90)) for 
calculating the coupling coefficients. This expression differs from the physical clear definition 
(5.86). It is introduced in a formal way and has shortcomings. Consider the way, how it is 
derived in Ref. 2. Starting from the general expression for the internal energy 


Wine = SST +5DyE qs (5.121) 


and using the piezoelectric equations (5.30), the authors obtained 


=l rer +l 5 Fd inknt 5 E,d, TIRE ST U (5.122) 


int im ~m m” im i 2 


where U, =T s} T,/2, U,, = E,d T,/2 and U, = £% E; /2 are the elastic, mutual and die- 


lectric energies, respectively. Afterwards, the definition (5.89) for k,, is introduced by analogy 


with the correlation coefficient between two actions. However, it must be remembered that 
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E,,D,,/2 and T,S,/2 in relation (5.121) are independent electrical and independent mechan- 
ical energies. Therefore, the relations (5.121) and (5.122) should be represented in our desig- 


nations in the form of 


Wi = : S, T, ṣ4 : E,D, = : T,stT, += ltd E, +— TTd,E, tler p? 
2 2 2 2 (5.123) 
= Wrech + We + Wen + wa 


Now it is clear that the middle terms in relation (5.122) being outwardly similar are not equal 
in general and could not be doubled. They may be equal only in the case that a certain relation 
exists between otherwise independent electrical and mechanical actions. Being obtained from 


equation w,, = this relation is 


Wre > 


BEEN (5.124) 


Because of the above mentioned inaccuracy the piezoelectric equations (5.8) and (5.9) with 
strains as independent variables cannot be used for deriving expression (5.89). In fact, the same 


procedure, as described by expressions (5.121) and (5.122), being applied in this case leads to 


1 
5s yD, B T SenE,- J maia a ERE; =U, , +U; 2 (5.125) 


and the mutual term disappears. 
Despite the inaccurate derivation of formula (5.89) the expression of this kind can be used 
for determining k,„, because it can be obtained from the original definition (5.86) in the form 


= wË n> in the case that the 


W, 


em 


of expressions (5.91). Indeed, if to take into account that 


stresses are independent variables expression (5.92) for k} can be represented as 


wW, w, W, 


Won em em £ = em 
= ` i.e., k = 


T > > m y 
wa Wa Wrech A | w We eck 


In the case that the strains are independent variables, it can be found from expression (5.94) 


k= (5.126) 


that 


= w, em 


em| _ 


W. 


; W, 
A IN 

2 S S 2 
1 z ka Wa Wa Wech y 1- k, k We oh 


(5.127) 


Expressions (5.126) and (5.127) can be used for calculating k 


m 


, as well as formulas (5.91). 
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5.5 Internal Energy of Piezoceramic Body 


The main content of this section was presented in Ref. 3. 


5.5.1 | Basic Considerations 
We define the internal energy of a piezoceramic body as an integral of density of internal en- 
ergy, Wm» over its volume. Taking into consideration that a volume element inside the body 
experiences reaction of the surrounding parts of the body in course of deformation (denote it 
T,,), the expression for w,, have to be used that follows from relation (5.37). Given that 


w, =T,8,/2, 


ri~i 


n~ i 


W, = [Wid = [wha +f er ge JTS að. (5.128) 
V V V 2 V 


Applying Green’s transformation to the last integral and keeping in mind that no external vol- 


ume forces are present, we obtain 


[TS aĵ =| f-€dz=W, =0. (5.129) 
V x 


Here f is the density of the forces acting on the surface 2 ofa body, č is the displacement 
of the surface points, W, is the work of external forces, i.e., the mechanical energy that flows 
through the surface of the body. Since deformations of the body are supposed to occur under 
the ideal boundary conditions, W, =0. The following information must be available for calcu- 
lating the integrals in (5.128) in addition to the energy densities that are already considered for 
various mechanical boundary conditions. 

Configuration of the piezoceramic poling electric field must be known since it determines 
the crystallographic coordinate system q,, q>, q}, for which the tensors of piezoceramic con- 
stants presented in Table 5.1 are valid. It is expedient to perform integration in this coordinate 
system, otherwise the tensors of the constants must be transformed to a chosen coordinate sys- 
tem. 

Configuration of the operating electric field must be known. According to our convention, 
we have to consider only two variants: E | q, (m=3, E +0, E, =0)andE L q, (m=2, 
E, +0, E,=0). The first variant corresponds to the most common case, in which the same 


electrodes connected in the same way are used both for ceramics polarization and for operation. 
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If in the operating mode some parts of the electrodes are connected in antiphase, then field 
component £, may develop in the parts of the volume around the gap between these parts of 
the electrodes. For implementing the second variant, the operating electrodes should be applied 
in such a way, as to insure the condition E L q,. Usually this involves removing the electrodes 
used for polarization and applying new electrodes. If necessary, the general case of arbitrary 
mutual direction of vectors E and P can be considered as superposition of these two variants. 

Distribution of strain, S,, over the volume must be known. Since for solving vibration 
problems in generalized coordinates the systems of supporting functions are used that charac- 
terize distribution of displacements over the volume, in the general analysis of the energy state 
of a body the strain distributions can be considered as a priori known. 

Prior to determining the particular configurations of polarization field, which depend on 
the shape of the piezoelectric elements and layout of electrodes on their surfaces, we will carry 
out analysis of integral (5.128) in the curvilinear coordinate system of the general form. Con- 
figuration of piezoelement of a general form is qualitatively shown in Figure 5.6. We assume 
that the unit vector q, is tangential to the lines of force of the polarization field, and the unit 
vectors q,, q, are tangential to the equipotential surfaces of this field. The elemental volume 
dV = H dą, is limited by the side surface of a tube of current formed by lines of force of oper- 
ating electric field and equipotential surfaces of this field (Figure 5.6). 

At first, we will assume that the entire volume of the piezoelement is confined between 
two electrodes. Since both variants of mutual directions of the poling vector P and of the oper- 
ating electric field E can be considered in analogous way, a detailed analysis will be made for 
the variant of E || q, and the final result will be given only for the variant of E L q, . All the 
analysis will be performed for the mode of the electromechanical conversion. 

The components of internal energy densities w and w,, in formula (5.128) are defined 
by relations (5.41) and (5.42). Peculiarity of the energy conversion by the elemental volume 
inside the piezoelectric body may occur due to possible mechanical and electrical interactions 
between this element and the neighboring parts of the body. The mechanical interactions don’t 
produce effect on the result of integrating over the volume under the ideal mechanical boundary 


conditions, as it follows from expression (5.129). 
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The electrical interactions between elements inside the body can result from the fact that 
distribution of the electric field in a deformed body (it will be denoted by E; ) may differ from 
distribution Æ, in a clamped body under the condition that the same voltage is applied, since 
for an elemental volume the field generated by the remaining part of the body as a result of the 
piezoelectric effect turns out to be external as well. Therefore, E, should be replaced by E; in 
Eqs. (5.8), (5.9) and (5.11), (5.12), if the volume element under consideration is inside the body. 
Thus, one must know the distribution of E; over the volume of the body with respect to E;, 


when integrating density of the internal energy, w, 


int 


. Thus, relation between values of E£, and 


E, must be established. 


dl.=H3dq3 


Figure 5.6: Piezoelectric body represented in the crystallographic coordinate system. 


Since piezoceramics is dielectric material, and there are no electrodes inside the volume 


upon which free charges could form, 


depe =| CO) DB) ODE | 6, (5.130) 
AHH, ôq, ôq, ôq; 


If E|| q;, then Dı = D2 = 0, because there are no electrodes on the respective surfaces of the 


body, and 


0(D,H,H,)/0g,=0, D,H,H, = constant . (5.131) 


After applying Eq. (5.9) to the elemental volume of the body in Figure 5.6 with substitution of 
E, for E,, multiplying both sides of the equation by H,H, , and integrating along the line of 
electric field /, (dl, = dl, = H,dq, ), we obtain 
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S A 
= | E;H,H,H;dq; + 
20 


I, 
= S.H,H,H,dq,. 5.132 
3 LHH fs 141517344, ( ) 


el 


Note that the length /, in general may depend on the coordinates q,, q, . The first term in this 
relation represents the charge density ¢3,E, due to the electric field E, in the clamped body 
under the applied voltage. The second term represents the charge density generated by the de- 
formation of the body due to the piezoelectric effect. Substituting D, expressed by Eq. (5.132) 


into Eq. (5.9), we obtain the electric field inside the vibrating body E; in the form 


El =E,+ ag SHa- ai (5.133) 


a H H, a 


Note that in relations (5.132) and (5.133) summing by the repeating index is assumed. Namely, 
in general it may be eS, =e (S, + S,)+e,,S,, but here S, are the working strain only. For 
particular boundary conditions, which result in one-dimensional deformation, 


eS, / és: =(n,/C%)S,, where S, is the working strain, n, , C$ 


4, are the constants presented in 


Table 5.3. With regard to relation (5.95), e, / £% can be replaced by K(k? / ( l1- kè) , where k, 
is the respective coupling coefficient. 

Under nonuniform deformation of a body the equation (5.132) for D, and the following 
equation for stress T, 


2 e, 
fsi ÎS HH, Hdg, + (5.134) 


7s =c} Sh -6E S 
EH Hale 4 Es 


must be used for its internal points instead of the local Eqs. (5.8) and (5.9). It is obtained from 
Eq. (5.8) after replacing E, by expression (5.133) for E; , The expression (5.128) that includes 


components of the internal energy have to be rewritten correspondingly, as 


= [wal + fw, dV =~ lene yaV+— sees (5.135) 


We 


When integrating after substituting E; by its expression (5.133), the assumption that H,H,, is 
approximately independent of coordinate q, can be adopted for practically all the piezoelectric 
ceramic transducer designs. (Otherwise, the poling electric field in the piezoelectric elements 
could be nonuniform that would result in a poor quality of polarization). Under this assumption 


and considering that 
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l 
[Hoda =1, (5.136) 
0 


the integration in Eq. (5.135) becomes straightforward and leads to the following results. 


1 \2 
5Jen(2) dV = 
y 
(5.137) 
le 1 L 
=; Jee Wia Poa 1(}san) H H,dq dq, 
33 qd 0 
- fe,S,EidV = 
V 
(5.138) 


2 
=; Jeusib ay 2 Í siman -H Ja in H,H,dq,dqy. 


33 qq 


Integrating in the second term is supposed over the equipotential surface perpendicular to the 
direction of polarization, q;. 

It should be noted that by virtue of relations (5.38), in which E£, must be replaced by E;, 
and (5.129) 


mch 


a feEsSa =] T e [t,S,aV = J we dV =W. (5.139) 
2 4 4 2 4 


Here We is the strain energy of piezoceramic body, calculated under the assumption that the 
electric field is kept constant in the course of deformation. 


Several designations will be introduced for brevity: 


; fe Ezav =W; (5.140) 
J 


for the electric energy supplied to the clamped body by the source generating the electric field 


of strength £; ; 


pfevksa? = W, (5.141) 


for the electromechanical energy, and 
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2 1 L 2 

E f Ey 

FE Í | S? H,dą, Hh Si A, H,dq,dq, = AW (5.142) 
33 q| 0 eo 


for the additional term, which depends both on the strain distribution and on the configuration 
of electric field in the clamped body. This quantity accounts for influence exerted on the internal 
energy by possible differences in conditions of electromechanical conversion over the volume 
of the body, which may arise under deformation. In other words, this term characterizes elec- 
trical interaction between elements in a deformed body. 

For the boundary conditions, which result in one-dimensional deformation, 
eS, / és; =(n, /C%)S,, where S, is the working strain, n,, C; are the constants presented 
in Table 5.3. With regard to relation (5.95), e, /£ can be replaced by Kyk? i(1 = kè) , where 
kec is the respective coupling coefficient. 


Summarizing expressions (5.138) through (5.142), we find that 
W, =W +AW . (5.143) 


After substituting expressions (5.137) and (5.138) into formula (5.135), and taking into consid- 


eration the introduced designations, we obtain 


W, 


int 


=W} +W, =Wy +W; + AW . (5.144) 


In the case that the strains do not change along the direction of electrical lines of force (i. e., 


OS, / ôq, =0), AW =0, and relations (5.143) and (5.144) become 
W, 


int 


=W +We 


m? 


W,,, =We . (5.145) 


That is, under the condition that AW =0 the electric and mechanical variables would be sepa- 
rated. This means that the internal energy of a deformed body can be calculated as a sum of the 
electric energy of the body being clamped and of the mechanical energy determined at the con- 
stant electric field. This statement can be qualified as formulation of the Theorem of Separation 
of the electrical and mechanical variables in the deformed piezoceramic bodies. 

In the variant that E L q, ( E = 0, E, #0), relations (5.143) through (5.145) remain valid, 


and for the energies involved therein the following expressions hold: 


1 as 
Wa =5|enEzal , (5.146) 
V 
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Wa fen E,S,d? = fdp E,T,d? > (5.147) 
V V 
wE =+ [wf dV (5.148) 
m 2 J mch2 > 
e A 1 L l 
AW =<% [| [S}H,H,H,dq, — 7 | S,H ,dq,[S,H,H,H,dq, |dqdg,. (5.149) 
11 qg L0 e 0 0 


The condition, under which AW =0, is 0S, / ôq, =0. 

When calculating energies by formulas (5.139) through (5.141) for the particular bodies 
under certain boundary conditions, the expressions for energy densities w4, wË, and w,,, must 
be used that are given in Table 5.3. 

Let us assume that the piezoelectric body has one mechanical degree of freedom. The dis- 
tribution of displacements inside the body can be represented as &(r,t) = &,(¢)O(r), where 
é (t) is the displacement of a reference point on the surface of the body and O(r) is a non- 
dimensional function of the geometrical coordinates, which does not change in the frequency 


range under consideration. Then all the components of the VW, 


int 


may be expressed by é as the 
generalized mechanical coordinate and by the voltage V as the generalized electrical coordinate, 


namely, 


(b) 


Figure 5.7: Equivalent circuit of a transducer with one mechanical degree of freedom: (a) the 
general representation (in the case that electrical and mechanical coordinates are separable, i.e. 
AW =0, the compliance AC must be excluded), (b) the Mason’s equivalent circuit for an end- 


electroded bar vibrating in the fundamental mode. 
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Oy KEE 2 AKE? 7 
W; a > We = = S = o d Won = l Vén, AW = So = Se ý (5. 150) 
2 2C 2 2 24C 


Here C$ is the electrical capacitance of a clamped body, KË and CË are the equivalent rigidity 
and compliance ( KË = 1/ CË), n is the electromechanical transformation coefficient and 
AK =1/AC is the additional rigidity of vibrating body, which is associated with energy AW . 
Generally, the equivalent electromechanical circuit of such a transducer with one mechanical 
degree of freedom can be represented as shown in Figure 5.7 (a). In the case that electrical and 


mechanical variables are separable (AW =0), the circuit element AC must be excluded. 


5.5.2 About the Physical Meaning of Quantity AW 


The energy term AW that is defined by expression (5.142) is the matter of principle in terms of 
separation of the electrical and mechanical variables. Consider the physical meaning of this 
term and quantitative estimate of its magnitude in comparison with the elastic energy W." . It is 
convenient to examine these issues with typical examples of the longitudinally vibrating bars 
having different electrical boundary conditions, as illustrated in Figure 5.8, and with rectangular 


beams in flexural vibration, shown in Figure 5.11. 


5.5.2.1 Longitudinally Vibrating Bars 
The internal energy densities of the longitudinally vibrating bar are given by the expressions 


E; S? d;, 
S S; 3 E i 3 
3 2 Wn = > Won = - SE. . 5.151 
2 Ose 2f? OR) 


Distribution of displacements and strain in the bars under consideration are 
&(x) =, cos(zx/1) and S,=—&(2/1)sin(zx/1), respectively. The equivalent parameters 
for the bars must be calculated using expressions (5.139) through (5.142) and energy densities 


by formulas (5.151). The coordinate system is rectangular. Thus, when calculating AW by for- 


mula (5.149) it must be taken H, = H, =H, =1, dq, =dx,, dq, = dx,, dq, = dx, . Besides for 


working strain along direction of polarization 


eS? | a AaS I sures = 12,8) S (k ss, (5.152) 


and for the working strain in the transverse direction 
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Figure 5.8: Piezoelectric bars vibrating in the longitudinal fundamental mode: (a) side-electroded, 
transverse piezoeffect; (b) end-electroded, longitudinal piezoeffect; (c) segmented axially polar- 


ized, longitudinal piezoeffect. 


eS? / ei} = S = 12,8? (1-23, sq. (5.153) 


The following results of calculating the equivalent parameters will be obtained. 
For the side-electroded bar (transverse polarization) the working strain is S(x), 


dS, / dq, =dS,(x)/dz=0 and the equivalent parameters are 


wl 1 mtw 2wd 
L a aE t= — at AK=0. (5.154) 
11 11 


m 


The side-electroded bar is a typical case that electrical and mechanical variables are separable. 
The equivalent circuit for the transducer looks like it is shown in Figure 5.7 (a) without AC 
and obviously coincides with the common equivalent circuit for a side-electroded bar vibrating 
in the fundamental mode. 

For the end-electroded bar (axial polarization) the working strain is &,(x), 


dS, | dq, =dS,(x)/dx=—& (rx / D? cos(zx/1). Thus, 


2 l 1 2 2 
Apo bs | ja {fsa |S (5.155) 
0 


21k, s3] 3 2 


The equivalent parameters are 
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wt kE 1 mtw q- 2st 
E Seal Seal 


2 
ak, =25=KE(1-5,) ley 
AC m )(1—-k) 


CS = 67 (1 ka) 


$ 


(5.156) 


The end-electroded bar is the most typical representation of a transducer with nonuniform strain 
distribution along the electrical field, which results in the additional rigidity AK associated 
with the energy AW . In the case that PZT-4 is used with k;, =0.5, AK, =0.2K~ . This effect 
is represented by the term AC in the equivalent circuit shown in Figure 5.7 (a). The Mason’s 
equivalent circuit (Ref. 2) shown in Figure 5.7 (b) represents the same end-electroded bar vi- 
brating in the fundamental mode. The parameters C? and (—C$) in Figure 5.7 (b) are respon- 
sible for the same effect of the internal energy component WË? +AW , as parameters CË and 
AC in Figure 5.7 (a). 

For the segmented axially polarized bar at the parallel electric connection of the segments, 
as it is shown in the Figure 5.8 (c), the poling directions and directions of the working electric 
field coincide in each segment. In terms of deformation nothing has changed in the bar. When 
computing W3 , W,,, and AW the integration must be performed over each segment and the 
results must be added up. Finally for energy AW, which in this case will be denoted as AWy (N 


is the number of segments), we obtain 


2 
1 k2 S iS 1 N Axn AK E: 

AW, = 3 ies] | S?dx S,dx | |= =e, 5.157 

N 21-k, så Js: +3 J : 2 ey) 


n=l \ ax(n—t) 


After substituting expression for S, into the integrals will be found that 


k 1 a 
AK,, = KE —3—|1 sin’ i . 5.158 
A E al 2N )\2N ue) 


Here £=1 at N>2 and B=2 at N=1, which correspond to the preceding case of the solid 


axially polarized bar. All the other equivalent parameters are 


wtN? 


Kez mtw n = ods WN 
L? l 


m Ey? E 
25331 S33/ 


(5.159) 


c$ = eh (1-K3) 


The ratio AK,,, /AK;, vs. the number of segments N is presented in Figure 5.9. 
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AK / AK, 1 


Figure 5.9: The ratio AK, y / AK,, as a function of the number of segments N. 


At number of segments N > 6 on a half wavelength of deformation AK, < 0.1AK, , and in 
practice is negligible. For instance, in the case of PZT-4, AK, < 0.02K*. With AK, « K? 
(conventionally, at N26, if the modern PZT ceramics is used), the equivalent circuit for the 
axially poled segmented bar is qualitatively the same as the equivalent circuit for the transverse 
polarized bar, as it would look like circuit in Figure 5.8 (a) with AC removed, because 
1/@AC «1/@C* and 1/@AC can be neglected. This reflects the fact that the conversion of 
energy in these two cases occurs qualitatively in the same manner, and it differs from the case 
of the axially polarized solid bar. 

In order to explain the physical difference in the quality of energy conversion between the 
transverse polarized, axially polarized solid and axially polarized segmented bars, let us assume 
that the bar is divided into small elements ax as shown in Figure 5.8 (a), and consider these 
elements as the individual elemental energy converters. The electrical energy, which is utilized 
by the elements, may be represented as w, (x) = [w (x) +w,, (x)| ~ li, (x) +i, (x) | (the “~” 
sign indicates the proportionality). The terms w* (x) and i, (x) are the electrical energy and 


el 


the current through the element in the case that the bar is clamped, w, 


em 


(x) and i,,(x) are the 
motional part of electrical energy utilized by the element and the motional current through the 
element due to the deformation of the whole bar. The motional part of the electrical energy 


consumed by the element is w 


em 


(x) ~i (x): E(x). The part of the electrical energy, which is 
converted into the mechanical energy in the course of the element deformation, is 


w,,(x)=W.,,, and according to Eq. (5.42) it is proportional to the strain, i.e., 
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wE (x) ~ S(x)-E,(x), where E,(x) is the electric field in the element. Thus, the ratio 
we ,,(x)/w,,, (x) ~ S(x)/i,,(x) quantifies the part of the motional electrical energy that is con- 
verted into the mechanical form by the element of the bar with coordinate x. In the case of the 
transverse piezoelectric effect the electrodes of the bar distribute the motional current in such a 
way that i,,(x) ~ S(x) (actually i,, =d,,S,/s;,) and w*., (x)/w,,, (x) = constant. The distribu- 
tion of the motional electrical energy between the elements of the mechanical system occurs in 
exact accordance with their contribution to the electromechanical conversion. 


In the case of the axially polarized solid bar i, (x)=i,,, where i,, is the average current, 


which flows through all the elements, while S(x)~sin(zx//). Accordingly, 
we ,(x)/w,,,(x) ~ sin(x/1) . This means that, although the elements located near the ends con- 
tribute nearly nothing to electromechanical conversion, they consume the same amount of the 
motional electrical energy, as the elements located in the middle part of the bar which contribute 
the most. The distribution of the motional electrical energy in this case is “unfair”. The electrical 
interaction between the elements takes place in a manner that the “strong” elements of the bar 
feed the “weak” ones. To obtain the same amount of the mechanical energy, relatively more 
electrical energy is needed than in the preceding case of the transverse electric field. 

In the case of a segmented bar the electrodes inserted into the bar distribute the motional 
current between segments in accordance with the average strain S,,,(ax,) within a segment, 
i, (ax,) ~ S,,(ax,). Therefore, we have wë, /w,,, ~ S;(x,)/S; 
number of segments Ax, =//N—0 and S,(x,)/S; 


(ax,). With increasing the 


av 


a (ax) >1. (It can be assumed that 
S;,, (Ax) = S,(x) at N > 6 for a half wavelength of deformation, as it follows from Figure 5.9.) 
The distribution of the motional energy becomes almost as “fair” as in the case of the transverse 
electric field. The conversion of energy in these two cases takes place qualitatively in the same 
manner in a more "economical" way. 

Returning to the equivalent circuits presented in Figure 5.7 it can be concluded that the 
representation of the circuit in Figure 5.7 (a) with term AC has an advantage of clarity, whereas 
the term (—C® ) in Figure 5.7 (b) does not have a clear physical meaning. 

Due to the above-described circumstance, a solid end-electroded bar behaves, as if it was 


more rigid, since it requires a larger electric energy to achieve the same level of deformation 


than the segmented bar. Indeed, the rigidity of a solid bar is K” = K? +AK, whereas that of a 
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segmented is K” = K}. There exists terminology that reflects the distinction between piezo- 
rigid and piezo-soft forms of vibration of piezoceramic bodies (with implicit understanding that 
in the first case the longitudinal piezoelectric effect and in the second case the transverse effect 
is used). As we can see, such classification is justified to a certain extent, since with the trans- 
verse piezoelectric effect AK = 0. However, in the context of the real transducer designs it is 
not indisputable, the more so as the quantities equivalent to Young’s modulus for the longitu- 


dinal and transverse piezoeffect are related as si, / s$ <1. 
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Figure 5.10: Effect of the electrodes imbedded in a piezoelectric bar: (a) location of the electrodes, 


(b) ratio AK(Z,,)/ AK (J) as a function of separation between electrodes. 


The most inadequate consumption of the motional electrical energy in the axially polarized 
solid bar takes place near the ends of the bar, where strains are especially small. Therefore, it is 
interesting to consider the case that the electrodes are imbedded in the bar at some distance 
from the ends, as shown in Figure 5.10 (a). Using Eq. (5.142), where the integration is fulfilled 


over the length of the bar between the electrodes, yields 


AK(l,) 1 “| I al se. 5.160) 


-=| 14 - < 
AK() 1-8/2 1 a OT (al, 2p 
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This function is depicted in Figure 5.10 (b), where from it can be concluded that AK(/,) may 


be neglected compared to AK(/) at l, /1< 0.5. 


522 Rectangular Beam Vibrating in Flexure 

One more example for the case that the strain changes in the direction of electric field represent 
transducers employing mechanical systems in the shape of beams, plates, and shells vibrating 
in flexure and employing the transverse piezoelectric effect. Distribution of strains in direction 
perpendicular to the neutral surface in these systems does not depend on their configuration in 
the horizontal plane and on the boundary conditions. Therefore, example can be used of the 
rectangular simply supported beam vibrating in the fundamental mode O(x) =sin(zx/J) that 


was previously considered in Section 2.6.1, and shown in Figure 5.11. 
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Figure 5.11: Rectangular beam under flexural deformation: (a) fully active bimorph design, (b) 
trilaminar design, (c) segmented transducer design, longitudinal piezoeffect. 
The general expression for the strain is S, (z, x) = zé (z / I} sin(zx/1). After substituting 
this expression into formula (5.142), and taking into account relations (5.152) and expression 
KE =(2*/48)(we’ / (’s;,) for the equivalent rigidity of the beam we arrive at 


£ d2 2("2 21/2 a £ 
AW = 22 —31_ KE] 1 [za [2a =% AK, (5.161) 
2 eisa tly A 2 


33 M11 


where 


2 
AK = 0.25 a, KE. (5.162) 


31 
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If the transducer is made of PZT-4 ceramic, in which case kå +0.1, then AK = 0.03K7 , and 
this term can obviously be neglected as compared to K*. In practical designing of the flexural 
transducers that employ the transverse piezoeffect it is more common to use trilaminar mechan- 
ical systems with the piezoelectric layers removed from the neutral plane, as shown in Figure 
5.11 (b). In this design AK / KË drops as the separation between the piezoelectric layer and the 
neutral plane increases exactly for the same reason as in the case of a longitudinally vibrating 
bar with embedded electrodes. If we assume that Young’s moduli of the active and passive 


materials are approximately the same, then 


ate) (2) (1-22) ; (5.163) 
AK(t/2) \ t t t i l 


where 6 is the thickness of the piezoelectric layer and t is the total thickness of the beam. From 


this equation follows that at 6/t<0.4, which is common from considerations of optimizing 
the effective coupling coefficient (see Section 5.6), the term AK can be neglected even if the 
single crystal materials are used having very high coupling coefficients (,, ~ 0.5 ). 

Piezoelements of the rectangular beam bender transducers intended for application as pro- 
jectors usually have segmented design, as shown in Figure 5.11 (c) and employ the longitudinal 
piezoeffect. Situation in terms of the additional rigidity in this case is exactly the same as for 
the segmented longitudinal bar, and formula (5.158) is valid for AK, with 
KE =(2* /48)(wt? / ss). 

As it is clear from above discussion, for calculating components of the internal energy in 
each case one must know configuration of the polarization field and of the operating electric 
field in the clamped piezoceramic body (that is at values of dielectric constant ¢*, ). The most 
widely used in the transducer designs are the piezoelements in the shape of the bars, plates, 
disks, and thin-walled shells with unipolar electrodes completely covering their side surfaces. 
The electric fields in these piezoelements form the rectangular coordinate systems. This is also 
true for the cases of split electrodes having different polarities, if separation between them is 
small compared with their linear dimensions, because at this condition an effect of leakage 
fields is negligible. In significantly thick ring-shaped piezoelectric elements polarized in the 


radial direction the poling electric field forms the cylindrical coordinate system. Piezoelements 
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with essentially nonuniform electric fields that form a specific curvilinear coordinate system 
may be used relatively seldom. Such fields can be generated by electrodes of special configu- 
ration, for example, by the striped electrodes used to tangentially polarize thin-walled piezoel- 


ements. Examples of the effect of the tangential polarization will be considered in Chapter 7. 


5.6 Effective Coupling Coefficients 


Consider now the effective coupling coefficient, k 


> for arbitrary deformed piezoelectric 


body®. Using definition (5.90) and expressions (5.143) and (5.144) for the components of inter- 


nal energy of nonuniformly deformed piezoelectric body, k,, can be represented as 


>. Wa — Wi+sw 


em 


I WSW, We+wi saw” 


em 


(5.164) 


It must be noted that the concept of k,, makes sense only in connection with a certain distri- 
bution of deformation in a body and is valid so long as this distribution remains invariable. In 
other words, each single mechanical degree of freedom of a piezoelectric body is characterized 
by its coupling coefficient k,, . Therefore, prior to calculating k,, the displacement distribu- 
tion &(r) in the body should be known. Represent this displacement distribution in the general 


form as 


Slr) =¢,0.(r), (5.165) 


where ¢, is the displacement of the reference point with coordinate r, and @.(r) is the mode 
shape, i.e., displacement distribution normalized in such a way that @.(r,)=1. Let the corre- 
sponding strain distribution be 


S(r)=S,0.(r). (5.166) 


In the case that the body has one mechanical degree of freedom, the energies involved in for- 
mula (5.164) may be expressed by means of corresponding equivalent parameters defined by 
formulas (5.150), and the expression for kor can be modified as follows 


2, =1/(1+C5 /n°C,), (5.167) 


where C, = CË -AC/(C* +AC) . Formula (5.167) is especially convenient for calculating k,» 
m m m eff 


of the particular transducer types. 
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5.6.1 Optimizing the Effective Coupling Coefficient 
In general, under nonuniform deformation ky < k,,, which means that the ability of a piezoe- 
lectric material to perform electromechanical conversion is not fully used. The question arises, 
whether the electromechanical conversion in nonuniformly deformed bodies can be improved. 
To answer this question the analytical formulation (5.164) for k, may be considered. 

First, in the case that initially AW 0 k,, can be increased by segmenting the mechanical 
system of the transducer in the direction of the electric field. As stated in Section 5.5.2, this 
leads to AW =0 at number of segments N >6 on the have wave of deformation. Therefore, 
for the further analysis we will assume AW =0 in expression (5.164), and as the result C,, =C* 
in formula (5.167). 

The expressions (5.150) for energies of a body with one mechanical degree of freedom 


may be represented in the general form as 


Wi =CiV? 12=[wy(naV, (5.168) 
V 

We EIU E, (5.169) 
V 

Wey, =WVE, (2 =| Wy (OAV . (5.170) 
V 


Suppose now that the electric field is a function of coordinates 


E, (r) = E, (r,)0;(r), (5.171) 


where 6,(r) is the normalized electric field distribution. Taking into account expressions 


(5.166) and (5.171), the energy densities w5, wË 


m? 


and w,,, as the functions of the electric field 
and deformation can be represented in the form 


WOWO) WO = WE JO), Woy = Wan (tO (POF). 61 


Upon substituting these expressions into (5.168)-(5.170) and the latter into (5.164) we arrive at 
Won (E) f Op (10, (AV 
2 y 


R= , 5.173 
7 WIES OAV + wk (r,)| ROAY R 
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where from k,, may be found as soon as the distribution of strain and electric field are known. 
The following variants of the distributions are of interest: 

1. Uniform deformation, uniform electric field (0,(r) =1, 6,(r) =1). 
This is, for example, the case that thin rings and spherical shells with fully electroded inner and 


outer surfaces vibrate in the breathing mode. Expression (5.173) in this case becomes 


2 _ Won (r) (5.174) 


TO W(n)twr)’ 


and comparison with formula (5.91) results in ky = k,- 

2. The most widespread case of an arbitrary strain distribution and uniform electric field. 
(O,(r)< lat r#r,, 0,(r)=1). From expression (5.173) it can be concluded that ky < kn. 

3. The distribution of strain is arbitrary. The distribution of electric field matches the strain 
distribution (6,(r) = 9,(r) ). Substitution of 6,(r) =6,(r) into expression (5.173) results in 
the relation (5.174), which means that ky = kp- 

Thus, we arrive at the conclusion that effective coupling coefficient, k,, , for a piezoelec- 
tric body under nonuniform deformation can be increased (theoretically up to the corresponding 
coefficient k, ), if to match the electric field and the strain distributions. To illustrate how this 
condition can be practically fulfilled and what the physics is behind this condition, at first refer 
to the examples of the length expander bars, namely, side-electroded, end-electroded and seg- 
mented axially polled vibrating in the fundamental mode. The geometry of the bars is shown in 
Figure 5.8, and expressions for the equivalent parameters are given in Section 5.5.2. Substitut- 
ing the equivalent parameters of the bars into formula (5.167) results in the following values 


for ky: 


-1 
eee 5.175 
off 8 k2 ) ( ) 
for the side-electroded bar (at i=1) and for the segmented bar with number of segments N > 6 
(i=3), and 


hoy = 833 / 7° (5.176) 
for the solid end-electroded bar. Thus, k,, of a solid end-electroded bar is smaller than that of 


a segmented bar. If PZT-4 is considered, ie = 0.40 for the solid bar and kor = 0.45 for the 
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segmented bar, while k? =0.5 for the material (i.e., under uniform deformation). Qualitatively 
this fact is explained in Section 5.5.2. Thus, the effective coupling coefficient of the longitudi- 


nal vibrating bar can be increased by rational changing the electrical field distribution. 


5.6.2 Examples of Optimizing the Effective Coupling Coefficients 


5.6.2.1 Length Expander Bar, Transverse Piezoeffect. 

It is hardly possible to exactly fulfill the relation 0, (x)=@,(x) in a reasonable way in practical 
devices except for the trivial cases of uniform deformation like for the pulsating rings and 
spheres. Even the stepped distribution of electric field shown in Figure 5.12 (a) is very compli- 


cated and scarcely worthwhile. Fortunately, very reasonable results on k,, optimization can be 
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Figure 5.12: The length expander bars with different electrode shapes: (a) fragmented (stepped) 
electrode (parts 1 and 2 are connected in series, then all the electrodes of the same sign are con- 


nected), (b) parts of electrode are removed. 


achieved by means of the simple approximation by the electric field to the strain distribution 
shown in Figure 5.12 (b), namely, just by removing electrodes from the parts of the mechanical 
system that undergo relatively small deformation. To make an appropriate quantitative analysis, 
consider expression (5.167) for k,,. In this expression the term 

n’CE n? 


Ca CK 


S (5.177) 
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depends on the shape of the electrodes. The equivalent compliance CË remains the same, when 
the shape of electrodes changes, if the parts of mechanical system not being used as piezoactive 
are electroded and short circuited. If these parts are not electroded, then, strictly speaking, one 
must use the Young’s modulus of unpolarized ceramics, when evaluating a contribution of the 
passive parts to the total potential energy of the mechanical system. But the potential energy 


density w,,, of those parts is relatively small because of small deformations (exactly by this 


pot 
reason they are not used for electromechanical conversion). Thus, the values of the total W 
and CË accordingly should not change significantly by comparison with those for a fully active 
mechanical system. Further in this Section we will assume that this is the case. In general, the 
not electroded parts of the mechanical system can be replaced by a passive material with dif- 
ferent elastic properties. In this case the same analysis is applicable, but changes of CË also 
must be considered. 


The coefficient œ, is linked to k,, by relation 


Fes (5.178) 
l+a, 


2 — 
kog > 


and we can judge the change of k 


ay based on the behavior of the term æ, and specifically on 


the factor n° / C} . Denote the value of a, that corresponds to kp =k, by @,,,. 


a w) y 
iee aN (5.179) 
cm el el Jm 


may characterize, how close a particular electrode shape brings k,, to its maximum possible 


The coefficient 


value k,,. Using formula (5.167) for k, and relations (5.177)-(5.179) yields 
2 Ak 


_ 5.180 
2 1A ( ) 


The value of k,, for a particular electrode shape may be determined by means of this expres- 
sion given that the corresponding coefficient A is known. In the case of the transverse piezoe- 
lectric effect k? < 0.15 practically for all the piezoelectric ceramic compositions, and it follows 
from relation (5.180) that k2, 
Substituting w and w, for a bar from (5.65) and (5.67) into relations (5.172) and carry- 


= A-k? within 5% accuracy. 


ing out the integrals (5.168)-(5.170) over the volume of the bar produces the following general 
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expressions for the electromechanical transformation coefficient n and capacitance Cc in the 


case of a side-electroded length expander bar: 


Lei [ oBdA, (5.181) 


11 -1/2 


T 1 _ p22 12 
Salita | wd. (5.182) 


-l/2 


S 
Ca = 


With these expressions in use, it appears that for the electric field distribution corresponding to 
the electrode connection shown in Figure 5.12 (a) we obtain A = 0.95, i.e., ky = 0.97k,, (which 
is almost the maximum possible value) compared with ky = 0.90k,, in the case of the uniform 
electric field. In the case of the electrode shape shown in Figure 5.12 (b) 


6, (x) =1 at |x|<1,/2 and 6,(x) =Oat |x|>/,/2. (5.183) 


The corresponding expressions for parameters n, CS and coefficient A will be 


n= 20 singl, /2), C$ =e,0-k)wl,/t, (5.184) 
11 
8! . 2 
AQ. 1) = sin? (al, (21) (5.185) 
mT 


e 


Plot of the function A(/,//) is depicted in Figure 5.13, where from it can be concluded that 
maximum value for k ș can be achieved by removing about 0.13 of electrode length from each 
end of the bar. In this case A ~ 0.92, i.e., almost the same as for rather complicated electrode 
configuration presented in Figure 5.12 (a). Another interesting conclusion can be made that in 


the case that Z, = 0.57 k,, is the same as with the full- size electrodes. 


off 

In the variant of a solid bar with embedded electrodes the function A(/,//) obtained by 
employing formulas analogous (5.181) for the case of longitudinal piezoeffect is shown in Fig- 
ure 5.13 by the dashed line. If the bar is segmented on its part of length /,, the dependence 
A(l,/1) has the same form, as in the case of the transverse piezoelectric effect. Comparison 
the dependences for the segmented and solid with embedded electrodes bars shows that at 


1,/1<0.5 segmenting does not lead to an increase in k,,. Qualitatively this follows from the 


fact that the segments located close to the ends consume amount of electric energy 
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disproportionally large to their contribution to the electromechanical conversion, and thus cause 


reduction of the effective coupling coefficient. 
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Figure 5.13: Illustration of the k,, dependence on the electrode length, A(Z, //) ~ kay (L)/k. 
Solid line for a bar at transverse piezoeffect and for a segmented bar at the longitudinal piezoef- 


fect. Dashed line for a solid bar at the longitudinal piezoeffect with embedded electrodes. 


If one considers piezoelectric transducer as a mechanical system with multiple degrees of 
freedom, each corresponding to a normal mode of vibration, then maximizing of k,, for a 
particular mode makes this mode isolated, i.e., the only electromechanically active. It is worth 
mentioning that the opposite statement is not valid, i.e., an isolated mode does not always have 
maximum ky. For example, the electrode shape shown in Figure 5.14 (see Ref. 8), in which 


case 


Figure 5.14: The electrodes shape that leads to the isolated fundamental mode O(x) = cos(zx /1) 


0,,(x,) =1 at |y| < (w/2)sin(zx/1) (5.186) 


and 
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0, Œœ) =0 at |y| > Qv/2)sin(zx/7), (5.187) 


leads to the isolated fundamental mode (x) = cos(zx//) . But evaluating k, 


a by applying the 


above considered procedure gives in this case hk, =0.78A;, i.e., even smaller value than in the 
case that electrical field is uniform. 

Sometimes it is more reasonable to consider reducing an amount of piezoelectric material 
in the mechanical system of a transducer without loss in k,, rather than obtaining the maximum 
possible k,,. Thus, as we have already seen, up to 0.5 of the volume of a length expander bar 
can be substituted by a passive material without loss in k,, . Even more significant gain can be 
produced in the case that mechanical system undergoes flexural deformation. This will be il- 
lustrated in the next section. 

The conclusions concerning the effects of the electrodes designing drawn for the piezoel- 
ement in the shape of a bar can also be extended to the cases of other piezoceramic bodies 


having strain distributions. Namely, for increasing k 


a Plezoelements should be segmented in 


the direction of the lines of force of the electric field, if strains are nonuniform in this direction, 
and the electric field distribution must be approached to the strain distribution. The simplest 
way of increasing k,, is removing the electrodes from those parts of piezoelectric body, in 


which strains are relatively small. 


5.6.2.2 Beams and Circular Plates Under Flexure 

In the case of the beam and circular plate with axisymmetric electrodes shown in Figure 5.15 
the distribution of strain exists by the thickness and by the length or by the radius. Therefore, 
the values of k,, for regular designs with uniform electrical field are relatively smaller than in 
the case of one-dimensional strain distribution, and the gains due to optimization may be more 
significant. At first consider trilaminar beam transducer with simply supported ends (Figure 


5.15 (a)) vibrating in the first flexural normal mode. In this case 
&.(x) =&, cos(azx/1), (5.188) 
S\(x,Z) = -2(@°E, 18x) = zé (m / D? cos(zx/1). (5.189) 


With electrodes inserted in mechanical system, as it is shown in Figure 5.15 (a), the electrical 


field in the body of the beam can be represented as follows 
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E,(x,z) = (V / 6)@,,(x)@:, (2), (5.190) 

where 
0a (x)=1 at |x| <1, /2 and @,, =0 at |x| >14 /2, (5.191) 
6,,(z) =1 at |z|>t/2-6 and 0, (2)=0 at |z|<t/2-6. (5.192) 


Figure 5.15: Mechanical systems under flexure: (a) trilaminar beam with simply supported ends, 


(b) circular plate with simply supported boundary. 


Here /, and 6 are the length and the thickness of the active piezoelectric layers, which are 
assumed to be electrically connected in parallel, and /, =, and 6=t/2 correspond to the 
beam fully made of active piezoelectric material. Substituting expressions for energy densities 
wî and w, from (5.65) and (5.67) into (5.172) and carrying out the integrals (5.168)-(5.170) 


over the volume of the beam produces 


wda C-O inZ, c5 = 260 wh 


RE 
O eae 2 5 


(5.193) 


The coefficient a,(6,/,) normalized to its value at 0 =t/2 and l, =] may be represented in 


the form 
a,(6,L) 


marie A(,)A(6), (5.194) 


where A(/,) is given by formula (5.185) and is depicted in Figure 5.13, and 
a 2 
aas ED, (5.195) 
The coefficient A(d) is given in as function of 6/t. This function has maximum at 6 =t/3, 
andat 6=t/5 it has the same value, as at ô =t / 2 . Summarizing the results illustrated in Figure 


5.13 and Figure 5.16 one may conclude that the maximum value for k,, can be achieved at 


6 =t/3 and l, =0.74/. In this case kp =0.91k,,, and the volume of active material is half of 
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the total volume of the beam. Note that in the case that 6=1/5 and 1, =0.51 (Fone = 0.2V ai )s 


ctive 


the effective coupling coefficient has the same value, as in the case that the beam is fully made 


of piezoelectric material. 
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Figure 5.16: To dependence of the effective coupling coefficient on the thickness of piezoelectric 


layer. 


Electromechanical conversion in the circular axially symmetric plate (Figure 5.15 (b)) vi- 
brating in flexure is considered in Section 2.6.3. For a circular plate the expression analogous 


to expression (5.194) for a beam may be represented as 
a(o,r,) 
—— < = A(O)A(r,). 5.196 
a(t/2,a) ( ) (ra) ( ) 


Ar, ) 


l L 


0 0.1 02 03 04 05 06 07 08 0.9 1 


F /a 


Figure 5.17: Function A(r,,) ~ key (r,)/ hey (a) as Illustration of k, dependence on the radius 


of electrodes: (a) with simply supported boundary, (b) with free boundary. 


The factor A(d) is the same as given by formula (5.195) and as illustrated in Figure 5.16. The 


factor A(r,,) is different for different boundary conditions. For the simply supported and free 
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plates A(v,) as the function of 7, /a is given in Figure 5.17. In the case that the plates are 
fully made of piezoelectric material ky =0.9k,, for the simply supported boundary and 


ky =0.8k;, for the free boundary. The same value of k 


g can be obtained at r, =0.8a and 


d=t/5 (V,,,=0.25V,,,,,) for the simply supported plate and at z, =0.58aand d=t/5 ( 
P an = 0.13 F a ) for the free plate. The maximum values of k are: ky =0.98k,, (7, =0.9a, 


6=t/3) for the simply supported plate, and ky =0.924,, (7, =0.75a , 6=t/3) for the free 
plate. 


It must be noticed that all the numerical results related to k 


ef Optimization are obtained 


under the assumption that the elastic properties of the passive parts of a mechanical system are 
approximately the same as for the active piezoelectric parts. In the case that the elastic proper- 
ties of the active and passive parts differ significantly the mechanical system must be treated as 
nonuniform, and the numerical results may change, although the qualitative conclusions remain 
valid. Related issues for the transducers with nonuniform mechanical systems will be consid- 
ered in Chapter 9. 

The presented analysis shows that analytical expression (5.164) for the effective coupling 
coefficient k,, and its modification (5.167), which are based on the concept of the internal 
energy of a piezoelectric body, may be successfully used for optimizing the electromechanical 
conversion of energy under nonuniform deformation. It is shown that the absolute maximum of 


k, 


ay » Which is equal to the corresponding coupling coefficient of the piezoelectric material, can 


be achieved theoretically for any mode of the strain distribution by special electrodes design, 
leading to the distribution of electric field that matches the strain distribution. It is illustrated 
with typical examples of bars, beams and plates vibrating in the longitudinal and flexural modes 
that very close to optimum results can be obtained just by removing electrodes from the parts 
of mechanical system, experiencing relatively small deformation. In practice these parts of pi- 
ezoelectric material may be replaced by a passive material having approximately similar elastic 
properties. Another option illustrated with the same examples is to significantly reduce the 
amount of piezoelectric material in electromechanical transducer without loss of value of the 
effective coupling coefficient. 

Optimizing the effective coupling coefficient is undoubtedly desirable for receivers, be- 


cause their specific sensitivity is proportional to this coefficient (see formula (3.181)). As to the 
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projectors, this may be questionable, because reducing amount of active material results in re- 
ducing the electromechanical force that generates vibration. Therefore, it can be acceptable only 


in the case that the transducer has sufficient reserve of the electric strength. 


5.6.3 Effect of Electromechanically Passive Elements on the Effective Coupling 
Coefficient 


The transducer designs may include electromechanically passive elements, which are essential 
for their operation. The typical examples in this regard are the cables (having capacitance C, ) 
and reinforcing mechanical elements (having equivalent rigidity K,, ) shown in Figure 5.18, 


where the reinforced segmented bar transducer is schematically depicted. 


Figure 5.18: Segmented bar reinforced with a central metal bolt. 


These passive elements produce effect of increase of electrical energy consumed by a trans- 
ducer and of the additional energy of deformation, W, „4 » at the same magnitude of the trans- 
ducer vibration. Namely, now the electrical energy supplied and the total mechanical energy 


produced are 


W, =W5 +W, 


cable 


y? 
ang (C+C), (5.197) 


where W, is the electrical energy consumed by the clamped transducer, and 


2 
=W* +W -& (KË +Ka) (5.198) 


mech m mad 


where W is the total energy of deformation and W7 is the useful mechanical energy that 


mech m 


remains the same, as without the passive elements. Besides the relation holds 


1 
Won = 2 Vén = Wve ‘ (5. 199) 
The total electrical energy supplied to the transducer can be represented as 
Wriotal = Wa + W nech = We + Wavie + W; + Waaa č (5.200) 
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The energy balance that corresponds to the above expressions of energies leads to the equivalent 


circuit that is presented in Figure 5.19. 


Figure 5.19: Equivalent circuit of a transducer with equivalents of the passive elements included. 


After substituting expressions for the energies into the basic definition (5.164) the following 
result for the effective coupling coefficient, (k,,),,, that accounts for existence of the passive 


elements will be obtained, 


W, (KE +K 
(kip) — "" mech _ - = Gok m : a) i (5.201) 
W ioral V (Ca + C.) + é, (Km + Ka) 
From comparison of expressions (5.198) and (5.199) follows that 
y = Kit Koa : (5.202) 
So n 


Using relations (5.201) and (5.202), we arrive at formula for effective coupling coefficient 
(kr), in the form 


eX a, 
CoG Ky KG ICD) at 


where æ, is defined by expression (5.177). Remember that k 


ay Without the passive elements 


is determined through coefficient a, as kj, =a, /(a, +1). 


5.7 Equations of Vibration of Piezoceramic Bodies in Generalized Coordi- 
nates 


5.7.1. Expressions for the energies involved. 
Note that the basic derivation of the equations of vibration of piezoceramic bodies in the gen- 
eralized coordinates was presented in Section 1.6 in a simplified form. The peculiarities of the 


internal energy of nonuniformly deformed piezoceramic bodies were not considered. Here more 
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general treatment of the problem will be presented. In order to obtain equations of vibration of 
a piezoceramic body in generalized coordinates in the form of Euler's equations (4.1), the al- 


ready known expressions for components of the internal energy W, of the body have to be 


int 
explicitly expressed in terms of the generalized coordinates, as it was done for a body made of 
a passive material in Section 4.5. It is appropriate to use for this purpose the same system of 
supporting functions 0,(r) that would be selected to solve the problem of free vibration of a 


body of the same configuration made from a passive isotropic material. Thus, displacements in 


a piezoceramic body will be represented as expansion into the series (4.231) 
Er, = YE OG). (5.204) 
i=l 


The coefficients ¢,(¢) of this series and the voltage v(t) across the electrodes form the system 
of generalized coordinates. The expression for W,,, does not differ from the similar one in 


system (4.232), namely, 


Wa => MEE, My = fm? , (5.205) 


1 
2 i=l l=1 


where m, is the specific mass of the volume element as in Eq. (4.39), M, are the equivalent 
masses. They are the self-masses for the vibrational modes 0, at / = i and the mutual masses 
that characterize inertial interaction between vibrational modes 0, and 6, at l #i. Let us now 
express the components of the internal energy in terms of the generalized coordinates. We will 
do this for the case that E TT q; (E=E,). For E= E, the final expressions are the same, if 
only to use constants of piezoceramics corresponding to this case. 


The electric energy W; (5.140) is 


1 a 
We =z fesz? =3 04V’, (5.206) 
V 


where 
C =(1/V7) | e3 Eza? (5.207) 


y 
is capacitance of the clamped piezoelement, £% is the value of C$, that corresponds to a 
particular boundary condition in Table 5.3. Considering W? in a real piezoceramic body, one 


should take into account the energy of dielectric losses, which is characterized quantitatively 
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by the electrical quality factor Qe or by tan ô, =1/Q,. The energy of electrical losses we deter- 


mine as 


W, =W; 10, =W} tan 6, (5.208) 


(see Section 1.4). In the equations of vibration dielectric losses can be accounted for by assign- 
ing to the capacitance the meaning of a complex quantity, Ce =C’ (1 — j tan ô,) , or by intro- 
ducing resistance of electrical loss R, in accordance with formulas 

W, =v / R; =ixv, (5.209) 


R, =1/@CÌ tano,. (5.210) 
The electromechanical energy W,,, (5.141) is 


W, = |w, dP = {VÈ né (5.211) 


V i=l 

where w,,, is the density of electromechanical energy for the corresponding boundary condi- 
tions, and n, is the electromechanical transformation coefficient for the vibration mode 6,(r) . 
It can be obtained by using relation (5.35) that 


SW, =VX n OS, , (5.212a) 


l=1 


and in particular 
W., =v nė. (5.212b) 
l=1 


Thus, the electromechanical transformation coefficient for the vibration mode 0,(r) can be 
found as 
_1W,, 


=. 5.212 
BAe (5.212) 


It is noteworthy that expressions for the electromechanical energy and transformation 
coefficient are valid, if the electrodes are divided into electrically insulated sections, which are 
connected in different polarities, or if only a part of the transducer volume is used as active 


(e.g., for optimizing the effective coupling coefficient). In these cases the signs of electric field 
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within the sections must be changed to opposite, or the electric field in the passive parts have 
to be set to zero, when integrating in Eq. (5.211). 


The mechanical energy W? can be represented in the same manner as Wi. by formula 


E 


(4.233) with the exception that the energy density for a piezoceramics body is w,,, for the 
corresponding boundary conditions, namely, 
= 1 ie) kes] 
Wr =| wia? == OK SS (5.213) 
4 i=l [=I 


where K7 are the equivalent rigidities (1/ K7 = C7 are equivalent compliances): self rigidities 
for modes of vibration 0, at / = i and the mutual rigidities that characterize elastic interaction 
between the modes of vibration 0, and 0, at / i. If only a part of the mechanical system is 
made of piezoceramics, then in calculations related to the remaining part of the volume in the 
expression for energy density under the sign of integral (5.213), the value of w, for passive 
material must be used for the same boundary conditions. However, the designations for the full 
equivalent rigidity and energy in this case will be retained as K; and W7 in order to distin- 
guish them from similar quantities for a body, which is made entirely of a passive material. For 
a real piezoceramic body the energy of mechanical losses must be accounted for by introducing 
into equations either the complex quantity of rigidity, K i =K} (1 + j tan 6,,) , or the mechani- 


cal loss resistances r 


mLi ? 


which are determined by means of the relation 


Wa = ee > (5.214) 
i=] 
where (see Section 1.4) 
W, =We/0,, =W} tan, . (5.215) 
In this case, 
FnLi = 1/ aC; O, =K; / oQ, (5.216) 


The quantity AW is proportional to S? and hence to £? , as can be seen from expression 
(5.142). We will regard this quantity as the mechanical energy (though it could equally well be 
classified as the electric energy because quantity e,,S, has dimension of charge), and represent 


it in the form 
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AW = SY AK ES l (5.217) 


i=1 l=1 


where AK, (AC, = 1/AK,) correspond to the vibration modes @,, and AK; characterize inter- 
action between the vibration modes 0, and 0, arising due to nonuniformity of electromechan- 
ical conversion. 

In the External Actions that were considered as the energy W, of the mechanical actions 
in Section 4.5.1 now the action of source of the electric energy, W, , must be included in the 
mode of electromechanical conversion. In the mode of the mechanoelectrical conversion we 
will consider electrodes to be open, i.e., electric load being absent. In the case that an electric 
load is applied, the solution obtained for the open circuited electrodes can be used by employing 
the Thevenin’s theorem (see Section 1.5.3). The flux of electric energy supplied to transducer 


is W,, =vi. Since in case of the electromechanical conversion W, = W, and by virtue of for- 


mula (5.144) W 


=W? +W.,,, we obtain 


em? 


W, =vi= Wwe +W,,, = Ciw+v> ng 3 (5.218) 
/=1 
and 
Wazy n. (5.219) 
0G, T 


The electrical energy losses can be take into account by substituting the quantity Wez according 
to formula (5.209) into the right-hand side of Eq. (5.218). After turning to the complex form 
the Eq. (5.218) becomes 


T= joCjV+V/R, +> nv, . (5.220) 
pn 


5.7.2 Derivation of equations of vibration 
In the mode of electromechanical conversion the Lagrangian can be presented as 


L= W; 


kin 


W, 


int 


Wy -W,, (5.221) 


where W, is the energy transferred into a mechanical load (in particular, the energy of acoustic 


radiation, W, ). This energy is represented in general form by Eq. (4.240), and through the 
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impedance of the load, Z,, by Eq. (4.243). Euler's equations (4.1) of vibration of the 


piezoelectric body in the generalized coordinates is found as 


d (Wy), Wry WaW) _ 9 (5.222) 
dt\ È 0€, 06; 


Upon substituting into Euler's equations W,,, according to formula (5.205), W,,, from (5.144) 
with regard to expressions (5.212) through (5.217), W, by Eq. (4.240), and expression (5.218) 
for W, 


el? 


we obtain equations of vibration, which are similar to equations (4.250) for the passive 
mechanical system. Here, like in equations (4.251), resistances that account for energy of me- 


chanical losses are introduced 


MË +(KË +AK,)é +d + IMË + (KE +AK)El]=0m,-f,. (5.223) 


l+i 


The following distinctions from equations for a passive body exist in the case of a piezoceramic 
body: the forces that generate vibrations, f, = vn,, are of electromechanical origin, and specif- 
ics exists in determining the equivalent rigidities. For unifying the equations of motion with 
equations (4.254) for the passive bodies we will convert them to the complex form and intro- 
duce notations for the mechanical impedances of the piezoceramic bodies analogous to expres- 
sions in (4.253). Namely: 


jOM,,+(K; +AK,)/ jø+r =Z, joM,+(Kf+4AK,)/jo=Zë 


mii? mli? 
5.224 
Zii +% (U, BO) Zin = Zir ) 
li 
Finally, the equations (5.223) become 
A +Z,,+ > (U,/U, (Ze, + Zal, =Vn, (i=1,2,...). (5.225) 
li 


Together with Eq. (5.220) for the generalized electrical coordinate these equations form the 
complete system of equations that describe vibrations of a piezoceramic body in the mode of 
electromechanical conversion (in the transmit mode). 


In the mechanoelectrical conversion mode with open electrodes 


L=Wy, W, 


int 


+W, (5.226) 
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where W,, is the energy supplied by an external mechanical source (in particular, energy sup- 
plied by the acoustic field) that is acting on the transducer surface by the equivalent force F, . 
Both the energy and the force are expressed in general form by formulas (4.239). Based on the 


relations (5.52), where from w, 


int el >? 


E S; oe Ge : 
=w,tw,, and W, =W; , we obtain in this case that 


W, 


int 


=W; +AW+W, Woy, =We , (5.227) 


where in expressions for W,, and W* the quantities E, and V should be replaced by E,,, 


and V 


oc? 


respectively. Euler's equations for the mechanical generalized velocities in the com- 
plex form will be derived for the mechanoelectrical conversion using the same procedures, as 


in the previous case. As the result will be obtained 


mii mli oc" “i i 


zs +Z, +) U,/U, (Ze +Z) U47, n =F,_(i=1,2,...). (5.228) 


l+i 


The equation for electrical coordinate V, 


oc ? 


being derived directly from the relation 


W „=W +W,, with taking into account expressions (5.210) and (5.213), is as follows 


V =Z? Un,, (5.229) 


where 


Z? =1/Y, YS = j@C$ £17 Ry (5.230) 


Equations (5.228) and (5.229) provide solution to the problem of calculating transducer that 
operates in the mechanoelectrical (receive) mode. After substituting V,. by formula (5.229) into 


(5.228) we obtain the following equations for determining generalized velocities 


mii Lii mli i 


z +Z,,+Z3n +9 (U, /U (Zi, + Z; zinn) |u, =F, (i=1,2,...). (5.231) 
l+i 

The set of equations (5.220) and (5.225) for the electromechanical and (5.229), (5.231) for 

the mechanoelectrical conversion can be obtained from the electromechanical circuit shown in 

Figure 5.20 with corresponding values of its components, using the common rules for calculat- 

ing the electric circuits. Thus, if the energy is supplied to the electric side, the switch should be 


set to EM position. In absence of the external force it must be F, =0. If energy is supplied 


from the mechanical side in the absence of an electrical load (open circuited output), the switch 
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should be set to ME position. The internal impedance of the source of mechanical energy is 
included into the circuit as Z,, . In the case that transducer is electroacoustic, Z,, is the radia- 
tion impedance that should be included in the equivalent circuit for both modes of operation. It 
represents a load in EM mode. In ME mode radiation impedance is the internal impedance of 
acoustic field, as source of mechanical energy with “acoustomotive” force F; = Fw» as it was 


discussed in Chapter 1. A detailed analysis of the acoustic field related parameters for trans- 


ducers of different types will be performed in Chapter 6. 


5.7.3 Equivalent Electromechanical Circuits 
The equivalent electromechanical circuit of Figure 5.20 presents visualization of the equations 
that describe vibrations of piezoceramic body under various effects. Though the circuit provides 
the same information as that obtained from the equations, it may serve as a mnemonic rule, 
using which the equations can be recovered. One of the merits of utilizing the equivalent circuits 
is that this allows considering the transducers and electrical circuits, in combination with which 
they usually operate, in the similar manner and even without turning to equations describing 


the entire system. 


Figure 5.20: Equivalent circuit of the electromechanical transducer (general case) 


So far the equations of vibration for a piezoceramic body in the generalized coordinates 
were presented in the most general form of equations (5.225) and (5.231). They include the 


Z,„ and Z*in,n,, which link the equations (the contours of the 


Limi el “m “i? 


mutual impedances Z 


mmi? 


equivalent circuit corresponding to the vibration modes.) This is due to the peculiarity of the 


240 5. Electromechanical Conversion 


method used, namely, that the normal modes for uniform isotropic mechanical system of the 
same shape and under the same boundary conditions are chosen as the system of supporting 
functions without regard to piezoelectric effects and mechanical loads. Quite often interactions 
between the equations turn out to be insignificant, so that they can be or neglected, or easily be 
considered. In the first case the equations of vibration can be regarded as independent. Espe- 
cially this may be justified, if the transducers are supposed to operate in the frequency ranges 
around the resonance frequencies that correspond to the supporting vibration modes. In this 
case the equivalent circuit simplifies to the form that is shown in Figure 5.21, where equivalent 
compliances (C/ =1/ KF) and masses ( M, ) are presented in the form of capacitances and 
inductances (as elements that in electric circuits are related to the potential and kinetic energies 


as well). 


Figure 5.21: Equivalent circuit of electromechanical transducer for the case that interaction be- 
tween the contours can be neglected (for the case that the generalized coordinates are normal, in 


particular). 


Some of the electromechanical transformation coefficients n; may vanish. This means that 
the respective modes of vibration (contours of the equivalent circuit) have no direct coupling 
with the electrical side, i.e., cannot be directly excited electrically, and being excited mechani- 
cally do not produce direct effect at the electric output (they are passive vibration modes). How- 
ever, an indirect output effects may arise due to their interaction with active vibration modes. 
The procedure used for deriving equations of motion of system with an infinite number of de- 


grees of freedom is also applicable without any alterations to the case, in which the number of 
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degrees of freedom is limited. In this casin the set of equations (among the contours of the 
equivalent circuit) only those remain, which correspond to the degrees of freedom considered. 


For a single mechanical degree of freedom, the result will be the same as in Section 1.6.1. 


5.7.4 Examples of Application of the Equations in Generalized Coordinates 


5.7.4.1 Equations of Vibration of the Piezoceramic Bars 
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Figure 5.22: Transducers in the shape of a bar with incomplete electrodes: (a) transverse piezoef- 


fect, (b) longitudinal piezoeffect, solid bar; (c) longitudinal piezoeffect, segmented bar. 


Vibration of a bar as one degree of freedom system was considered in Section 2.4 under the 
assumptions that the ends of the bar are free of loads, all the volume of the bar is confined 
between unipolar electrodes, and in the case of longitudinal piezoeffect the bar is segmented 
with number of segments sufficient for considering that electric field is constant along the bar. 
Bars vibrating in the first normal mode were used as examples for illustrating effect of nonuni- 
form deformation on the effective coupling coefficient in Sections 5.5.2.1 and 5.6.2.1. Here 
vibration of the bars utilizing the transverse and longitudinal piezoelectric effect that are pre- 
sented in Figure 5.22 will be examined under more general assumptions. 

At first, we will assume that the ends of the bars are not loaded, and active are the segments 
of the bars between coordinates /, and /, that have lengths /, and are positioned symmetrically 
relative to the middle cross section. Choosing the system of normal modes of the problem of 
free vibrations of a bar, 0, = cos(izx//), as a system of supporting functions, we represent 


displacements and strains in the bar as follows: 


E(x) = VEO (x) = VE coslizx/ D), (5.232) 
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S(x) =E(x) = Fr (iz /1)sin(izx/1). (5.233) 


(The minus sign in formula for strain accounts for the sign convention, according to which the 
strain is negative in case the displacement couses compression.) 


Sı E 
C, > n, » K 


The equivalent parameters of a bar M „i» and AK „ have to be determined 


mi ? 


by formulas (5.205), (5.207), (5.212), (5.213), and (5.217), respectively, using the expressions 
(5.65)-(5.67) for the energy densities, 


El S6U=k). wo =S? /2sf, Wi Hs ES... (5.234) 


Here i=1 for the transverse and i =3 for the longitudinal piezoelectric effect. For the equiva- 
lent masses we obtain in all the cases Mọ =M, M,=M/2, where M = pS./ is the full 
mass of the bar, M, is the mass corresponding to motion of the bar as a whole (without defor- 
mation). Due to uniformity of the bar M@,, =0. In the case that le + / for the transverse piezoe- 


lectric effect (Figure 5.22(a)) 


CS =en (1-K;,) wl, /t, (5.235) 


and for the longitudinal piezoelectric effect (Figure 5.22 (c)) 


CS = 65, (l-ka )we/1, = 65, (l-ka) Nwe /1,, (5.236) 


where N is the number of the segments within the length /,. 

In determining values of the equivalent rigidities KĒ, it should be remembered that the 
value of the elastic constant of ceramics within segments | and 3, which are beyond the volume 
confined between the active electrodes, depends on whether the ceramics is polarized or not. If 


not, then it should be elastic constant of ceramic as a passive material. If they were polarized, 


D 
w? 


but electrodes are removed afterwards, it should be s; , as there is no free charges on the sur- 
faces of these segments. If the electrodes on these parts exist being electrically isolated, then 
the elastic properties depend on whether they are short circuited or open. In the case that the 


E 
il > 


electrodes are short circuited s, =s; , as it would be in the case that Z, = . This assumption 
will be used in all the further treatments. The case that the isolated electrodes are open will be 
considered in Section 5.7.4.3. In the examples under consideration, we will be interested in how 


a change of the length of the active part of the bar influences electromechanical conversion, and 
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therefore the assumption of short-circuiting the electrodes on the passive parts that does not 
complicate the calculations is reasonable. 

To distinguish between the values of K, AK, „ and n, for the transverse and longitudinal 
piezoelectric effect letter p will be used in the subscripts, which have values p = 1 and p = 3, 


respectively. By formula (5.213) 


-2 
KE, = s KĒ =0. (5.237) 


Note, that if differences in values of s,,, along the length would be taken into account, then in 


the general case (at /, #/), KË 


pmi 


+ 0 ,1.e., an elastic interaction between the modes of vibration 
would exist. 


Quantity AK,,, may be obtained from expression (5.142) after it is represented as 


1 00 
AW = a SAR Es (5.238) 
m=1 


After substituting expression (5.233) for strain and considering Eq. (5.217), it will be obtained 


that for a solid end-electroded bar at J, =/ 


k 8 
AK,, = KE 3/1 i=1,3,...), 5.239 
3ii 3ii 1- k í 2] ( ) ( ) 
k2 
AK,, = Ki, 2 (i=2,4,..), (5.240) 
1-k;, 
k2 
ES Re a EE E E EEE T (5.241) 


3ii p] ISA 
l-k ami 


The fact that AK 


3mi 


#0 at the odd values of i and m indicates that a coupling between these 
vibration modes exists due to nonuniformity of electromechanical conversion and, strictly 
speaking, the normal modes for a bar under the longitudinal piezoelectric effect and for a pas- 
sive bar differ. Practically, this coupling is negligibly small. 

As follows from formulas (5.237) and (5.240), at i = 2, 4.... 


1 
Ki = Ki; tak = Ki; EA Ka (5.242) 
33 


For a segmented bar at /, =/ by means of formula (5.158) we obtain 


244 5. Electromechanical Conversion 


7 in? (iz /2N 
AK,,, = K3; h 1 f= (iz 2 ) > (5.243) 
1- k; (iz /2N) 


where 3 =1, if i/Nisa fraction, and 2 =2, if i/Nis an odd number. As it was noted with regard 
to formula (5.95), AK,,, =~ 0 for N/i = 6 in the case that PZT ceramics is used. 


If L <l, the values of AK,,,, can be found by means of the formulas (5.142) and (5.238) in 


combination with Eq. (5.217), wherein integration should be performed over the segment con- 
fined between the electrodes. However, as /, decreases, these values rapidly decrease and can 
be neglected in practical calculations at least when Z, // < 0.85. 

It is noteworthy that the segmented transducer designs are used for relatively low frequency 
applications. The end-electroded piezoelements for high frequency applications (starting from 
the height of a piezoelement that allows its convenient polarization) are used as solid, and all 
the “ AK considerations” are applicable. 

The electromechanical transformation coefficients n,,(/,) may be found by formula 
(5.211) after substituting expression (5.233) for strain and integrating over the segment limited 
by electrodes. These manipulations yield 


Nm (L) = ae E, fo. É =s ) O, ( -5 J| (m = l, 2,3,...) . (5.244) 


The mode of vibration is 6, = cos(mzx/1), and the electric field has the following values: 


E, =V /t for the transverse piezoelectric effect; £E, =V /L, E =VN/I, for the longitudinal 


piezoelectric effect in the variants of the solid and segmented bar. From formula (5.244) we 


obtain 
wid, . (mal,) . (ma 
n,, (1,) = F snf a at 5 (5.245) 
for the variants shown in Figure 5.22 (a) and (b), and 
ne sin sin mr) (5.246) 
S33, 21 2 


for the variant shown in Figure 5.22 (c). 
After all the equivalent parameters are determined, vibrations of the bar can be calculated 


using the equivalent circuit of Figure 5.21, because with above made assumptions contours of 


5.7. Equations of Vibration of Piezoceramic Bodies in Generalized Coordinates 245 


the circuit (respective equations for the generalized velocities) are independent. With electrodes 
positioned symmetrically relative to the middle cross section of a bar the even (antisymmetric, 
at m = 2k) vibration modes are electromechanically passive as n,, =0. Electromechanical ac- 
tivity of the odd (symmetric, at m = 2k-1) vibration modes depend on the electrode length Z. 
Any mode of vibration at m > 1 can be suppressed (made electromechanically passive), if the 


length of electrodes meets condition 


sin AE) 0 be, s2, (5.247) 
Thus, for example, if it is desirable to expend the frequency range, in which the first mode of 
vibration is dominant, the third mode of vibration can be suppressed by putting the length of 
the electrodes /, ~ 0.667 . It is noteworthy that with this length of the electrodes the effective 
coupling coefficient of the first mode increases and almost reaches its optimal value, as it can 
be seen from Figure 5.23. The fact that even vibration modes are electromechanically passive 
at l, =} was physically explained in Section 2.4 with reference to Figure 2.7. Explanation of 
the same kind can be extended for the case of symmetrical electrodes of arbitrary size and can 
be illustrated with plots of the normal modes shown in Figure 5.23. So far as the electrodes are 
unipolar over the entire length ( Æ, does not change its sign), signs of the charges formed in 
different parts of the electrodes coincide with the signs of strains and being averaged over the 
electrode surface they may be completely compensated, as it is in the variant of distribution of 
strains S, and S, in Figure 5.23 (a), and in the case that the third mode is intended to be 
suppressed, as it is in variant of S, at the length of the electrodes /, = 2//3 . Electromechanical 
activity of the even modes can be restored, if to separate halves of electrodes electrically, and 
connect them in opposite phase, as it is qualitatively clear from the plots in Figure 5.23 (b). In 
general, the frequency response of a transducer can be changed by changing the electrodes con- 
figuration. 

To qualitatively estimate effects of arbitrary electrodes geometry and electrical connection 


of their parts let us represent the electric field in the general case as 


E, = Law > (5.248) 
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where the function Q(x) depends on the electrode configuration and ź is the separation between 
electrodes. We assume that Q(x) >0 if E, TT P and Q(x) <0 if E, 4Î P. Thus, following 
the general expression (5.212), formulas for the transformation coefficient of a bar will be: 


for the transverse piezoeffect 
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Figure 5.23: Natural modes of longitudinal vibration of bars: (a) unipolar electrodes, (b) halves of 
the electrodes are connected in opposite phase. 


— diS 


Q,, 5.249 
a (5.249) 


for the longitudinal piezoelectric effect in the general case that the bar is segmented along its 


length 
n, = DSN o, (5.250) 
S33le 
Factor Q, is 
l, 
Q, =| Q(x) dx. (5.251) 
0 


Values of the transformation coefficients n, depend significantly on what is the function Q(x) 

that characterizes the electrodes configuration. Values of coefficients Q, for several variants 
of electrodes configuration are presented in Table 5.4. In the last row of the table the spectrum 
of the resonance frequencies (within the first three) is illustrated that corresponds to the active 
modes of vibration of a bar. Thus, by changing the function Q(x) (by switching the parts of 


electrodes in particular), the frequency characteristics of the transducer can be governed. 
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Table 5.4: Spectrum of the natural frequencies of a bar vs. configuration of electrodes. 
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Consider now the case that the bar is loaded by impedances Z(0), Z(/), Z(x), and the 
external forces F(0), F(/) , as shown in Figure 5.24. The equivalent external forces and load 
Zy 


Zo Zi 


0 xX] X2 X3 X4 x 


Figure 5.24: Bar transducer under actions of external loads and forces. 


impedances that correspond to the real quantities can be determined by formulas (4.238) - 
(4.241). In this case, we will consider the forces and impedances being concentrated. If the real 
actions are distributed, then these forces and impedances must be considered as result of inte- 
grating the actions over surfaces, to which they are applied. In the particular cases Z(/) may 
imitate the radiation impedance, Z(x) - impedance of a supporting structure, and force F‘(/) - 


the equivalent force due to action of acoustic field. Considering that 


O(x)=cos(izx/1), 6(0)=1, O()=(-l) , (5.252) 

we obtain 
F,=F()+Cl" FO, (5.253) 
Z; =Z(0)+ Z(l) + Z(x) cos’ (izx/1), (5.254) 


where the tensile forces should be regarded as positive. Besides, the mutual impedances 


Z, = Z(0) +(-1)” Z(+ Z(x) cos(mrx / 1) cos(izx / 1) (5.255) 
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exist, which characterize couplings between the vibration modes (contours of the equivalent 
circuit) that appear because the normal modes of the loaded bar, strictly speaking, differ from 
those for not loaded. Thus, using the equivalent circuit of Figure 5.20 in the general case of a 
loaded bar transducer becomes too complicated and virtually not appropriate. Vibration of the 
arbitrary loaded bar transducers will be considered in Section 5.8 based on the geometry coor- 
dinates approach. Under the assumption that loading impedances are small and interaction be- 
tween the contours can be neglected, the general equivalent circuit of Figure 5.20 can be mod- 


ified to the circuit shown in Figure 5.25 for the bar transducers. If the bar is fixed in the middle 


Figure 5.25: Multicontour equivalent circuit of a bar transducer. 


cross section (Z(// 2) — œ), then the only vibrations are possible, for which cos(iz /2)=0, 
i.e., at i= 2m—1. The even contours (including the one ati = 0 , which is responsible for move- 
ment of a bar without deformations) must be excluded from the circuit. In the frequency regions 
around resonance frequencies it is sufficient to consider only the contour that corresponds to 
the resonance vibration mode in the circuit of Figure 5.25. It is noteworthy that in this case the 
assumption of neglecting interaction between contours is especially true, because the actual 


effect of interaction depends on the introduced impedances Z, 


am = Zm (U„ /U;) , and in vicinity 
of the resonance frequency of i® mode U, >U, . 
When calculating transducer in the receive mode in the frequency range much below the 


first resonance, (1/ @CF) >> aM 


ti? 


1/@C; > |Z; 


. Suppose that the electrodes are of the full 
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size (the modes are active at i = 2m - 1) and a force is acting only on one end, while another 
end is free of an external action (that is F(0)=0, Z, =0). Retaining the elastic impedances 


only in the circuit of Figure 5.25 we obtain the output voltage in the following form 


oe = F. (5.256) 
oC Si An Sy Om) C sy 48," 


1 ZL op eal 1 1 2wd,, stl 
l 


el 


Here it is considered that 


œ 2 
We se (5.257) 


The same result will be obtained using a different approach in Section 5.8. 

So far, we have discussed calculating by means of the circuit shown in Figure 5.25 under 
the assumption that the loading impedances are small. If impedance at one of the ends is large 
(Z(0) > œ), i.e., this end can be considered as fixed, then supporting system of normal modes 
must be used for calculating parameters of the equivalent circuit that matches this boundary 
condition, namely, 

0.(x) =sin[(2i-l)zx/T1]. (5.258) 
In this case using the above procedure for the side-electroded bar with full size electrodes we 


arrive at the following results: 
M,=M12, KẸ =Pm S / 2s 
n, =(-1)"" d „S, /sËt (i=2m-1;m=1,2....). 


i 


(5.259) 


The equivalent forces and load impedances in this case are F =(-)"" F(), Z, =Z(). 
Everything that has been discussed with respect to the bar transducers vibrating longitudi- 
nally equally holds for the bar transducers performing the torsional vibrations. It is necessary 


only to make the following substitutions in all the formulas: 


M,=pJJ/2, K} =P, /2sġl, n,=(wdy/ 4s; )Q,. (5.260) 


5.7.4.2 Equations of Vibration in the plane of a Circular Disk Poled through its Thickness 
Consider the radial vibration of a piezoceramic thickness polarized disk shown in Figure 5.26. 


We assume that the electrodes are axially symmetric and the edge of the disk is free. For the 
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supporting functions will be taken the normalized normal modes of problem of vibration of a 


passive disk (see Section 4.4.2.2), namely, 


O(r/a)=J,(Ar/al I (A), (5.261) 


where J, are the eigenvalues, which by virtue of relation (4.166) for o = 0.3 are equal to 


A, = 2.05, 5.38, 8.57; and at i>3 A, ~(in-0.9). (5.262) 


Figure 5.26: Circular disk with axially symmetric electrodes. 


It is noteworthy that though for different piezoceramic materials oë = s$ / sf #0.3, it can be 
shown from the Eq. (4.167) for determining the eigenvalues that the values of 4, change less 
than by 1% from their values at o = 0.3 within limits of values of oë for the most usable PZT 
compositions (approximately between o; = 0.27 and 0.35). Thus, displacements £(7) in the 
plane of a disk will be represented in the form of the series 


EYE Ola) =F EJ kr) Ika), (5.263) 


=1 


where k,=A,/a and ¢, are the radial displacements at r =a for the different modes of 


vibration. By formula (5.205), 


M,, = 2mpt{ 00,,rdr , (5.264) 
0 


where from follows that M 


mi 


=0 for m + i due to orthogonality of the normal modes, and 
M,, =M(1-0.9/ A?) with M = na’tp. Thus, 


M,,=0.76M, M,,=0.97M, M,~M (i>3). (5.265) 


Other equivalent parameters of the disk can be found from expressions (5.206), (5.211) 
and (5.213). The quantities W, W,,, and W.” that are involved in these expressions must be 
determined by formulas (5.139) through (5.141) after substituting the values of energy densities 
for the axially symmetrical deformation in the cylindrical coordinates from expressions (5.68) 


- (5.70). As the disk is poled in z direction and axis 3 of the crystallographic coordinate system 
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goes in the same direction, the axes 1 and 2 are in the plane ofa disk, S,,=S, and S,,=S,. 
After substituting expressions (5.263) for (7) in formulas (4.145) we obtain (see properties 


of the Bessel functions in Appendix C.1) 


s-#0-$;, 1 A,r) Yh, k, ck n-462], (5.266) 


“JS (ka) or J (ka) 
au k, Jkr) 
S, = T rS (5.267) 
Thus, 
= ee se klk”) 
Sebis Dieu er kr) De Fan) (5.268) 


In the case that the electrodes completely cover the surfaces of the disk we obtain, using the 


expression for wË from (5.69), 
E a 2 2 
we = (=) pose 2 (2) rdr 
1-0" |4| ôr ror \r 


2f (0.3 oiar- Dee + KESE, 


r or aH 


(5.269) 


Since the supporting functions 0, are defined as normal modes at ø = 0.3, the first integral in 


(5.269) contributes only to values of K,,, defining the major part of these values. In the case 


ni 


that o/ #0.3 the second integral produces a certain change in K? and introduces the mutual 


rigidities K$, 


which characterize interaction between equations (5.225) and between contours 
of the equivalent circuit in Figure 5.20. Upon substituting in (5.269) displacement é(r) in the 


form of series (5.261) and upon subsequent calculations, we obtain 


2aty (B, +o; —0,3) 


E2 
l-0; 


E_ 
ii 


(5.270) 


where 2a =1.6; Ba =14.1; B, =36. For PZT piezoceramic compositions that are used in 


transducers lof = 0.3 <0.05 it can be assumed that 
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lory,® : 
Ki =A = ts, Ky, =K} ~8.8Ki., 
i (5.271) 
7 oke 
Kj, = Kz, ~22Kz,, |Ki|< a 


It can be seen that at o” 0.3 some interaction between equations (5.225) exists due to a finite 
value of the mutual rigidities K*,. Using the expressions for equivalent parameters of a disk 


and equations (5.231), the estmation of values of introduced impedances, 


Linti = IU, /U,)@C;, $ (5.272) 
for the frequency ranges around the resonance frequencies can be obtain in the form 
|Zn:|<0.02/0C7Q, , (5.273) 


where Q, is the quality factor of the mechanical system that has an order of magnitude higher 


than 10. Thus, the effect of Z, 


inti 


can be neglected, and the equations (5.231)for the disk and 
corresponding contours of the equivalent circuit of Figure 5.20 can be regarded as independent. 


The values of natural frequencies are defined by the relation 


4; y Ki 
QO, = = : (5.274) 
a\ p(l-o;") M; 


For the first mode of vibration with M,, and KË taken from expressions (5.265) and (5.271) 


2.04 y7 
o, = : ere (5.275) 
a \p(l-o,") 


whereas the value obtained from differential equation for of =0.3 is 4 =2.05 (see the note 


we obtain 


below expressions (5.262)). 

When considering the quantities C*? and n,, we will assume that the electrodes may be 
partial. Strictly speaking, a change in the dimensions of the electrodes influences the energy 
We as well, however, we will not take this into account, as in the previous example of a bar. 


At least, W? must remain unchanged, if we assume that electrodes on inactive parts of a disk 
g p 


m 


exist, but they are electrically isolated and short circuited. Using formulas for densities of the 
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electrical and electromechanical energies (5.68) and (5.70), we obtain from Eqs. (5.206) and 
(5.211) 
CX =e,(1-K a(n -r )/t, (5.276) 


Eh 2 
_ 1 aad, tY, f(s ' S,) Evdr = 4V $ né, . (5.277) 
i=l 


sl 


W, 
Se 2 eer 


After substituting expression for (S,+5,) by formula (5.268) the electromechanical 


transformation coefficients will be found as 
E 
a= eaoh $ a( 2] n a(4)| f (5.278) 
l-0; a aj a \a 


In the case that 7 =0 and r, =a 


pai, 


i 


5.279 
l-o} ( ) 


The values of the transformation coefficients at different correlations between radiuses r, and 


r, can be obtained using plots in Figure 5.27. 


| (r/ a)| 


0.4 0.5 
ria 


Figure 5.27: Natural modes of the radial vibration of a disk (i = 1, 2, 3). 


In particular, the electromechanical activity of the modes 0, and 0, (and whatever mode, in 
general) can be significantly increased (or suppressed) by appropriate choice of the size and 
location of parts of electrodes. Qualitatively this can be explained exactly in the same way, as 


it was done in the case of the longitudinal vibration 
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of a bar, if to consider plots of functions (S, + S,), vs. ratio r/a, which are according to expres- 
sion (5.268) proportional to J, (kr). Plots of these functions for the first three modes of vibra- 
tion are shown in Figure 5.28 (note that the functions in the figure change signs, when passing 


the zero points). 


|(S,+8,),| 


0 0.1 02 03 04 05 06 0.7 08 0.9 1 
rla 


Figure 5.28: Plots of functions (S, + S,); vs. r/a. 


For quantitative estimation of quality of electromechanical conversion consider depend- 
ence of the effective coupling coefficients from location and size of the electrodes using ex- 


pressions (5.178), 


a n a 
kè, =“, where a, =————_ =e, 5.280 
T a +l C KECH Ko cea 
The term 
al =n |C (5.281) 


depends on the location and size of the electrodes only. As it was noted previously, the equiv- 


alent rigidity, KË 


eqv ? 


does not depend on geometry of the electrodes, unless difference between 
the elastic constants of polarized and not polarized ceramics on the parts of a piezoelement 
without the electrodes is taken into account. This difference is further neglected, moreover, 
usually the pats of a mechanical system are deprived of electrodes that contribute less to elec- 


tromechanical conversion and therefore possess relatively small potential energy. The 


5.7. Equations of Vibration of Piezoceramic Bodies in Generalized Coordinates 255 


maximum value of k,, is achieved at maximum value of coefficient æ, , and hence at maxi- 
mum value of coefficient æ’ . At first, consider dependences of a/,(r) from radius of electrodes 
located in the center of a disk. Note that coefficients @/(a) don’t depend on the number i of 
mode of vibration, and 


Ls ©) _ rsa), (5.282) 
a (a) 


as it follows from expressions for n,(a) and Cc . Therefore, it can be concluded from plots in 
Figure 5.27 that the maximum values of @/,(7) are achieved for the first mode at r =a, for the 
second mode at r = 0.35a, and for the third mode at r =0.22a . The corresponding values of 


the coefficient are 
a’, (0.35a) = æ! (a)@ (0.35) = 2.9’, (a), (5.283) 


a! (0.22a) = æ! (a)@; (0.22) = 4.6’, (a). (5.284) 


Consider now dependences of this ratio from the relative width of concentric electrodes located 
around the nodal lines of the modes of vibration. Such electrodes may be used in some appli- 
cations of the disk transducers, e.g., for the piezoelectric transformers that will be considered 


in the next section. Denote the radiuses of the nodal lines 7, where i is number of the mode 


and n is number of the nodal line. The radiuses of the nodal lines are: 
n, =0.7la, 7, =0.45a, r, =0.8a . We will mark coefficients @, and æ; that correspond to 
the radiuses of the nodal lines with the same subscripts. Results of calculating the relative 


widths of electrodes Ar/a, at which the maximum value of ratios œ’, / a’. is achieved are: 
cin cid 


Asim © 2.0@ at Ar = 0.230, Alzina ¥ 1-605 at Ar = 0.28a, 


: (5.285) 
~1.2@.,, at Ar ~ 0.23a. 


' 
c32max 


a 


Here æ! = @,,(0.35a) , œ = @;(0.22a) . It is convenient to express all the above coefficients 


through the coefficient œ (a) for fully electroded disk vibrating in the first mode. After sub- 


E 
eqvl ? 


C? and n, from (5.271), (5.276) and 


el 


stituting in the expression (5.280) values of K. 


e 


(5.279), this coefficient will be obtained in the form 


a, mT k? 
a (a)=—— = zl ' Or) (5.286) 


eqvl p 
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For PZT-4 ceramics @,,(a)=0.42 (with of =0.33, k, =0.58), and ky =,Ja,,/(1+@,,) 
= 0.54=0.94k,, . Thus, the radial vibrating disk is a convenient configuration for experimental 


determining the planar coupling coefficient, k,, by means of measuring k,, by resonance- 


antiresonance method. 


The coefficients @,,, that are necessary for calculating respective effective coupling coef- 


ficients will be obtained as follows. The coefficients a,,, are equal to æl, /Kġ„ under the 
assumption that the rigidities are independent on configuration of electrodes. The sequence of 
manipulations will be illustrated with example of calculating coefficients œ.» and q@,,, for the 


second mode of vibration. The coefficient @,,) =@y / KZ,» 


and due to relations (5.283) and 
2 a, (a) . Considering that @!,(a)=a@,,(a)K*,, and KË / KE 


eqvl eqv2 eqvl 


and due to relation (5.283) 
Ong = (2.9/ K$ 2 ay (a) . The coefficient @,,, =), / Kz, 


eqv2? 
(5.285) a, =(5.8/ KE 


eg 


=8.8 
according to expressions (5.271), we finally obtain that @,,, =0.33a@,,(a) and 
Qn, = 0.66@,,(a) . The expression for coefficient @,,(a) is given by formula (5.286). In the 
case that PZT-4 ceramics is used @,,(a)=0.42, @..) 0.13, @,,, ~ 0.26. The respective ef- 
fective coupling coefficients are kp, =0.54, kgo = 0.34, kga = 0.45. 

For the second mode of the fully electroded disk, n,(a)=n,(a), Ce (a) = cs (a) and 
æ. (a) = a,,(a)/8.8 . Thus, this mode is much less effective electromechanically. With PZT-4 


used @,,(a) ~0.05 and k, 


a2 = 0.21 instead of 0.42 and 0.54, respectively, for the first mode. 


Thus, electromechanical conversion performed by the second mode transducer with the full- 
size electrodes can be greatly improved by using properly located partial electrodes. These re- 


sults will be helpful in the following section. 
5.7.4.3 Electro-Mechano-Electrical Transducers 


5.7.4.3.1 Equivalent Circuit of the Transducer 

So far we assumed that the entire volume of a piezoceramic body is confined between one pair 
of electrodes. In some cases it proves necessary to use only a part of a piezoelement volume as 
active, or/and to divide electrodes into electrically insulated sections and to use them separately. 
In the last case we will call the transducers electro-mechano-electrical (for short EME). Electro- 
mechano-electrical transducers have numerous applications. They may be used in electrome- 


chanical transformers, as means for establishing electrical feedback in the devices that employ 
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piezoceramic resonators, for performing control of parameters of a transducer in process of 
operating. Theoretical treatment of EME transducers requires considering internal energy of a 
piezoceramic body in case that it has separate operating electrodes, as shown in Figure 5.6. We 
will assume that in the figure part 4 of the volume is the active part, in which electromechan- 
ical conversion takes place. Part of the volume Ñ, has separate electrodes, electrical conditions 
of which can vary depending on the design task. Generally, they may be considered as open 
circuited, because thus obtained solution can be easily extrapolated to results of operation with 
any electrical load by using the Thevenin’s theorem. Part of the volume Ñ, is assumed to be 
without electrodes and imitates a passive portion of the piezoelement that is not polarized or 
previously polarized, but with removed electrodes. The value of the internal energy of the entire 
body that is consuming independent flow of the electric energy may be represented following 


=W% +W,,,, where 


em? 


expression (5.144), as W, 


int 


We, = Wo + MW, +W, + Woy . (5.287) 


Figure 5.29: Configuration of a piezoceramic body of a general type with separate electrodes. 


Here W4 and AW, are determined by formulas (5.138) and (5.142); the energies W, and W, 
are underlined, because these parts of the volume consume independent flow of mechanical 


energy. In calculating two cases must be considered. If electrodes in this area were not 


m3 ? 


applied in process of the piezoelement manufacturing, then Ws must be determined with val- 
ues of elastic moduli of non-polarized ceramics. If electrodes were removed after the piezoele- 
ment was polarized, then D = 0 due to absence of electrodes and therefore of free charges 
throughout this part of the volume. In this case the mechanical energy must be determined at 


the values of elastic constants corresponding to D = 0, i. e., W,,, = W2, . The part V, of the 


volume is in the mode of mechanoelectrical conversion (is consuming the external mechanical 
energy and converts it into electrical form), therefore the internal energy of this part is 


ow. 


int 


= ôw, . Using expression (5.52) for the mechanical energy of the volume element, we 


obtain according formula (5.227) that 
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W, 


me2 


W, =WE +AW, +W, 


me2? 


=Wå, (5.288) 


where WË 


__m2 ? 


AW, and W? must be determined by formulas (5.139), (5.142) and (5.140), in 
which E, must be replaced by £,,.. Under condition of short circuited electrodes 


Ez = 9, W, 


‘med 


= =Wå = =0,and W, =W + AW, . Thus, in the case under consideration expres- 


m2 


sions that characterize the internal energy and energy balance in course of vibration become 


W,,, =WE + AW, +W +AW, +W 3 +W Woy EWS. (5.289) 


me2? me2 


Here the result of electro-mechano-electrical conversion (“converted energy”) is W, . There- 


__me2 ° 


fore, expression for the effective coupling coefficient (5.88) that corresponds to this conversion 


has to be modified to the form 


ee EEN 5.290 
a WS +W,, +W.,, Wwe + Wrsoc l : 


For brevity the energy W,,, in (5.289) is denoted as W, 


mÈ oc ? 


the total mechanical energy of open 
circuited piezoelement. 

It can be seen that in expression (5.289) the relations (5.144) for electromechanical and 
(5.227) for mechanoelectrical conversions are combined. After the equations and equivalent 
circuits that describe electromechanical and mechanoelectrical conversions are known, there is 
no need to repeat analogous derivation for EME transducers. The result can be obtained by 
combining already existing equivalent circuits for these two cases. 

Usually, EME transducers operate near their resonance frequencies, or less often below the 
first resonance, and therefore they can be considered as having one mechanical degree of free- 
dom. The equivalent circuit of the electro-mechano-electrical transducer that employs two pairs 


of electrically separated electrodes is shown in Figure 5.30. This circuit, one part of which 


CË AC M 


eqv n.: 


Figure 5.30: Equivalent circuit of electro-mechano-electrical transducer. 
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operates in the mode of the electromechanical conversion (it will be conditionally denoted as 
input) and another operates in the mode of the mechanoelectrical conversion (output), allows 
calculating all the operating parameters of the transducers. The output and input parts can be 
used interchangeably. In this sense naming them “input” and “output” is conditional. 

The following has to be noted regarding parameters of the circuit given that the mode of 
vibration of the mechanical system of the transducer is known. Values of the capacitances and 
transformation coefficients n, C$ and n,, C$ must be determined by the general formulas for 
the respective segments of electrodes. The equivalent mass M_,,, does not depend on separation 
of electrodes and is determined by the mode of vibration only. The equivalent compliance 
CË, =C* =1/(K* +AK) must be determined in accordance with relation 


W ze = (E 2) KE, + Ke, +K,,, + AK, + AK,) = & /2)(Ke +AK). (5.291) 


Here subscript sc indicates that the output of the piezoelement is short circuited. Value of the 


term K 


m3? 


strictly speaking, depends on the status of the passive part, as it was previously 
discussed, but the differences that may occur are not significant. We will assume for simplicity 
that electrodes on this part exist and are short circuited. Thus, K,,, * K+, and therefore 


m 
E 
K, 1 


+K?, +K ~ KE i.e., equal to the rigidity of the piezoelement with full size electrodes. 
In the term AK =AK,+AK, the items AK, exist only for the parts of piezoelement, where 
longitudinal piezoeffect is employed. Otherwise AK, =0, as it was discussed previously in 


Section 5.5. As the result 


Cie = Cy, =1/(K;, + AK). (5.292) 


In some applications the separated electrodes can be used for control of operating charac- 
teristics of a transducer, for feedback, or even for adjustment within certain limits of EME 
resonance frequency. The latter is due to effect that the electrical output of the transducer pro- 


duces on parameters of the mechanical system. The effect is determined by value of impedance 


Z 


int 


=n I(1/ Raa + j@C’s) (5.293) 


introduced into the mechanical contour from the secondary electrical side, as shown in Figure 


5.31. With short circuited electrodes Z,,, = 0 , with open electrodes Z,, = n2 / jaC®, . This leads 
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to an increase of elastic rigidity, and hence, to an increase of the resonance frequency of the 


mechanical system. 


int 


Figure 5.31: Equivalent electromechanical circuit of the electro-mechano-electrical transducer 


with impedance of the electrical output transformed into mechanical contour. 


Piezoceramic transformers represent the most demanding application of EME, because 
they may perform transmission of significant amounts of energy, whereas other applications do 
not require large output signals. In the last case analogy can be drawn with electroacoustic 
receiver, if to replace the source of electrical energy by the acoustomechanical generator that is 
shown in Figure 1.8. The equivalent circuit of the transformer is analogous to those for electro- 
acoustic projector with radiation impedance replaced by the impedance introduced from the 
electrical side. Therefore, all the considerations regarding properties of the projectors presented 
in Chapter 3 are applicable qualitatively to this case. Peculiarity of this case is that it is easier 
to change impedance of the electrical vs. acoustic load, and thus to achieve more favorable 
conditions of matching. In particular, the load can be made pure active by using inductance for 
compensating the reactive component of the electrical output. For example, with parallel in- 
ductance L =1/@° C*,, where q,, is the operating frequency of the transformer, the introduced 


op “e2? 


capacitance in the circuit of Figure 5.31 must be short circuited and introduced resistance will 
be R, =MR. 

Although a detailed analysis of properties of the piezoelectric transformers is out of scope 
of this treatment, the piezoelements will be considered shown in Figure 5.32, as examples of 
those used in the typical transformer designs. The goal is to illustrate procedures of determining 
their effective coupling coefficients and resonance frequencies. Peculiarity is that the input pa- 
rameters of the transformer depend on the status of its output. We will consider the cases that 


they are open (terminated by large impedance) or short circuited (terminated by small 
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impedance). “Large” and “small” are meant being much larger and much smaller in comparison 


with 1/0C$ . 


Figure 5.32: Piezoelements that are used in the electromechanical transformer designs: (a) longi- 
tudinal vibrating bar that employs both transverse and longitudinal piezoeffect (Rosen-type trans- 
former), (b) radial vibrating in the first mode disk with split electrodes, (c) radial vibrating in the 


second mode disk with partial electrodes. 


5.7.4.3.2 Longitudinally Vibrating Bar Piezoelement 
With reference to expressions (5.237), (5.240) and (5.252) after integrating over the halves of 
the bar that operate in the transverse (input labeled /) and longitudinal (output labeled ZZ) pie- 
zoeffect at the first mode of vibration, the following parameters of the equivalent circuit will be 
obtained. 

The electromechanical transformation coefficients and capacitances are 


_ dyw ioe 2d,,wt © 


I E ? IT E ? 
Si S331 


(5.294) 


wl 2wt 
Cy = na) > and Cy = ek). (5.295) 


The rigidities under the condition that output of the transducer is short circuited (loaded 
with a small impedance) are 


Ky = Ky, + AK, (5.296) 


where 
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2 
KE = ml tt (5.297) 
Sip $33 


and AK, is due to longitudinal piezoeffect in one half of the bar. Using formula (5.155) will be 
obtained that 


2 2 
hi UE h 5). (5.298) 
ais 1-1,\0 m 


Thus, 


2 2 
KF "a í sear >! SA] (5.299) 
Al | si si(—-k3,) 1 4l lsh se 1 


The resonance frequency of the transducer under the condition that opposite sections are 


short circuited is 


(5.300) 


where Mp» =0.5wilp, i.e., 


1 1] 1 1 8 
se = =, |-| =+s Š) ‘ 5.301 
oe sells Al m 33 l ( ) 


If output 2 -2 is open circuited (operates in the receive mode with large load) 


Locl =K; H AK, H = K; y + $ (5.302) 
The last term, which is introduced from the secondary electrical circuit, after substituting ex- 


pressions for n, and C$, from (5.294) and (5.295) may be represented in the form 


ell 


2 2 
nı  mwt 8 2 


ee —k.,. 5.303 
CS Als m ” ( ) 
Thus, 
n n 
K,,, = K® +AK, +— =K, +, 5.304 
Locl m 2: cs Es c$ ( ) 


and formula for the resonance frequency becomes 
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ee a ı 
Lae nears} (5.305) 
DIN psi, s2 


Determine the effective coupling coefficient of EME transducer in the case that its output 
is open circuited by formula (5.290). After substituting expressions for energies involved 
WS =0.5V°C3, WS =0.5(En,) /C2, and W, 


mÈ oc = 0.55, Ky 
that (V/E,) =(K, 


taking into consideration 


ocl ? 


/n,) and after some manipulations we will arrive at 


ocl 


a 
2 _ Voc cI 
ky = On Ea : (5.306) 
Where 
2 2 
oc nı oc Ny 
ar OK an BK : (5.307) 
el ~*~ Zocl ell” ~Zocll 


The superscripts in coefficients @, are introduced in order to distinguish their values determined 
under condition that electrodes on the remaining parts of a piezoelement are open circuited from 
commonly determined under condition that they are short circuited. Though the difference be- 
tween these values can be neglected, when determining the coupling coefficients. All the pa- 
rameters in expressions for coefficients @ and a, are known from relations (5.294), (5.295) 


and (5.302). The resulting values of these coefficients are 


8 eo Ra: i 
ag = » ay =k ; 5.308 
aceea A P O aLI em) 


And the effective coupling coefficient is 


2 8 2 1 2 


eff = m 33 1+s2 / sé effl ? (5.309) 
where ky is the effective coupling coefficient of electromechanical transducer with input I 
that has rigidity Ky, , namely, 
24-K Fl 
2 =Z 4 sh /s2)| (5.310) 
8 ks, 


If PZT-8 ceramics is used ( sË =11.5-10°" m?/N, s$ =8.5-10" m?/N, k, =0.3,4,; = 0.64 ), 
then k,, = 0.08. Thus, such the EME transducer is a poor energy converter due to double en- 


ergy transformation. 
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Important characteristic of EME transducer is its turns ratio . As it follows from the 
equivalent circuit in Figure 5.31, the maximum value of the turns ratio is achieved with open 


circuited output, and expression for this value is 


y, & |n 
N, =e -1 —, (5.311) 
y, V, oC, 
where 
nn an 
N,, = eae Q, = UARA =. (5.312) 
ell” *Xocl vl + O; [(f / Foe) T. a / p 
(In course of the manipulations relation (r,, / Kyo) =(1/Q,@,,.) was used). 
Thus, expression for the turns ratio becomes 
N, = nny dex If (5.313) 


ChK ooer Lt BISI So) -Lol PÈ 


Using definitions (5.307) and considering that K,,,., = K,,.,,, the first factor in this expression 
can be represented, as 
My = a -as - Ci Q, =N fa) (5.314) 
Coi K Locl Car 
and finally 
fcl f 


Np =N, Cioc) (5.315) 


VETER 


Here N..(f,,.) is the maximum value of the turns ratio that can be achieved at resonance fre- 
quency with the open circuited output. For the particular case under consideration expressions 
for æ% are given by formulas (5.307) and for C$ by formulas (5.295). After substituting these 


expressions into (5.315) will be obtained that 


21 h- 1 
N, = — Q, -k,3k L, a 5.316 
eee) wy e 33'%31 1-K 14+(s% /sE)(1- k3) ( ) 


(Remember that s3 = s},(1—k;,) according to (5.102)). The aspect ratio //t depends on geom- 


etry of the piezoelement only, all the rest of the expression isé determined by properties of the 
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ceramics used and by the quality factor of the transducer, in other words by the mechanical 


losses in the EME transducer design. In the above example with PZT-8 ceramics used 


N, (fo) =2.7-10° (1/00, . (5.317) 


VN Sroc) 
2 


Figure 5.33: Representation of the EME transducer operating at resonance frequency as the equiv- 


alent generator. 


The EME transducer can be represented as equivalent generator regarding the output 2 -2 that 
is shown in Figure 5.33 for the case that the transducer operates at the resonance frequency. 
According to the Thevenin’s theorem the electromotive force of this generator is 


=V N (fo), and the internal impedance must be determined as impedance between ter- 


2oc 


minals 2 - 2 with terminals 1 - 1 short circuited. It can be shown after straightforward manipu- 


lations that at the resonance frequency R,, =Q,,@,, / OC% , and C, ~ C$. Thus, the rated 


roc “elI ? 


power of EME transducer (maximum output power that can be delivered to the matched load 


R, =R,,) 18 


in 


2 2 
w = WN (Sus) = Ly Tea) o C$ (5.318) 


roc “ell ? 
in n ~~ cll 


where parameter that depends on the EME converter properties may be denoted y, is 


2 
Yw = alt rue) QyyeCon ; (5.319) 
Qn Qen 


In the above considered example with coefficient N, (f) by formula (5.317) this parameter 
is 
S: 


Yy =713 101/1} Q, CoC (5.320) 


oc 
clI 


Values of C$, @,,, and a% 


roc cll 


are expressed through parameters of piezoelement by formulas 


(5.295), (5.105) and (5.308), respectively. 
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Seemingly EME transducers can transform significant electrical power, but the maximum 
(rated) power is limited by dynamic mechanical stress in the piezoelement and its heating, as 
the equal power is dissipated in the form of mechanical losses. The power limited by the me- 
chanical strength can be estimated for the case under consideration as follows. Given that at the 
first mode of vibration (x) = & sin(zx//) and the strain is S(x) =(6,2/1)cos(azx/J) , at the 
resonance frequency 


y. 
ol 


roc 


(5.321) 


Here Y would be Young’s modulus of material in case the elastic properties along the mechan- 
ical system were uniform. In our example the elastic modulus is 1/së within one half of the 
bar and 1/s?, within another. For estimations that involve value of maximum permissible dy- 
namic stress, T; , which is known approximately, it may be acceptable to use for the Young’s 
modulus the average value Y, =0.5[(1/s/,)+(1/s.)]. Thus, the maximum power limited by 
the dynamic strength is 

oI 


War =E ta = Oy lt (5.322) 


22 “mL” pd* 
m Yy 


Note that here W, is calculated on the mechanical side of the equivalent circuit, because the 


matched load transformed into mechanical contour is equal to 7,,, , besides 


ro= Oro-M egy = A frocY P 


> 5.323 
mL Q, Q, ( ) 


where Ý is volume of the piezoelement. Assuming also that f,,. *(1/2/)./Y,, / p , we finally 


obtain for the maximum power density 


W= fT, Wim’. (5.324) 


roc” pd 
m” av 


According to Ref. 2 (see also Ch. 11) it can be taken 7, ~25 MPa. For PZT-4 and PZT-8 


ceramics Y,, ~10'' N/m?. Thus, with these ceramics used 


(W.,,. |V) < on Sram Wem’. (5.325) 


m 
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It must be remembered that this power can be available at efficiency of electro-electrical energy 
conversion 7,, =0.5 .This may result in significant overheating of the piezoelement. Increase 
of efficiency can be achieved for expense of the power converted. The trade-off between the 


efficiency and power available is the matter of a particular piezoelectric transformer design. 


5.7.4.3.3 Radially Vibrating Circular Disk 

We will consider only the electromechanical characteristics of the disk that are important from 
the point of view of analysis performed above for the longitudinally vibrating bar piezoelement 
under the assumption that the disk vibrates in the first mode and the electrodes are split at var- 
iable radius r (Figure 5.32 (b) in order to determine dependence of parameters of the piezoele- 
ment on the radius. Electromechanical characteristics of the radially vibrating circular disk with 
partial electrodes were considered in the preceding Section 5.7.4.2 under the condition that 
electrodes on the remaining part of the disk exist and are short circuited. Specifics of the pie- 
zoelement for EME conversion is that the output electrodes are assumed to be open circuited to 
be able to treat the case of arbitrary loaded output. In this section data are presented regarding 
dependencies of relative values of coefficients that characterize effective coupling coefficients 
associated with the partial electrodes from the relative widths Ar /r,„ of electrodes located 
around the nodal lines of higher (with number n) modes of vibration. These data allow one to 
estimate whether is it reasonable to use higher modes of vibration for designing EME with 


partial electrodes of the type shown in Figure 5.32 (c). 


Figure 5.34: Equivalent circuit of EME radial disk converter with open circuited output. 


As both input and output parts of the circular disk piezoelements employ transverse pie- 
zoeffect, the equivalent circuit in Figure 5.30 simplifies to those shown in Figure 5.34 for open 


circuited output. Status of opposite electrical sides does not influence values of their 
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electromechanical transformation coefficients and capacitances. According to expression 


(5.278) for the inner part confined between the central electrodes 


2 y" 
n, = Fata e(z}, (5.326) 
o a \a 
and for the outer part 
2 y 
n, = Kipi [ r e(z) l (5.327) 
l-0; a \a 
The respective capacitances are 
Cy’ =é,(-k,)ar’ /t and C = Enl- kpn -r)i t. (5.328) 


The equivalent rigidity for the case that the opposite electrical sections are short circuited ac- 


cording to (5.271) is 


10X" 
KË = LL, ; (5.329) 
1 
With output electrodes open circuited 
n? l n ) 
=K'+—4 =K*|1+—+_ |. (5.330) 
m ocll m 12 m Sto 
Ca Ca Ka 
After introducing the coefficients 
2 2 
ny Ny 
a z and @,,, = - ; (5.331) 
Cr Ka Cap Ka 
these expressions become 
K -xefas My eae ) 
m ocl m C’: K E m cH }? 
am (5.332) 


2 
Kroa =K} [is |=: (+a). 


Here K 


m oci 


(i=I, IT ) are the rigidities determined under condition that electrodes on the op- 


posite part are open circuited. Note that coefficients a“ 


ci 


in the previous case were determined 
by formula (5.307) under the condition that opposite terminals are open circuited. Following 


expressions (5.326)-(5.329), 
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2 
1 r r 
a, = AG? z), a, =A 1- el ) f 5.333 
cI ie cll 1-(r/ay a 1 a ( ) 
where 
m 2 
A=4(1+0f)—. 5.334 


For PZT-4 and PZT-8 ceramics 4 = 0.42 and 0.29. 
The resonance frequency of the piezoelement measured at the input terminals with output 


terminals open circuited is 


K KE 
on = [Pe = ap C = Oait ay >» (5.335) 
eqv eqv 


where @,,. is the resonance frequency of the disk fully covered by electrodes, namely, 


_205 | ¥ 


o, a (5.336) 
a \p(l-o’) 


Note that the resonance frequency measured at the output terminals with input open circuited 
is 
rll rse ‘cl “s (5.337) 


The coefficients œ are related to the effective coupling coefficients determined under condi- 
tion that the opposite terminals are short circuited by formula (5.280), thus, a, corresponds to 
the effective coupling coefficient of the central part, and q@,,, to the peripheral part. 

Plots are presented in Figure 5.35 of dependences of coefficients a, and @,, normalized to 


factor A from relative inner radius of the electrodes. It must be remembered that 


J (2.05r/ a) 


EC i@asACl ac, (2.05) 


=1.74E J (2.05r / a). (5.338) 


Thus, relation between the effective coupling coefficients of the input and output sections of 

the disk can be changed in a broad range by changing inner radius of the electrodes. At 

r/ am~ 0.46 the effective coupling coefficients are equal. For PZT-4 they are k,, ~ 0.43. 
Expression for turns ratio of EME converter at resonance frequency that is obtained from 


the general formula (5.314) in this case looks like 
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Ce! ay 
NS Oreo ON (5.339) 


E Sto 
ell K, m a + Qon ) Cai l+ Qon 


General formula for the turns ratio may be obtained after substituting expressions (5.328) for 
the capacitances and (5.333) for the coefficients a,,. At r =0.46a , @,, =@,, =0.53A and 


0.53A 
N, = 0.520, ——_. 5.340 
Sr) = 0-520 (5.340) 


In case that PZT-4 or PZT-8 ceramics are used (with 4 = 0.42 and 0.29), N,.(f.,.) ¥9-10°O,, 
and N,.(f,,..)* 7-107 Q,,, respectively. 


1.1 T T T 
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Figure 5.35: Dependences of coefficients and normalized to factor A from relative inner 


radius of the electrodes. 


In determining the maximum available output power, the same procedure can be used as was 
demonstrated for the bar piezoelement. In the factual calculations some changes in values of 
parameters involved must be made as follows. In formula (5.323) for r,, the equivalent mass 
is M,,,, =0.76M according to (5.265), and the resonance frequency @,,, has to be determined 
by formula (5.335). Following the expression (5.338) the maximum stress in the center of the 


disk is 


ge ye ECU 2 36a) (5.341) 
max 1 dr as a 1 So 
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In practical designing an advantage may have EME converters that employ the second 
modes of vibration of the considered piezoelements. As the corresponding equivalent parame- 
ters were determined in the previous sections, calculations analogous to those performed here 
can be made in a straightforward way. 

Considering issues related to principles of EME transducer designing is out of scope of this 
treatment. The only goal of analysis made in this section is to illustrate technique of estimations 
of properties of a piezoelement employed in such transducers that is based on their equivalent 
circuit representation. Information about different approaches to calculating various piezoelec- 
tric transformer designs, and detailed analyses of their parameters can be found in vast literature 


on these issues. See, for example, Ref. 9 and bibliography therein. 


5.8 Equations of Vibration in Geometrical Coordinates 


Solution to the problem of vibration of a piezoceramic body in the generalized coordinates is 
rather general and, in essence, comes down to a formal procedure of determining the equivalent 
parameters, if solution is known to the vibration problem for the identical body made of passive 
material. Yet there are cases, when it is preferable to derive equations of vibration for pie- 
zoceramic bodies directly in geometrical coordinates. For this purpose, we will use the varia- 
tional principle in the same way, as it was done for bodies made from passive materials in 
Chapter 4. Initially, we will consider the entire volume of the body to be confined between solid 
electrodes so that there are no nonuniformities caused by the absence of electrodes on some 
part of the body, or by a difference in electric conditions on the parts of the electrodes that are 
electrically insulated from each other. Several peculiarities exist in applying the variational 


principle to deriving equations of motion for the piezoceramic bodies. 


Firstly, we must consider density of the internal energy w,, instead of w,,,, therefore, 
expression for the Lagrangian will be (see (1.96)) 
L= Wain a Wint + W, $ (5.342) 


= w? +w*_.,, it should be re- 


mech ? 


When considering expression (5.34) for the internal energy, w,, 


membered that in calculating w? =e; /2 for a volume element located inside the pie- 


zoceramic body, Æ, must be replaced with Æ; in accordance with relation (5.133). (Note that 
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we will further use subscript m instead of mech for brevity, thus, the formula for the internal 


energy will be w, 


int 


=w? +w? ). 

Secondly, although the mechanical effects must be considered in the same way as for the 
passive bodies, differences arise in setting the boundary conditions, which must be formulated 
with regard to the piezoelectric effect. Besides, the electrical boundary conditions should be 
also considered. 

For the bodies, motion of which is governed by equation (4.41) (bars in the longitudinal 
and torsional vibrations, plates in vibration in their plane), in the case that they are made from 
the active materials we will use Euler's equations in the form of (4.2) 


a(S) ea aw, 
in| mia, (5.343) 
dt\ ô } a&\ og j oë 


where displacement € is a function of the geometry coordinates 


5.8.1 | Extensional and Torsional Vibrations of Piezoceramic Bars 


5.8.1.1 Equations of Motion 
We consider one-dimensional vibrations of the bars. Following formulas (5.132) and (5.133) in 


rectangular coordinates we obtain 


S; A 
, = Sa" y Pa fs Cat (5.344) 
e e 0 
E! = E, + ETA ts fsx )dx, es S.(x,)> (5.345) 
Al e 0 eA 


where S,(x,) = &'(x,) is the working strain and /, is separation between electrodes. For the 
transverse piezoelectric effect S(x) = S(x), L =t, E; = E, . For the longitudinal piezoelec- 
tric effect S,(x,)=S,(x,), and at L =/1, E; + E, . Inside of a body that is segmented in the 
direction of the electrical lines of force, the expression for Æ; in rectangular coordinates within 


a segment of the length Ax, , becomes at Ax, — 0 


x% +Ax3 
n n 
E =E, +——— | S$,(x,)dx,-“* S,(x,) © E +S (x )-S (x )]=E,. (5.346) 
mae ! 3\%3 3 cS E hati 3 c$ FAS Fr 3 
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Actually, for fulfilment of this condition it is practically sufficient to have not less than 6 
segments on half of wavelength of deformation, as it is shown in Section 5.5.2. The two variants 
differ in principle. 

There is no distribution of strain S = é' along the lines of force, and E; = E, (the trans- 
verse piezoelectric effect, the longitudinal piezoelectric effect in a body segmented along the 


lines of force as noted above). In this case 


Wing _ 


Oe oé" =K ő 5) (5.347) 


m 


ôw” 
£ (w? +wË ) = 
Og 
and for all the bodies of this kind equation (5.343) coincides with Eq. (4.2) for analogous body 
made from a passive material, if w„ is substituted into the equation instead of w,,, . Therefore, 
all the equations of the kind of Eq. (4.40) also coincide, except that K, should be replaced with 


the respective coefficients K¥ taken from Table 5.3, so that 


CaKi im =(c'y « (5.348) 

There exists a strain distribution along the lines of force, Æ; and w% depend on ¢'. These 

are the cases of thickness vibrations of plates and vibrations of solid bars under the longitudinal 

piezoelectric effect. Substituting the value of Æ; from formula (5.346) into the expression for 
w° and using relations (5.95) and (5.100) in the process of manipulation, we 


O( wei +w A 
0 (wa )_ 0 | Lë +n) = KEE" 4 Se E" = KPE". (5.349) 
alog) a| €" Ca 


eA 


Thus, in this case the equations of motion also coincide with those for similar passive bodies 
under the action of the same system of external forces, if to replace K, by K? , which means 


that c° has to be replaced by 


(PP =K? /m,. (5.350) 


Since the forces of electromechanical origin do not exist in the equations of motion, they must 


appear in boundary conditions, so far as the electromechanical conversion does take place. 
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5.8.1.2 Boundary Conditions 


5.8.1.2.1 Mechanical boundary conditions 
At first, we will consider the ideal mechanical boundary conditions, under which no flux of 
mechanical energy flows through the boundaries, i.e., W, = 0. In the variant of the longitudinal 


= (0), in the variant of the tor- 


vibrations these conditions result from the relation W, = f Men 
sional vibration — from W, = M, A. = 0 . At the free end the displacements and rotations are 
possible, and the conditions f =0, M, =0 must be met. Considering Eq. (5.84) in the variant 
of the longitudinal vibrations 


f = ST x=0,/ = So (Ke > n, E; Jzor >, (5.351) 


where from 


é' 


o1 =B / K. (5.352) 


Values of n, / KË must be taken from Table 5.3 for a respective case. Thus, (n, / KË) = d}, 
or d;,, or e, /c} for a bar under the longitudinal or transverse piezoelectric effect, and for a 


plate vibrating through the thickness, respectively. 


(a) 


(b) 


Figure 5.36: To the formulation of boundary conditions for a piezoceramic bar intended to vibrate: 
(a) in torsion (on the left-fully active bar, on the right-half passive); (b) in flexure (on the left - 


employing extensional deformations, on the right - employing shear deformations). 


In the variant of the torsional vibration of a piezoceramic bar of square cross section poled 


along its axis x3 perpendicular to the cross section, as shown in Figure 5.36 (a). 
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w/2 w/2 
M,=w | Txdx,+w | Tade, . (5.353) 


—w/2 —w/2 


(For the energy status of volume element of passive bar under the torsional deformation see 
Sec. 4.2.2, example 6). If there are no electrodes on the side surfaces of the bar, 7, = S, / s}, 


and T, = S; / s,- By virtue of Eq. (4.24), S, =—x,g!, and S; = xg., . Thus 


w/2 w/2 
M,=(¢, ist) J xan f SELARI (5.354) 
—w/2 —w/2 


It follows from the condition M, =0 that g! =0. If electrodes are applied to the side surfaces 


x, =+w/2 and E, #0, then 


T, =S, / s£ -(d;/8s£)E,, T,=S,/s2. (5.355) 


After substituting these expressions for stresses into formula (5.353), we obtain 


J, 1 1 m 
M, =, Fae ae +M., ,=G Po M., > (5.356) 
2 i 
where 
(eae if E,x,dx (5.357) 
a —w/2 


is the moment of electromechanical origin, G* = J „(s4 +s4)/ 294S 18 the torsional rigidity 
of a piezoceramic bar of the square cross section. (Sign minus shows that at the positive 
direction of vector E, the generated moment is acting in the anticlockwise direction). 

If the electrodes are applied and connected electrically in such a manner that E,(x,) is not 
an even function, as this is shown in Figure 5.36 (a), then M,,, # 0. In the case that two halves 


of the electrodes are connected in opposite, M„„ = —wd,,E, / 4s} - Given that for square 


cross section J, = w*/6, from condition M, =0 we find 


P., =384d sE, / WS +544). (5.358) 


Thus, the effect of electromechanical conversion is equivalent to those produced by the 
force f „=S n,E, in case of the longitudinal vibration or by the moment M,,, in case of 


torsion, which are acting at the end of the piezoceramic bar. The electric energy that enters 


transducer through the electrodes appears as would be transformed due to electromechanical 
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conversion into mechanical energy that enters through the ends. These energies are 


W „= SE; Ely and W,, =M.,,9 


em em 


x-o, for the longitudinal and torsional vibrations, re- 
spectively. 

On the fixed end the conditions €=0 and g=0 coincide with those for a passive body. 
No transformation of the electric energy into the mechanical energy that flows through the fixed 
end takes place, since at this end f,,¢=0 and M,,@=0. Thus, piezoceramic bar with fixed 
ends and with unipolar electrodes that fully cover the side faces is electromechanically passive. 
This fact was noted also, when considering examples in Section 5.8, where an explanation was 
made based on analysis of the quantity W,,, by representing strains, as expansion in terms of 
natural vibration modes (see Figure 5.23). In order to make the electromechanical conversion 
efficient under the fixed boundary conditions, or in order to increase its efficiency under con- 
ditions (5.349) and (5.358), the electrodes configuration and electrical connections must be 
modified, as it was recommended in Section 5.8. The simplest way to achieve this is just to 
remove the portions of electrodes near the edges, or to separate the electrodes at the nodal lines 
of the strain distribution and connect their adjacent portions in reversed polarity. In both cases 
the equations of vibration must be written for each segment of the body with changed electrical 
boundary conditions, and mating conditions must be met at the boundaries between the seg- 
ments. Thus, for example, for bars of the design shown in Figure 5.22 equations of vibration 
for segments 1 and 3 must be formulated as for the passive parts with propagation speed 
c= VY/p , where Y and p are parameters of not polarized ceramics, strictly speaking. For 
segment 2 the propagation speed has to be determined, as for the active piezoelement: c7 for 
the designs in Figure 5.22 (a) and (c), and c? for the design in Figure 5.22 (b). (Note that 
Figure 5.22 (a) is replicated as Figure 5.37 (a)). Analogous approach can be used regarding 
more general transducer design, in which case the passive parts of a bar have different cross 
sections, as shown in Figure 5.37 (b), under the assumption that these parts vibrate in the piston 
like mode (uniformly in plane of a cross section). Materials of the passive parts can also be 
different. 


For this design the mating conditions for the longitudinal vibrations are 


6) =o(4,), 6,(4,)=¢,), (5.359) 
SiG) = SoD) Sen) = SoB) - (5.360) 
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In the example of Figure 5.37 (a) Sy = Su =S, 


es3 


. Due to the piezoelectric effect in the middle 
segment of the bar, T, should be used in the form that for a general case is represented by 
expression (5.84). If this is taken into account, then for the particular case of a bar the conditions 


(5.360) will be transformed to 


Sos 1 Ky A ( x) 


x=l, = Sas xg (x) 


=, ZE; |, (5.361) 


SoK 453 (x) 


x=l, = Saz [Kie (x) 


es —n,E; | ; (5.362) 


For the design shown in Figure 5.22 (b) (with longitudinal piezoeffect on the active part) in 


these expressions K{ should be replaced by K? . 


(a) 
Figure 5.37: The transducer design with passive parts having the same (a) and different (b) cross 


sections as the piezoelement has. 


In the variant of the torsional vibrations displacement & in the mating conditions must be 
replaced by the angle ø , and the force f =S „T must be replaced by the moment M , . Finally, 


for the cross section with coordinate x =/, condition (5.362) becomes 


Spi! Sug) A CD| ai, = [Spa ts) 2454 |) 


san tM ys (5.363) 
where (1/s,,) = is the shear modulus of the passive material. 


5.8.1.2.2 Electrical boundary conditions 
Electrical boundary conditions may be ideal, if W, = VI" =0, and not ideal, if W, #0. In gen- 
eral, using relation (5.344) we obtain for one-dimensional longitudinal vibrations of a solid 


piezoelement 


I= | DdS, =C2V + Taa Teq) —&(,) |= joC3 V+ rau Uq) -U(L)]; (5.364) 
Sar e e 


where l, =/,—/,, and S_., is area of the electrode. If to substitute values of the velocities U (L) 


and U(/,) into this equation, the input admittance of a transducer can be found, as Z,, =V/T. 
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Under the torsional vibration strains S, do not change in the direction of lines of force of 
the electric field E,, therefore, E} = E,, and expression for D, coincides with those in local 


piezoelectric equation, namely, 
D, = (dy, / 84,)Sy +ELE, = (doy / 85,0") %, + ERE, - (5.365) 
Considering that halves of the electrodes in Figure 5.36 (a) are connected in parallel, we obtain 


asu pee a r løt) $]. (5.366) 


D,dS„ = 


Results for the ideal electric boundary conditions can be obtained from expressions (5.364) and 
(5.366). Thus, with open electrodes J =0 , and substituting V =V, in relation (5.364), we ar- 
rive at 


me 


y,, =a £0,)-2 =, 


“Tel E =e )[UG)- U(L)Ié. (5.367) 


L C, 


Note that condition 7 =0 is not equivalent to D, = constant, since equalizing currents can flow 
in a piezoelectric element with open electrodes, as they do in the case of the transverse piezoe- 
lectric effect. With the electrodes short circuited it should be assumed that V =0 in formula 
(5.364). In this case Æ, =0 (recall that Æ, is the electric field generated in a clamped body by 
voltage applied between the electrodes). Under the transverse piezoelectric effect and in a suf- 
ficiently segmented piezoelement E; = E, =0. Under the longitudinal piezoelectric effect in a 
solid (not segmented) piezoelement Æ; # 0 , as it follows from the relation (5.133) by assuming 


that FE, =0. 


5.8.2 Equations of Flexural Vibrations and of the Radial Vibrations of a Circular 
Disk 
Equations for the flexural vibrations of piezoceramic beams and plates and for the radial vibra- 
tions of the piezoceramic disks can be derived directly from the variational principle in the form 
of (4.42), with Lagrangian taken in the form (5.342). Equations of motion can be obtained by 
using procedure analogous to that used for deriving Eqs. (4.48) and (4.188) for flexural vibra- 
tions of beams and circular plates and Eq. (4.160) for radial vibration of the circular disk. As a 


result it may be concluded that in these cases equations of vibration for the piezoceramic bodies 
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fully coincide with the equations for the passive bodies of the same configuration, if to replace 
in the latter K, by KË (cby cë ) for the transverse piezoelectric effect and for the longitudi- 
nal piezoeffect in the beams in case that they are sufficiently segmented along the electrical 
lines of force. In all the cases forces of the electromechanical origin are not presented in the 
equations of vibration. They are accounted for by the boundary conditions that must be formu- 


lated regarding the piezoelectric effect. 


5.8.2.1 Mechanical Boundary Conditions 

The ideal mechanical boundary conditions for Eq. (4.160) of radial vibration of the pie- 
zoceramic disk may be obtained assuming that there is no energy flux through the edge of the 
disk, i.e., W, = fE (a) =0, where from follows that either € (a) = 0 , if the edge is fixed, or 
f =S,T,, =0, ifit is free. Here S, is the area of the boundary surface of the disk. Considering 
Eqs. (5.11) and (5.12) we obtain condition for T, =T, in the form 


E E 
s s d, E d, E 
JS 11 S = Rg _ 3133 =T = 313 =0. 5.368 

1 — 1 E“2 E E em sË ast ( ) 


Thus, the edge that is free from external action would be under the action of forces of the 


electromechanical origin fo, =S,T7.,,, and electric energy supplied to the disk is transformed 


em ? 


into mechanical energy 


Wn = Spd, E36, (a)/(s;; +s) (5.369) 


that flows into the disk through its boundary surface. With the fixed boundary W,,, =0 due to 
&.(a) =0, and the disk is electromechanically passive. 

Consider now the boundary conditions for a beam in flexure (Eq. (4.48)). The ideal me- 
chanical boundary conditions at the ends of the beam follow from the condition that an external 
flux of mechanical energy is absent. Thus, from expression (4.52) 


W, =M ,£'+O&=0. (5.370) 


The values of moment and shearing force M, and Q (see Figure 5.36 (b)) are related to me- 


chanical stresses at the ends of a beam according to formulas 


t/2 t/2 
M, =w | Tx,dx,, Q=w | Tds, (5.371) 


—t/2 —t/2 
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where 7, and T, are the normal and shear stresses. It follows from Eq. (5.84) that for the 
transverse piezoelectric effect T, = S, /s{,-—d,,E,(x,)/s{,, where S,;=-x,é! (see formula 
(4.28)). Thus, we obtain 


wd t/2 
= | E,0,)x,dx,. (5.372) 


11 -t/2 


M,=(J/shet— 


The second term vanishes, and no electromechanical conversion takes place, if E,(x,) is an 
even function. The function £,(x,) must be non-symmetrical relative to the central plane of a 
beam. If the beam is mechanically uniform, this function must be odd. This can be achieved, if 
the bar consists of two bonded layers connected so that directions of vectors E and P coincide 
in one half and are opposite in the other half, e.g., as it is shown in Figure 5.36 (b). Assuming 


that £,(x,) =£,(-x,), we obtain 


M, =(J/ st)el—dy Et /4s6 =(J/s)E-M,,, - (5.373) 
In the expression (5.371) for Q the stress T, must be substituted from Eq. (5.8), i.e., 
T, = cS,- eE, (5.374) 
where following Eq. (4.33) 
S, = (C /4- X5 )E"/ 2. (5.375) 
Thus, 
Q = Jegér —ewtE,, (5.376) 


i.e., the electromechanical conversion generates a shearing force only with E, #0, as shown 
in Figure 5.36 (b). For this purpose, upon poling the piezoelement in the direction x, the work- 
ing electrodes must be applied to the surfaces perpendicular to axis x, . In this case the electro- 
mechanical conversion is possible because of shear strain arising on the contour of the plate. 
In the case of the simply supported end (M, =0,¢, =0) and of the free end (M, =0, 


Q =0) it follows from formula (5.373) that at Æ, #0 the boundary conditions are 


E! =3d,,E,/ we. (5.377) 


(Remember that for the beam with rectangular cross section J = wt? /12.) The same conclusion 


can be made, as in the case of the longitudinal vibration, that the electrical energy that is coming 
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through the electrodes would be transformed into the mechanical energy, W 


em 


= M on &3 9 gen- 
erated by the equivalent moment /,,, acting on the boundary. 


At the fixed end (& =0,é'=0) W, 


m 


=0, and no energy transformation takes place. The 
piezoceramic beam with two fixed ends is electromechanically passive. The boundary condi- 
tions for Eq. (4.187) of flexural vibrations of the circular plates may be formulated in the way 


analogous to those for the beams. 


5.8.2.2 Electrical Boundary Conditions 

The electrical boundary conditions may be formulated based on the expression for current 
through a transducer. For each particular case, the charge density D is determined by formula 
(5.132). Thus, in the case of axially symmetric vibrations in the plane of a circular disk (trans- 


verse piezoeffect), 


D, = 63 E, 4 ds & E) (5.378) 


E E 
Si tipki or 


For the flexural vibrations of a rectangular bar per half of its thickness 


di Ê OE 
D, = £4 (1- k} )E, E Oe : (5.379) 
For the flexural vibrations of a circular plate per one half-plate 
t d PE Vee 
D, = 637, +-—— S43 | 5.380 
es de Ast +s \ Or or Or ( ) 


Substituting solutions of equations of vibration for the displacements &, into expressions for 
charge density, we will obtain electrical boundary conditions in the form of expression for cur- 


rent 


I= | Dds,. (5.381) 
Ser 


The manipulations with this equation are straightforward, and the results obtained may be ana- 
lyzed, as this is done in Section 5.8.1.2.2. 
It is noteworthy that considering transducers vibration problems in geometrical coordinates 


it is difficult to determine, what measures can be taken for increasing efficiency of 
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electromechanical conversion without recourse to the concept of solution in terms of the gen- 
eralized coordinates, as it was previously illustrated. For example, it is hard to predict how the 
dimensions of electrodes and way of connecting their parts must be modified to optimize effi- 
ciency of electromechanical conversion for various transducer types. Even more challenging is 
that in these cases we would have to set up and to solve equations of types (4.47), (4.187) and 
(4.159) for segments of a mechanical system that belong to the partial electrodes, and to mate 
them at the boundaries of the segments. Due to these complications, it is much simpler to solve 
the corresponding problems in generalized coordinates from the very beginning. 

An exception in this respect presents solution of equation (4.40) that is applicable to widely 
used designs of the type schematically shown in Figure 5.37 (b). The solution allows convenient 
interpretation in the form of the equivalent electromechanical circuit, which enables consider- 
ing various loading of the transducers ends and changing the dimensions and ways of connect- 
ing the electrodes. Such the solution for the passive mechanical systems is illustrated in Section 
4.3.3 with T-network mechanical equivalent circuit displayed in Figure 4.6 (a). Consider this 


approach for analogous mechanical systems that are fully or partially made of piezoelements. 


5.8.3 Equivalent Three-Port Network of a Longitudinally Vibrating Piezoceramic 
Bar 


Refer to Eq. (4.90) of the steady state harmonic longitudinal vibrations. The general solution of 
this equation for a passive bar has the form of Eq. (4.91). In order to obtain solution for a 
piezoceramic bar, we must replace therein the wave number k by k” (c by c ) for solid bars 
that employ the transverse piezoeffect and for the segmented bars (with sufficient number of 
segments according to Section 5.5.2) under the longitudinal piezoeffect, and by k? (c?) for 
the solid bars under longitudinal piezoeffect. In addition, the electromechanical boundary con- 
ditions (5.352) must be taken into account as well as mechanical boundary conditions. The latter 
arise in presence of the loads and forces acting on the ends of the bars in the form of Eqs. (4.96) 
and (4.97). At first, the solid piezoceramic bars performing longitudinal vibrations will be con- 
sidered. Results of the analysis will be valid for all mechanical systems, for which Eq. (4.90) is 


applicable, if appropriate values of coefficients n, , C4 and K are used. For the piezoceramic 
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bars under the transverse piezoeffect with full size electrodes (/, =/) the boundary conditions 


obtained by combining Eqs. (4.96), (4.97) and (5.352) will be 


KS. EO = -ZÂ -h FN Sos E; x=0? (5.382) 
aSa E (5.383) 


Note that the sign of the strain at the left end of a bar (at x = 0) must be changed to opposite due 
to the accepted rule of signs (see Section 1.5.2 and 4.3.3), and the signs of the displacements 
and forces must be changed accordingly. In case of the longitudinal piezoeffect K? must be 
used instead of KË. Variants with the transverse and longitudinal piezoeffects will be consid- 


ered separately in further discussion, since in these cases the values of £; are different. 


x=0,/ 


Namely, for the transverse piezoelectric effect E; = E, =V/t, and for the longitudinal piezoef- 


fect 


E; = H a7 : oo) = 


U,+U, 5.384 


te 
as it follows from the general relation (5.346) with taking into account that n, = d, /s%, and 
CÌ =«1,(1—k;,) . (Note that the signs of displacement é and velocity U, are already 


changed to opposite.) In Eq. (5.384) 


N, =wtd,,/s},J and C® = ¢7,—k2,)wt/1. (5.385) 


Expression for the current flowing through transducer can be presented in the form 


analogous to Eq. (5.364) 


I = jaC*V+N,U,+U,), (5.386) 


where for the transverse piezoeffect (i = 1 ) 


N,=wdy,/st, C =8L(1-kż)wl/t, (5.387) 


e 


for the longitudinal piezoelectric effect (i=3) N, and C® are given by formulas (5.385). Sub- 
stituting expressions for &(x) from Eq. (4.94) and for Æ; into the boundary conditions (5.382) 
, we obtain relations similar to those presented by Eqs. (4.98) and (4.99). After introducing the 


designations for impedances according to formulas (4.100) we will obtain equations: 


Zi (U,+U,)+Z5U,+ ZU, +F =VN,, (5.388) 
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Zi (U,+U,)+Z5U,+Z,U,+F, =VN,; (5.389) 


for the transverse piezoelectric effect, and 


N 
(z- os Je +U,)+Z7U, +ZU, +F, =VN,, (5.390) 
JOC," 
N 
[zp - A cs Jeropszeu,s zu +4 =VN,, (5.391) 
Jal," 


for the longitudinal piezoelectric effect. Designations for the impedances in above equations 
are analogous to those introduced by relations (4.100). Namely, they are 
Zi =—-jpc’S,,/sin(k*l), ZF = jpc’S,, tan(k*l/2), (5.392) 
ZP =—jpc?S,,/sin(k?l), Z? = jpc?S,, tan(k?l /2). (5.393) 


Equations (5.388) — (5.391) for the transverse and longitudinal piezoeffect in combination 
with Eq. (5.386) for the electrical side solve the problem of the transducers calculating. 


(b) 


Figure 5.38: Equivalent electromechanical three-port networks: (a) for the transverse piezoeffect, 


(b) for the longitudinal piezoeffect, (c) schematic representation of the networks. 


Comparing these equations with analogous equations for a passive bar, which were asso- 
ciated with the two-port network shown in Figure 4.6, we arrive at the conclusion that the 
equivalent electromechanical circuits describing vibrations in the piezoceramic bars can be rep- 
resented in analogous way. The difference is that one more port must be introduced accounting 
for the effect of electromechanical conversion as it is shown in Figure 5.38 (a) and (b). The 


effect of electromechanical conversion is provided by introducing the ideal transformers with 
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electromechanical transformation ratios N, and by appearance of the “negative compliance” 
C =-C®* / N? in the case of longitudinal piezoeffect. Note that for a segmented bar under the 
longitudinal piezoeffect with number of segments more than 6 the circuit shown in Figure 5.38 
(a) is valid, if to replace N, by N, and C® by C®. 

Instead of the three-port networks shown in Figure 5.38 (a) and (b) their schematic representa- 
tions shown in Figure 5.38 (c) may be used for brevity. Correlation between the input electrical 
(V, J and output mechanical (U;, Uo and hence also &(x)) quantities and vice versa can be found 
for various mechanical loads and electrical conditions using cascade connection of such cir- 
cuits. To illustrate application of the cascade connection of the simplified networks consider 


several examples of piezoelements presented in Figures 5.39 and 5.40 that previously were 


treated in the generalized coordinates. In these examples the cascade connection of the 


: 2] 7: 
I Es La Es, 
xX) 


(b) 40 cS O_O O 


Figure 5.39: Variants of the piezoelements design and their corresponding cascade equivalent cir- 
cuits representations: (a) piezoelement with partial electrodes, (b) piezoelement with split elec- 


trodes. 


equivalent circuits can be used in the way, as it is illustrated in the Figures, instead of solving 
new equations of motion and considering mating conditions on the boundaries of the parts hav- 
ing different elastic and electromehcanical properties. The example presented in Figure 5.39 (a) 
corresponds to transducer in the form of a piezoceramic bar cemented with passive parts, and 
those presented in Figure 5.39 (b) corresponds to a piezoelement with electrically separated 
electrodes, to which different voltages can be applied. There is no need to consider analytically 
the mating conditions (5.361), (5.362) to be met over cross sections with the coordinates x, 
and x, . In the circuits shown in the Figure they are met automatically. The vibration velocities 


of these cross sections correspond to the "currents" U(x,) and U(x,) in the respective 
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branches of the equivalent circuit. Various voltages can be applied to the separated parts of the 
electrodes in Figure 5.39 (b). The case of electrical connection of the electrodes in the opposite 
polarities, which is shown in the Figure, illustrates how the effects of different electrodes ar- 
rangement on the frequency response and quality of the electromechanical conversion can be 


considered for a transducer in the shape of a bar. 


(a) 
I Il 
4 S, S; 
Con Ci 
I Il 


Figure 5.40: The equivalent circuit of the Rosen-type EME converter: (a) full size equivalent cir- 


cuit, (b) cascade representation. 


Slightly changed circuits arrangement that is shown in Figure 5.40 represents the equiva- 
lent circuit of the Rosen-type EME converter that was considered in Section 5.7.4.3 using rep- 
resentation in the generalized coordinates. In this case the half-bar that employs the longitudinal 
effect is presented as mechanical load for the input half-bar vibrating in the transverse mode. 

Advantage of the current approach is in its ability to perform calculation of transducer 
operating characteristics in a broad frequency range and universality in meeting mating and 
boundary conditions. But the universal nature of this technique comes for expense of physical 
clarity and simplicity of calculations in generalized coordinates in many practically important 
cases, in which this universality is not needed. In particular, these are the cases of operating in 
the frequency ranges around resonance frequencies and in a wide range below the first reso- 
nance. 

In this chapter the general questions regarding electromechanical conversion in the piezo- 


electric ceramic bodies were considered. The transducer examples were involved for purposes 
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of illustrating different aspects of the problem. The electromechanical transducers of different 


type under specific loading and acting forces that are typical for their applications to underwater 


acoustics will be analysed in detail in Part III of the treatment. Prior to this the issues related to 


interaction of electromechanical transducers with acoustic field will be considered in the next 


chapter. 
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CHAPTER 6 


ACOUSTIC RADIATION 


6.1 Introduction 


6.1.1 Scope of the Chapter 


In this Chapter the acoustic field related parameters of electromechanical transducers that are 
necessary for their calculation as electroacoustic transducers are considered. Typical geometries 
and wave sizes of radiating surfaces are listed, and expressions for the acoustic field related 
parameters are summarized. Unfortunately, there is no such a literature source on the radiation 
problems, with reference to which all the needed parameters of transducers can be readily ob- 
tained. Though a great number of references exists, in which various radiation problems are 
solved for different purposes. To make it easier using the results available, a brief information 
on the general theory of radiation and on the methods of solving radiation problems is presented. 
In terms of statement of the radiation problems we will define transducer as a part of transmit 
or receive system that operates with a single power amplifier or preamplifier. It can be made of 
a single piezoelement, or of several mechanically isolated parts (elementary transducers). The 
latter variant can be used out of technological considerations, or in order to avoid harmful ef- 
fects of coupled vibrations in the mechanical system of a transducer. We will assume that all 
the elementary transducers are supplied with the same voltage, if they are connected in parallel, 
or with the same current, if connected in series. When considering radiation of a transducer we 
will assume that all the comprising elementary transducers vibrate with no amplitude and phase 
distributions imposed intentionally. Though an unintended not uniform distribution of veloci- 
ties over the transducer surface may occur in the case that the transducer is comprised of several 
mechanically isolated parts as result of their acoustic interaction. Therefore, the acoustic inter- 


action between elementary transducers is also considered among the radiation problems. 
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6.1.2 Geometries and Wave Sizes of Radiating Surfaces 
Typical configurations of radiating surfaces of the transducers can be classified in several 
groups, as shown in Figure 6.1. The following types of mechanical systems of transducers and 


configurations of their radiating surfaces will be considered. 


(c.1) (c.2) (c.3) (c.4) 


Figure 6.1: Configurations of the transducers radiating surfaces: (a) cylindrical surfaces, (b) spher- 


ical surfaces, (c) flat surfaces. 


Cylindrical transducers made of solid piezoelectric ceramic cylinders or composed of the 
elementary ring transducers (Figure 6.1(a.1)). The transducers may employ different circum- 
ferential modes of vibration, among which the “pulsating” (zeroth mode) and “oscillating” (first 
mode) are the most widely used. Transducers comprised of the rings performing flexural vibra- 
tions (solid and slotted) and of the incomplete rings also fall in this category. A part of radiating 
surface of the transducers of this kind may be covered with a baffle for achieving unidirectional 
radiation in the horizontal plane (Figure 6.1(a.2)). The models of infinitely long cylindrical 
radiator and of the transducer of a finite height embedded into infinitely long rigid cylindrical 


baffle of the same diameter are useful for approximate estimation of acoustic field related 
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parameters of cylindrical transducers, though the real transducers have a finite height, as shown 
in Figure 6.1(a.3). 

Spherical transducers made of piezoelectric ceramic spheres (Figure 6.1(b.1)). They may 
be used in the pulsating and oscillating modes of vibration (employment of the higher modes 
can be also imagined). The spherical transducers can be partially baffled for achieving the uni- 
directional radiation (Figure 6.1(b.2)). 

Transducers with flat radiating surface. Piston like pulsating transducers (Figure 6.1(c.1)) 
and the flexural type transducers made of circular or rectangular plates vibrating with nonuni- 
form distribution of velocity over radiating surface (Figure 6.1(c.2)). Being used in the double 
sided design they can be considered as embedded flash into the infinite absolutely rigid baffle 
due to symmetry. Dimensions of a single elementary transducer of the flexural type usually are 
small compared with acoustic wavelength. Transducers of this type having one sided design 
can be used with the finite size baffles flash with their radiating surface (Figure 6.1(c.3)). The 
widest used transducers with piston like vibrating surfaces are the transducers of the Tonpilz 
design. Their radiating surface may have circular or rectangular (square) configuration with 
dimensions typically less than 2/2. When used as a single projector the transducer can be 
supplied with a baffle, as shown in Figure 6.1(c.4). 

Transducers with flat radiating surface vibrating in the “piston like” mode with their back 
side baffled (Figure 6.1(c.4)). They can be made of the rectangular piezoceramic bars or circular 
plates vibrating through their thickness. In this case the transducers have relatively high oper- 
ating frequencies, and dimensions of the radiating surfaces may reach many wavelengths, as 
for example, in transducer for side scan sonar (though such size is more typical for the arrays, 
but this case falls into category of a transducer by our classification). 

A brief outline of parameters of transducers that are needed for their calculating as electro- 
acoustic and their general definitions will be considered in the next section. Partially these is- 


sues were considered also in Part I. 
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6.1.3 Acoustic Field Related Parameters of Transducers 


6.1.3.1 Transducers Having a Single Mechanical Degree of Freedom 
Transducers of this kind have a fixed velocity distribution on the radiating surface in operating 


frequency range that can be represented as 


U(t;,@)=U,(@) 00,0), (6.1) 


where r, is the radius vector defining the points on the transducer surface X shown in Figure 


6.3 and U, is the velocity of the reference point on the surface that has radius vector r,. 


P(t) 


Figure 6.2: Illustration of the mechano-acoustic system consisting of the surface of radiating trans- 


ducer #1 and pulsating sphere of a small radius # 2. 


Note that all the quantities in this chapter will be used in the complex form. The sound pressure 
in the radiated acoustic field, P(r), and on the transducer surface in particular, P(r; ), has to 
be determined by means of the acoustic radiation theory so far as distribution of velocity on the 


transducer surface is known as one of the boundary conditions. 


6.1.3.1.1. Sound Pressure and Diffraction Coefficient 


The sound pressure generated by a vibrating surface may be represented in general form as 


Pir, o) = PEU, ec" yro), (6.2) 
r 


where function y(r,@) depends on the radiating surface configuration and mode of vibration. 
We will refer to this function as the diffraction function of a transducer in the transmit mode. 
In the far field this function becomes independent of distance r and represents the directional 


factor of the transducer, H(r,@), 
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H(r,0) = ZE) (6.3) 
AU, r,,,@) \r i 


Here r, is the radius vector pointed in direction of acoustic axis of the transducer. 


For uniformly vibrating (pulsating) spherical radiator of radius a (see Section 2.2) 


2 
Pera) = FE etU,- ke ee (6.4) 


and the diffraction function is 


2 
ka ika 


6.5 
1+ jka (63) 


XZ 


Further we introduce concept of the “referred volume velocity,” U,,, for an arbitrary vibrating 
surface defined as 


U, =U,Sy, (6.6) 


where S, is the total area of the radiating surface. This quantity does not depend on the mode 
of vibration in contrast to the “real” volume velocity, or to the source strength, which is defined 


as 


U, =U, | O(r)dZ=U,S,,. (6.7) 
x 


Here 


= Jocyax (6.8) 


is the average radiating surface area. Thus, for the oscillating sphere U,, =U,4a’ , whereas 
U, =0. In the case that the wave size of the sphere is small (ka +0 ), it follows from expres- 


sions (6.4) and (6.6) that sound pressure generated by the sphere is 


1 
P, Sr G U, ka? = et- "2U, z> Wh () 


The ratio of the sound pressure generated by an arbitrary transducer to the sound pressure 


generated by a small pulsating sphere that has the same referred volume velocity we define as 
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the diffraction coefficient of the transducer in the transmit mode, k, 


rı- Using expressions (6.2) 


and (6.9), we obtain 


P(r,o) _ 2A y(r,o) 
BU,) S, 


=k jy (1, @) (6.10) 


In the case of the spherical transducer 


er: (6.11) 


6.1.3.1.2. | Radiation Impedance 
The acoustic power radiated by a transducer can be found by integrating the acoustic power 
density P(%,)U (%)d= over the transducer’s radiating surface £. In the complex form the 


acoustic radiating power is 


W, =| Prz)U"(r,)d&=U,, | P(r) OW) AE, (6.12) 


where the sound pressure P(r) on the transducer surface has to be determined by expression 
(6.2). The acoustic power radiated can be represented in the form 


2 
> 


Ý, = Za 


U, 


(6.13) 


which can be considered as the definition for the transducer radiation impedance, Z, . Equating 


expressions (6.12) and (6.13) we obtain 
1 
Z= A J P(r.) O(n, ad. (6.14) 


In the case that projector is composed of several elementary transducers the radiation imped- 
ance of the elementary transducers can be different under the assumption that their velocities 
are the same since under this assumption the sound pressure on the surface of the transducer 
may have nonuniform distribution. If the transducer has a solid mechanical system, then the 
sound pressure is averaging on its surface, which results in some value of the radiation imped- 
ance determined by formula (6.14). The elementary transducers, for which the averaging of 
pressure takes place on their surfaces, may have different radiation impedances. This may cause 


a difference in the velocities of vibration of the elementary transducers under the same voltage 
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applied, which contradicts the initial assumption regarding uniformity of their vibration. To 
make possible calculating a real distribution of velocities between the elementary transducers 
in this case the mutual radiation impedances between the transducers are introduced. 

The mutual impedance between two elementary transducers in assembly vibrating with the 
same velocity distribution U =U, @(r) can be determined by the expression (Refs. 25, 26) 


zn = | Blin) O0%)dE, (6.15) 


0x, 


where FA(r,,) is the sound pressure generated by transducer #1 on the blocked surface of trans- 


ducer #2 at the condition that all the other members of the assembly also are blocked. 


6.1.3.1.3 Directivity of a Transducer (D). 

The property of a real transducer to generate in the far field larger intensity in direction of 
acoustic axis in comparison with intensity that omnidirectional transducer radiating the same 
acoustic power would generate in the same point is called directivity (D) (or the coefficient of 


acoustic energy concentration). According to this definition 
2 
= ee (r, 3 o)| 


2 > 
Eaa (r, > a)| 


(6.16) 


where P,(r,,@) is given by expression (6.2), r, is the radius vector pointed in direction of 


acoustic axes of the transducer (direction of maximum of the directional factor) and P,,,,, is the 


sound pressure generated in the same point by an omnidirectional transducer. Values of the 
sound pressures should meet the condition that the total active acoustic powers radiated are the 


same in both cases. For the directional transducer 


i P(r or 
W Za (F, )| 


actr ~~ pc Í Hro dQ > (6. 17) 
An 


where Q is the solid angle and integration is assumed over the sphere of radius r. For the 


omnidirectional transducer after integrating over the sphere of the same radius we obtain 


B Arr? 


acomni 


Pent (r, 2 o| X (6. 18) 


Equating relations (6.17), (6.18) and using the definition (6.16) we arrive at expression for the 


directivity 
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4r 


Dac R; (6.19) 
f |HE, o| do 


Useful correlation can be obtained between the radiation resistance, r, 


ac ? 


directivity and value 


of the diffraction function in direction of acoustic axis, y(r,,@) . Following expression (6.2), 


2 
Pelt, -(£) 


Combining this expression with (6.17), (6.19) and the alternative expression for the acoustic 


"| x(r,,0)| - (6.20) 


U, 


power 
Ween = Voc U, í 2 (6.21) 
we arrive at the relation 
1 2 
r= Arpe z|o) ; (6.22) 


This formula can be useful for determining the directivity in the case that the radiation resistance 


and the value of the diffraction function on the acoustic axis of a transducer are known. 


6.1.3.1.4 Equivalent Force and Diffraction Coefficient in Receive Mode 


In the receive mode the acoustic field constitutes the source of energy, W, 


ai 


„> supplied to the 
transducer. The mode of vibration of the transducer mechanical system under action of acoustic 
field is expressed by the same formula (6.1) as for the transmit mode, due to condition that the 
system has a single degree of freedom. Therefore, the acoustomechanical power in the complex 


form can be determined as 


W.,, = | POU dE =U; f PE) O(r,) dE, (6.23) 


where P(r) is the sound pressure on the surface of the transducer. The sound pressure may be 
represented as 

Pry) =P" (te) -P. (r), (6.24) 
where P” (r,) is the sound pressure on the blocked transducer surface (at U =0) and P(r) 
is the sound pressure due to the back radiation generated by vibration of the transducer surface. 


Upon substituting expression (6.24) for P(r) into Eq. (6.23) we obtain 
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Wy, =U, | P (1) 0(r,)dE—U; | P, (r) O(n )AE, (6.25) 
bY z 
or A = We Wy * (6.26) 


The second term on the right side of the relation (6.25) is the acoustic energy of the back radi- 


ation, and it can be represented as 


W, =Z 


acbr ac 


2 


U, 


o 


; (6.27) 


where Z. is defined by formula (6.14). We denote the integral in the first term as the equiva- 


lent force, F, . Thus, 


eqv 


Fey = | P” O)OM) AE, (6.28) 


and from relation (6.26) follows that 


ÑY =U'F (6.29) 


o` eqv* 
Now the expression (6.26) for the acoustomechanical power can be rewritten in the form 


W., = (F, -Za U,)U; J (6.30) 


eqv 


On the other hand, if to denote the input impedance of the mechanical system as Z, , the power 


m 


supplied to the mechanical system is 


W,,, =Z,,U,U;. (6.31) 
Comparing relations (6.29) and (6.30) we arrive at 


(Z,+Z,)U, =F. (6.32) 


eqv 


This relation may be interpreted by the circuit of “acoustomechanical generator” with mecha- 


nomotive force F, and internal impedance Z, which is equivalent to action of the acoustic 


eqv ac? 


field. Calculating the equivalent force, F, , is the subject of radiation theory. In the case that 
dimensions of a transducer are small compared with the wavelength of sound, we have 


P” (r,) * R, where P, is the sound pressure in the propagating wave, and 


F, =P, [OR Su (6.33) 
2 


6.1. Introduction 297 


If the dimensions of the transducer are comparable with the wavelength, the equivalent force 
may be represented as 


Foy =R kapr Szo (6.34) 


where kyr, is the diffraction coefficient in the receive mode and S, is the total radiation surface 
area. The diffraction coefficient k,,,, may be calculated by equating the formulas (6.34) and 
(6.28) after the sound pressure distribution P” (r,) is found by solving the diffraction problem 
for the blocked transducer surface. But in fact, if the radiation problem is already solved, the 
diffraction coefficient k4p, can be determined by applying the reciprocity principle to the 
mechanoacoustic system consisting of two transducers: transducer # 1 with surface >’, on which 
the distribution of velocity is specified as U(r.) =U, O(r,) , and pulsating sphere # 2 of small 
radius a located at a large distance from the transducer (as shown in Figure 6.3). This is done 
in Section 2.2 and results in the relation (2.37), 


F „ =2A4(r,0)P,. (6.35) 


The function y(r,q@) is determined by Eq. (6.2) from solution to the radiation problem. By 
comparing expressions (6.34) and (6.35) we obtain the diffraction coefficient for the transducer 


in the receive mode in the form 


k= 2A yv(r,@) l 


m= S (6.36) 


that coincides with expression (6.10) for the difraction coefficient, k4p, , introduced for the 
transducer in the transmit mode. Therefore the distunguishing subscripts ¢ and r will be further 


omitted. 


6.1.3.2 Transducers with Mechanical Systems Having Multiple Degrees of Freedom 

In general, the mechanical systems of electroacoustic transducers must be considered as having 
multiple degrees of freedom. In other words, the velocity distribution on the surface of mechan- 
ical system may be represented as function of a number of independent variables (generalized 


velocities). If the actual velocity distribution on the transducer surface is expressed as 


U(%:,0) = U,(0)-O(%), (6.37) 
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where 6,(%,) is a set of the linearly independent functions satisfying the boundary conditions 
for the mechanical system, then the quantities U,(@) can be considered as the generalized ve- 
locities for the system. In this case the acoustic radiation related parameters of a transducer 
must be expressed using the generalized velocities. 

The sound pressure radiated by a transducer having distribution of velocity on its surface 


in the form of the series (6.37) can be represented as 
N 
P(r,@) =>) P(r,o), (6.38) 
i=l 
where P(r,q@) is the modal sound pressure corresponding to the generalized velocity U,. 
According to Eq. (6.2) 


P(r,a) = FU, eth) 4 (ne), (6.39) 


i 


and y,(r,@) is the diffraction function that corresponds to the modal distribution of velocity 
0,(r) . Expression for the modal diffraction coefficients will be obtained in the form analogous 


to Eq. (6.10) 


_ Fe) _ 247 (r,0) 


Kiri 6.40 
dif i P (U,,) S, ( ) 


After substituting the distribution of velocity (6.37) and sound pressure expressed by formula 
(6.38) under the integral in Eq. (6.12), the acoustic power radiated may be represented as 


= N N N J ; 
Wy = [Ère o$u, AGS) fe = 2 Zoaill ʻU; +D Zaai U;-U, . (6.41) 


i#l 


In this expression Z,,,, is the self (modal) radiation impedance of the mode of vibration 0, and 
Z<q 1S the mutual (inter-modal) impedance between modes 0, and @,. In the case that the 
supporting functions 6, are orthogonal on the surface of a transducer (this is a preferable choice 
of the system of supporting functions), then the mutual impedances disappear. 

The modal equivalent force, F} 


ical energy, WY 


will be determined from expression for the acoustomechan- 


vi ? 


by formula 


am ? 


awe 
D (6.42) 


i 
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The acoustomechanical energy becomes represented as 
ry N i 
W [ro Zua dx (6.43) 
$ i=0 


after substituting U(r,) in the form of the series (6.37) into formula (6.26). Thus, the modal 


equivalent force is 


Fey =| PUG)O(R) AE. (6.44) 


6.2 Formulation of the Radiation Problem 


6.2.1 Acoustic Wave Equation 

Acoustic radiation theory considers acoustical processes as linear and occurring in ideal (invis- 
cid) fluid. Although real fluids possess some viscosity, it is small enough for not to be consid- 
ered in linear acoustic equation of motion. Some rotational effects and related shear defor- 
mations in the real fluid are confined to a thin layer near boundaries (boundary layer), where 
they may produce an energy loss. Under the assumption of linearity the acoustic fields can be 
described by a single scalar function, the velocity potential ®(r,t), to which the particle ve- 
locity, v(r,t) , and the sound pressure, p(r,t) , in the acoustic field are related as 

v=—gradD =-VỌ, (6.45) 


oP 
=0—, 6.46 
P =Po a ( ) 


where p, is the fluid density in the state of equilibrium. 


It is noteworthy that in some references (1, 2) the relations are accepted 


v= gradD=VO, (6.47) 
oD 
=—-p; —, 6.48 
P Po a ( ) 


In the vector analysis the convention is that direction of vector coincides with direction of the 
steepest decrease of the potential (i.e., should be v =—V® ), and descriptions of the electric 


fields in terms of electric potential comply with this definition. For acoustic fields the relations 
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(6.45), (6.46) and (6.47), (6.48) can be used interchangeably, if consistent throughout a treat- 
ment. Indicative of this is that direction of the vector of acoustic energy flux 


Q= pv= -pvo (6.49) 


is invariant to this choice. In fact, the choice of the system of relations has to do with sign 
convention for independent variables used. 

Deriving the acoustic wave equation (Refs. 1, 2) involves knowing the relations between 
the basic quantities that characterize the acoustic field in the elementary volume of a fluid, 
namely, the particle velocity, v , the sound pressure p= P—P.,, where P is the instantaneous 
pressure, and Ē is the equilibrium pressure; and the condensation (compression or dilatation), 
S=(p,—-/)/p,, where p is the instantaneous density of the fluid, and p, is the equilibrium 
density. These relations are: 


The equation of state 


p=Bs, (6.50) 


where B= p, (OP/ 0p) p, İS the adiabatic bulk modulus (all the acoustic processes in fluid can 
be considered adiabatic in the practical range of frequencies). The assumption is that s «1. 
Note that in the phase of compression (at p / p, >1) both condensation and sound pressure are 
negative, and in the phase of dilatation ( p / p, <1) they are positive. This is analogous to sign 
convention for the strain and stress in the mechanical systems. 


The linearized (at s <1) equation of continuity (the mass conservation law) 


ð : 
2 =—-div(p,v) , (6.51) 
or Pisa: (6.52) 
ot 


It follows from the mass conservation law that 
d(pV) = pd% +Vdp=0, (6.53) 
and given that ds = -d p / p, we obtain from Eq. (6.53) that 


P =B. (6.54) 
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This equation is the acoustic equivalent of the Hook’s law. 
After applying the Newton’s second law to an element of ideal fluid we obtain the force 
equation (linearized Euler’s equation) 


ov 
—=-Vp. 6.55 
Pow 12 (6.55) 


Combining Eqs. (6.45), (6.46), and (6.55), we arrive at wave equation for the velocity potential 


2 
jy VEO i 


aap ot (6.56) 


where V? is the differential operator (Laplace operator) that in the rectangular coordinates is 
presented as 
Co Ë @& 


v? ++, 
a a a 


(6.57) 


and c is the sound speed in the fluid equal to 
c= Bi pi: (6.58) 


Note that this expression is analogous to expression for the sound speed of the longitudinal 
wave in a bar, c =4/ Y / p . Thus, the bulk modulus B can be considered as analogous to the 
Young’s modulus. Taking into consideration the expressions (6.50) and (6.58) we obtain rela- 


tion between the sound pressure and condensation 
p=C'p,s. (6.59) 


An alternative way of deriving the acoustic wave equation can be used that employs the 
variational Least Action principle instead of the Newtonian approach?. One of the reasons in 
favor of this derivation is that it is in line with general application of the energy method to 
treatment of the electroacoustic transducers including related radiation problems. 

After the Lagrangian for small vibrations of element of inviscid fluid is represented in the 
form 
(6.60) 


L=W,, —W 


pot ? 


where w,,,and w,,, are the kinetic and potential energies of the element of volume (energy 


densities). The kinetic energy density of the fluid after using expression (6.45) will be 
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1 1 ' ' ' 
Wain =P" are KD, +O, +). (6.61) 


The potential energy of a unit volume is the work required for changing its state to the state 


characterized by condensation s from the state of equilibrium ( s = 0 ), that is 


Wrot = f pas. (6.62) 
0 


After substituting expression (6.59) for p we obtain 


s 2.2 2 
2 Poe S P 
Wo = | Poe sds = ——— = ; (6.63) 
pot J 0 2 2pc 
or with reference to expression (6.46) 
2 
Woot = a (2) : (6.64) 


Thus, we obtain expression for the Lagrangian in the form of 


_ Po EA y\2, ry2 1 oD 
eS læ pe +(®:)] 4%) | (6.65) 


The procedure of deriving the Euler’s equation of the problem in the geometry coordinates is 
the same, as for the longitudinally vibrating mechanical systems (bars, for example). 


The Euler’s equation for this case is 
ôf OL ôf OL ô| OL „2 OL Sg (6.66) 
at OW, ) Ox\ OD!) y| od, ) azod: 


The wave equation (6.56) follows from this equation after fulfilling the prescribed differentia- 


tions. 
For the steady state conditions we can use the complex representation of the velocity po- 
tential (r,t) = @(r)e/ and the wave equation becomes the Helmholtz equation 
(V’+k°)®=0, (6.67) 


or due to relation (6.46) 
(V+k)P=0, (6.68) 


where k =@/c is the wave number. The time dependent factor e^” , which is used in this form 


in considering the electromechanical transduction, is further omitted. Note that in many 


6.2. Formulation of the Radiation Problem 303 


references on the radiation problems per se the time dependent factor is used in the form e/” 
. As the physical meaning has only the real part of a solution, this difference does not influence 
the final results of a treatment. To bring all the manipulations made in these references to the 
form used in our case, just (- j) must be changed to (+j). 

The Laplacian V? in the axisymmetric cylindrical coordinates is 


2 2 
tS (ro), i poo (6.69) 
ro\ or) roy & 


and in the axisymmetric spherical coordinates 


V= 2 6 2), > l 9 sino £ ; (6.70) 
r or or) r sing 0g 0p 


6.2.2 Sources of Acoustic Field, Boundary Conditions 

The homogeneous wave equation (6.56) does not account for the acoustic field generation. In 
the acoustic applications of the electromechanical transduction the acoustic fields are generated 
by the vibrating surfaces. This can be an entire transducer surface, or a vibrating part of the 
transducer structure that can also include passive elements of transducer designs, such as baffles 
and caps. In the ideal fluid only normal component of the surface velocity produces acoustic 
radiation. Effects of a small (although finite) viscosity in a real fluid are confined to a very thin 
layer at the boundary, within which a loss of energy may occur. This issue does not influence 
process of radiation and will be considered separately in a due place. 

In the most typical case the radiation problem is in determining the acoustic field (the ve- 
locity potential ® (r) that satisfies Eq. (6.67)) under the condition that the normal component 


of the surface velocity, U,, is a known function f,(r,), i.e., 


U,(n)=-2) = fun). (6.71) 


(n is the outward normal to the surface). This problem is called the Newman’s problem, or the 
boundary-value problem of the second kind. Such is the problem of radiation by the vibrating 
tall cylindrical transducers (Figure 6.1 (a)) and spheres (Figure 6.1 (b)) without baffles and with 


perfectly rigid baffles on a part of their surfaces, and the transducers with flat surfaces (Figure 
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6.1 (c)) embedded in the rigid baffle of a large size. On the rigid baffles velocity is 
zero [U(r,,) =0]. 
Determining the acoustic field in the case that the potential (sound pressure P related to the 


potential by formula (6.46) P = j@p,® ) is given on the surface, i.e., 


|, = hh (6.72) 


constitutes the Dirichlet’s problem, or the boundary-value problem of the first kind. In the par- 
ticular case of the absolutely compliant or “pressure-released” surface f, (r) = 0 . This problem 
is not typical for transducers radiation per se. It can arise as the problem of diffraction of sound 
wave on a “pressure-released” body located close to a transducer surface. 

In the most general case, the normal velocity is specified over a part of the transducer 
surface and the sound pressure or local impedance over another. This condition can be formu- 


lated as 


(Zao) Pe (6.73) 
ôn z 


where œ is constant over a part of the surface. This is the mixed boundary-value problem, or 
the boundary-value problem of the third kind. Such situation takes place, for example, when 
the baffles in the case of the transducers shown in Figure 6.1 are made from a “pressure-release” 
material. From the formulation (6.73) all the boundary-value problems follow at different val- 
ues of the coefficient æ . In particular, the problems of Newman and Dirichlet follow at a — 0 
and œ — oo. On the part of a surface (on the baffles or other structural elements of a transducer), 
over which a@(r,) = const. , the local input impedance Z, (r, ) is specified (subscript b stands for 


“baffle”), where 


Z, (r,) = Fe =-japb/ (Gon) l (6.74) 


x 


The concept of the local input impedance is applicable in the case that the parts of a baffle can 
move under the action of applied sound pressure independently in normal direction to the baffle 
surface. For example, the baffle design with heavy inserts (pieces of lead) encapsulated in pol- 


yurethane shown in Figure 6.3 can be approximated, as locally reacting. In general, the 
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structural elements of a transducer design (such as the caps) are the elastic bodies and formu- 


lating the mixed boundary conditions on their surfaces complicates. 


Figure 6.3: Example of a baffle design: fragments of lead (1), encapsulating material (2). 


6.2.3 Sommerfeld Radiation Condition 
For solution of the Helmholtz’s equation to be unique, it should satisfy the condition of radia- 
tion that has to be fulfilled at great distances from the radiating body. This condition was for- 
mulated by Sommerfeld as the statement “...The energy, which is radiated from the sources 
must scatter to infinity, no energy may be radiated from infinity to the field.” The analytical 
expression of this statement for 3D field (in the spherical coordinates) is 


im 2 + jk =0. (6.75) 
or 


ro 
This condition can be formulated in the equivalent form of 


— jkr 
e J 
, 


lim®|___ = A(g,0) (6.76) 


r 


which means that the sound field at large distances from any radiating body is the outgoing 

spherical wave. The first factor in Eq. (6.76) does not depend on distance, and it represents the 

directional factor of a projector. 

For the 2D acoustic field (in the cylindrical coordinates) the radiation condition takes form 
el 


F 


and the field represents outgoing cylindrical wave with magnitude changing as 1/ Vr in the far 


lim® = A(@) 


(6.77) 


field (though this case is not realistic for the transducers of a finite size). 
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6.2.4 Solving the Radiation Problems by Separation of Variables 

The method of separation of variables in the Helmholtz equation is well suited for solving the 
radiation problems for a transducer in the case that its surface matches coordinate surface of a 
coordinate system, in which the Helmholtz equation is separable. The wave dimensions of the 
single transducers are usually relatively small, and the series of functions that represent solu- 
tions for a boundary-value problem quickly converge. It appears very often that retaining sev- 
eral terms of the series is sufficient for obtaining accurate enough results (this will be shown 
with below considered examples). 

At first consider the Helmholtz equation in the cylindrical coordinates (the Laplacian is 


given by expression (6.69)), 


2 2 
Le (2); nee OP ep =0. (6.78) 
or) r 0p Oz 


ror 


We represent the assumed solution for the equation as a product of functions depending on a 
single coordinate each, P = F (r): F, (o): F(z) . Due to 27 periodicity of the coordinate sys- 
tem over the coordinate Q it can be assumed that 


F,(g) = Ae”, (6.79) 


where n is an integer number. After substituting P = F(r)F,(z)A,e”” into Eq. (6.78) and di- 
viding all the terms by P we obtain 


2 2 
a) pie o. (6.80) 


r T 
Foro or r? F, 62" 


The term in brackets depends on coordinate r only and the second term depends only on coor- 
dinate z. The Eq. (6.80) can hold in all the range of the coordinates only in the case that each of 
these terms is constant. Denote these constants for the first and second terms as —k? and —k?, 


respectively. Then we obtain the equations 


2 
ERP k- |R =0, (6.81) 
ror\ or r 
and 
2 
at, +k°F, =0, (6.82) 


dz? 
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where k? +k =k’. 
The general solution for Eq. (6.82) is 
F,(z)= 4e" + Be”, (6.83) 
where A, and B, are the arbitrary constants. The solution represents two plane waves propa- 
gating in different directions of axis z. In the case that the cylindrical shell is infinitely long, 
and magnitude of vibration does not depend on z, k, =0. 


The Eq. (6.81), which can be transformed to the more common form of 


2 
pE) =F =0. (6.84) 
yd \ dy y 


where y= k,r , is the Bessel equation. The solutions of this equation are combinations of the 


Bessel functions, J, (k,7), and Neumann functions, N, (k,). Subscript n indicates the order of 
the functions. The solution for the waves spreading out of a cylinder can be presented in terms 


of the Hankel functions of the second kind (due to e/ time dependence) 


HO (kr) = J,(k,r)— JN, (kr) - (6.85) 


In the case that the cylindrical shell is infinitely long and magnitude of its vibration does 
not depend on z (two-dimensional acoustic wave) k, =k and the partial solutions of the Eq. 


(6.78) for outgoing waves are the functions 


P (r, 9) =(A, cosng+ B, sinng)H (kr). (6.86) 


In the general case that distribution of velocity on the infinitely long shell in the axial direction 


exists, 


P(r, o) =(A,cosmp+ B, sinng)H” (Je -k? rete l (6.87) 


Consider now the Helmholtz equation in the axial symmetrical spherical coordinates (the 


Laplacian is given by expression (6.70)), 


hee ( T), EN [sino = | tk’P=0. (6.88) 


z 
ror\ arj) r sing ôo 3p 


If to represent the sound pressure as the product of two functions P(r,g)=R,(7)R,(@) and 
substitute this expression into the Helmholtz equation in the spherical coordinates, then the 


equations for R; and Rz can be separated as follows 
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l . 2 (PS) +k? R, = l J g ago” : (6.89) 
Rr’ or or R, sing 09 op 


Here the left part does not depend on Q and the right side does not depend on r, and they should 
be equal to the same constant. This constant should be equal to m(m+1) (this is shown in 


Ref.5), and one of equations becomes 


d?’R, 2dR, f _m(m+l) 


d? zdz 2 


|=0 where m= 0, 1, 2,... (6.90) 
Z 


Thus, two equations will be obtained for determining functions R, and R, : 


a a p | geo (6.91) 
r dr dr r 

id a o S +m(m+1)R, =0. (6.92) 
sing ôg Op 


After substituting cos o = x the Eq. (6.92) can be represented in the form of the Legendre equa- 


tion 


d 2a dR, |, i w 
Lla x“) rs | tm(m+1)R, =0. (6.93) 


The partial solutions of Eq. (6.91), where it is denoted kr = z , are the spherical Bessel functions 


of order m: of the first kin 


of the first kind, 

ja E) =N7T12z J es (6.94) 
of the second kind, 

1, (2) = 7122 Npan(2); (6.95) 


and the spherical Hankel functions that for outgoing wave are 
hy (2) = jn (2) jnn (2) = 7/22 HR). (6.96) 


The partial solutions for Eq. (6.93) are the Legendre polynomials of order m, 


Pp, (x) = F, (cos p) . (6.97) 


Thus, the partial solutions for the Eq. (6.87) for outgoing waves are 
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P (r, 9) =C,,P, (coso) A (kr). (6.98) 


mm 


Properties of the special functions: cylindrical Bessel functions, spherical Bessel functions, 
and Legendre polynomials can be found in Refs. 5 and 6. Some of the properties of these func- 
tions that are used throughout this treatment are presented in Appendix C. 

To get a unique solution for a particular radiation problem, a combination of the partial 
solutions given by Eqs. (6.86) and (6.98) must be matched to the boundary conditions on the 
surfaces of corresponding transducers. Examples of solving the radiation problems and calcu- 
lating the radiation related parameters for the cylindrical and spherical transducers will be con- 


sidered in the following sections. 


6.3 Radiation of the Cylindrical Transducers. 

Radiation of the cylindrical transducers will be analyzed under different boundary conditions. 
At first, we consider the acoustic field radiated by an idealized model of infinitely long trans- 
ducer vibrating with velocity independent on z coordinate and having axial symmetric distribu- 
tion over circumference with respect to axis ø =0 that is shown in Figure 6.4. The distribution 


of velocity can be represented as 


LaF 


Rigid . 
baffle velocity 
> 
U=0 


U= SU(i) cos(ig) 
N i=0 


Figure 6.4: Illustration of the cylindrical shell (two-dimensional case) vibrating with arbitrary ax- 


ial symmetric with respect to axis @ =Q distribution of velocity over the circumference. 


N 
U(~) = >.U, cosig at |g|<a and U(g)=0 at |g|>a, (6.99) 
i=0 


where U(q@) is the complex amplitude of velocity (remember that time depending on factor 
e/” is omitted for brevity), œ is the “opening angle.” The radiation problem is two-dimen- 
sional, 


and its general solution for the sound pressure according to expression (6.86) is 
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P(r,9) = > 4, H? (kr) cosng. (6.100) 


n=0 


Here A, are the arbitrary constants, which have to be determined from the condition that the 
velocity in the sound field at r = a should be equal to the velocity U (ø) of the radiating surface. 


Thus, the condition on the boundary is 


1 oP 


al ah H (ka) cosng . (6.101) 
JOp P lra 


After representing U(@) as an expansion into a Fourier series 


U(g) = py =U, d,,(@)|Cosng . (6.102) 
n=0 i=l 
where £, =1 at n=0, £, =2 at n21 and 
sin2na 
doo (a) = 2a, ain (a) = at 2 > 
n 
6.103 
Ay (2) = { cosi Riode=g we ave ee 
g ia : Roe (ntia (n-a 


and equating relations (6.102) and (6.101) we arrive at expression for values of constants A, 


U, 
5 A, =j 5 fn ARE on (6.104) 


The important note must be made regarding notations for the transducer radiation related 
quantities. All of them depend on the wave size ka of a transducer. Therefore, the wave size 
will be omitted for brevity from arguments, of which these quantities depend. Thus, the sound 
pressure generated by a transducer will be denoted below as P(r,g,qa) instead of 
P(ka,r,g,a) . The analogous abbreviations will be used regarding the radiation impedances, 
diffraction coefficients and directional factors. 


Upon substituting expression (6.104) into Eq. (6.100) we obtain 


2) & e, U.a,(a) | H (kr) N 
P(r,p,æ)=-jpc l Aa l 7 cosnp= ) P(r, p,a), (6.105) 
~< H (kr 
where P(r,9,a) =-j ees a; gy te np (6.106) 


2m n=0 HO (ka) 
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is the modal sound pressure generated by a single mode of vibration defined in the interval of 


values of 9 (-a <<a ). At large distances from the cylinder (at r —> œ) 


HË (kr) > = gr are (6.107) 


and we arrive at the following expression for the modal sound pressure 


janl2 
P(r,9,a@) =—jpc ERDI paas € cosng . (6.108) 
\ zkr - "o 2H” (kaa) 


The sound field at large distances from the cylinder (in the “far zone”) according to Sommerfeld 
radiation condition expressed in the form of relation (6.77) can be described as product of two 
functions, one of which is nondimensional and depends only on the coordinate @ (the direc- 
tional factor of the transducer, H(q@) ) and another is a function of the distance r, the sound 
pressure on the acoustical axis of the transducer, P(r,0) . Following expressions (6.105) and 
(6.108) we obtain 


janl2 


= a,(Q)é, e 
RW — oth Son $2 ms aoni (6.109) 


Thus, the directional factor is 


(6.110) 


The total power radiated per unit length of the cylinder may be found as 


= = P(a, p,a) U` (p)adp= 


= ey =. e, HP (ka) § N E 
J 7z Å È HO (ka > na È Ual) ŽU; coslo |cosngdg = (6.111) 


£, H? (ka) 
i U, U; l ni Ee 
li k HË” (ka) uÈ $a, (a)a,,(a) = HO (ka) } 


This expression can be rewritten in the form 
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— N N N 
W, YZ. Sanur] AN DIA OAI $ (6.112) 
i=0 Izi i i=0 


i 


Here it is denoted 


Š HO (ki 
Z ci (@) =-j oY anla) ily (ka) (6.113) 


a= HO (ka) ` 
as the modal radiation impedance for i-th mode of vibration defined in the interval 
[7-a < p < æ], and 
E Hy (ka) 


l (6.114) 
HP” (ka) 


. pca ~ 
Zaila) = -j — 2 an (0) Ay (0) 
2m n=0 
as the intermodal impedance between modes i and / (i #1). Thus, the radiation impedance as- 


sociated with the generalized velocity U, is 


Za (0) =Z (Ë Zel) F. (6.115) 
l+i i 

In application to practical cylindrical transducer designs equating to zero velocity of vibration 

on a part of the transducer surface can be imagined as result of covering this part of the surface 

by infinitely thin absolutely rigid baffle. In this case angle @ specifies sector of the transducer 

surface free of baffle. We consider the most important variants of velocity distributions that 

correspond to transducer without a baffle and with 180° baffle coverage, at æ = and a=7/2 


, respectively. 


6.3.1 Radiation of a Cylindrical Shell without Baffles 


According to formula (6.103) at œ =m all the coefficients a,,(7)=0 at n#i, a,,(a)=7 at 


n#0,and a,(z)=27. We consider the single mode radiation. The modal sound pressure for 


the pulsating mode of vibration U(g) =U, is 


HO (kr 
Pe wasp ae 


o ee. (6.116) 
Hy” (ka) 


For the modes of vibration U(g) =U, cosng at n#0 
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HO (kr) 
——— Cos ni 
H” (ka) 


P(r, 2) =—jpc U, p. (6.117) 


Figure 6.5: The modal directional factors of cylindrical transducers without baffles at the 1st (solid 


line) and 3rd mode (dashed line 2), 


The directional factor of a cylinder vibrating in a single mode is H(g,z)=cosnq . The direc- 
tional factors corresponding to several modes of vibration are shown in Figure 6.5. 

Consider sound pressure generated by the pulsating cylinder of small radius at ka «1. 
Considering that HP” (ka) =- H® (ka) , and HO (ka) ~ j2/ aka (see Appendix C.1), from 


expression (6.116) will be obtained that 


P(r, x)= pes U,, Hi (kr) , (6.118) 


where U, =27aU, is the reference volume velocity (see Eq. (6.6)) per unit length for the 
pulsating cylinder. This is the sound pressure generated by the cylindrical (two-dimensional) 
simple source. 

The diffraction coefficient for a single mode transducer is by the definition (6.10) 


P(r, 0,7) _ n+l 2 1 
P (r,ka « 1) : zka HO" (ka) 


Kapa (5) = (6.119) 


The diffraction coefficients for the cylindrical transducers vibrating in the single modes vs. ka 


are illustrated in Figure 6.6. 
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Kal 


ZK jy, (deg) 


Figure 6.6: The modal diffraction coefficients of cylindrical transducers without baffles for i = 0, 


1, 3 (phase is labeled with ^). 


Thus, the modal sound pressure on the acoustic axis is 
k pi ; 
P.(r,0,7) = T | -Æ 2aU ky lkaj 0, (6.120) 


Consider the radiation impedances of the cylindrical transducer per unit height associated 
with the generalized coordinate U, . So far as the coefficients a,,(z)=0 at n +i, all the inter- 
modal impedances z,,,,(7) in expression (6.115) vanish and Z,,,(7) = Z,,,,(7) . According to 
formula (6.113) in this case the modal impedance for i” mode of vibration is 
a, (a) é, H? (ka) 


Z ei (1) =— jpca (6.121) 
2m HO” (ka) 
It can be concluded from this relation that 
HË 
j = 5 : ua) = : Lk (x) ’ (6. 122) 


20 HO' (ka)  Im(A)E, 


and after substituting into expression (6.113) of the term corresponding to the left side of this 


equality by its right side we arrive at 


Zyl) =È EE Za) (6.123) 


Thus, if the modal impedances for the unbaffled cylindrical shell (at œ =z) are determined, 
calculating the modal radiation impedances for an arbitrary baffle coverage (angle œ ) may be 


reduced to a mere calculating the coefficients a,,(@) . 
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It is worthwhile discussing in more detailed way the radiation impedances for the widest 
used 0 and 1 modes of vibration. 


For the zero (“pulsating”) mode of vibration U(g) =U,, and 


5 HO (ki HO (ki 
Zzap OO a e (6.124) 
2 HP (ka) HO (ka) 
(Note that a (7) = 27 and £ = 1). Expression (6.124) may be modified as follows 
f J (ka)—jN, (ka . 
Z acon (1) = Jj pc 2a of ) l ol o tae 
J (ka)-jN (ka) ; (6.125) 


= pc2ra[Ay(Z)+ j Ba) 


Here 7,9) and X,.9) are the active and reactive components of the radiation impedance, Œo 


and w are the nondimensional coefficients. If to take into account that 


J 0), (0) F,(8) Nyy (2) = =, (6.126) 


(see Appendix C.1), then we obtain from (6.125) 


2 1 
W= Ta ENN (ka) mle? 
fate OEE Ne) (6.128) 


J? (ka) +N; (ka) 


In the “long-wave approximation (at ka <<1) J,(ka)=1, N (ka)=(2/m)lnka, 
J (ka)~ka/2, N,(ka)x—2/ aka, and from equations (6.127) and (6.128) will be obtained 
Qolar) =2kal 2, Bo (z)= kaln(1/ ka), or 


m _ (2a) 
= — PC —— , 6.129 
Facoo (x) 2 pe p} ( ) 
Xxl) = [2ra In(1/ ka)] @=m,, ©, (6.130) 


where m,.=2M,,In(1/ka) and M,,=pza’ is the mass of water in the volume of the cylinder 
per unit length. 

In the “short-wave” limit (at ka —0o) the asymptotic approximation (6.107) for the Hankel 
functions must be used (with substitution of kr by ka.) It will be obtained as the result that 


Qo, 1 and B 0. Thus, at ka > œ 


316 6. Acoustic Radiation 


Fycqq (HE) © PC2MA, Xaoo) 0. (6.131) 


For the first (“oscillating”) mode of vibration U(g)=U,cosg, and after substituting 


a,,(7) =z and £ =2 we obtain from formula (6.121) that 


HË? (ka 
Z (7) = - jocra nh) : (6.132) 
HO” (ka) 
' 1 
where HO =H 0-H O). (6.133) 
In the long-wave approximation, at ka «1, 
ka 2 2 
HO (ka)=—+ j—, H” (ka)x-j—— 6.134 
r aires ere as aes bere (6.134) 
And 
Zax () = penal (ka) + jka]. (6.135) 
Thus, 
Tye) © pea(kay 14, (6.136) 
Xan (T) x pc ra (ka)= pra’ o=M,,a. (6.137) 


Figure 6.7: The modal nondimensional coefficients of the radiation impedances of cylindrical 


transducers without baffles for i= 0, 1, 3 ( Ø, are labeled with ’) 


The ratio of the active components of the radiation impedances for the first and zero mode 
transducers of small size is 


Feit (1) Tyo) = (kay 14. (6.138) 
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In the short-wave limit, at ka— œ , considering the asymptotic approximations for H® (ka) 
and H (ka) we arrive at 


a) = pcma=pcs, 


a Xacii(7)* 0. (6.139) 


In the expression for the radiation resistance the effective area of radiating surface per unit 


length, S,, , is introduced, which is defined in the general case as 


Seq = |P OIE, (6.140) 
Z 


where È} is the radiating surface and O(7,) is the mode of vibration of the surface. For the 


cylindrical transducers with modes of vibration @,(g) = cosn@ 


Sarn= f cos” npado, (6.141) 
andat & = 7 Sogo =270, Soy, =A. (6.142) 


The nondimensional coefficients of the radiation impedances per unit length of the cylindrical 


shells vibrating in the single modes vs. ka are presented in Figure 6.7. 


6.3.2 Radiation of Cylindrical Shell with Rigid Baffles. 
If to suppose that velocity distribution within interval [—z/2 <@< 2/2] is 0(y)=cosig, then 


the coefficients a,, defined by formula (6.103) will be 


Ay (4/2)= 2, a,(0/2)=7/2, a,,(a/2)= —sin(n H D5 H : - sin(n >. (6.143) 
n+i n-i 


ni 


All the coefficients at n+i=2/ (n +i, l =1,2,...) will be zero. For the zero and first modes the 
coefficients are: 
Ay) (4/2) =H, Ay (7/2)=2, ay (a/2)=0, ay;(7/ 2)=-2/3, ... (6.144) 
a,)(7/2)=2, a, (7 /2)=2/2, a,(a/2)=-2/3, a,,(a/2)=0,... (6.145) 
Sound pressure P(r,g,2/2) for a single mode transducer will be defined by formula (6.108) 


with coefficients a,,(a/2) calculated according to formulas (6.144). The corresponding dif- 


fraction coefficients will be determined as the ratio (see the note related to expression (6.119)) 
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P 2 z , 2 
Kay (I! 2) a nor. ) = - £ en-1 Gin aa )E, . (6.146) 
o (r,ka «1) a kat HO (ka) 
1.8 T ] ] T 240 
1.6 | 


1.4 


1.2 


kari 


Figure 6.8: The modal diffraction coefficients of cylindrical transducers with baffles at œ = m / 2 


for the 0 and 1 modes (0° and 1’ for the phase). 


When calculating sound pressure P (r,ka « 1) generated by the pulsating cylinder of a 
small radius the reference volume velocity per unit length is U,, =U, za . In general, if diffrac- 
tion coefficients are determined for a baffled cylinder at arbitrary angle of the baffle opening, 
the modal sound pressures on the acoustic axis can be calculated as 


P(r, 0, a) = kayi (&) R(r,ka < 1) > (6. 147) 


and the reference volume velocity must be used in the form U, =2a-a, when calculating F, 
by formula (6.118). 

The diffraction coefficients for the baffled cylinders vibrating in the single modes vs. ka 
are presented in Figure 6.8. 

Directional factors of the cylinders at @ =z /2 may be calculated by formula 


Sey" ain (x / 2) En cos ng | HS (ka) 
H,(g,2/2)= = 


(6.148) 


œ 


È OVa, (r1 2DE, / HP (ka) 
n=0 


6.3. Radiation of the Cylindrical Transducers. 319 


The directional factors of the cylinders vibrating in the zero and first modes for several values 


of ka are illustrated in Figure 6.9. 


\ 
0.2 04 0.6 0.8 


Figure 6.9: The modal directional factors of transducers at œ = 27/2 baffle coverage for ka = 1 
(solid line), ka = 2 (dashed line), ka = 3 (dash-dotted line), ka = 4 (thin solid line): (a) zero mode, 
(b) the first mode. 


The radiation impedance for the cylindrical shell vibrating in a single mode will be deter- 
mined, if to substitute the coefficients a,,(7/2) calculated by formula (6.143) into expression 


(6.113) or (6.123). Thus, for the zero and first modes we obtain 
1 2 2 
Z aceon (H / 2) = zor) t an aa Te (6.149) 
1 1 2 
Zae\(4/ 2) = — LZ ey) (T) += Zac (7) +- Zun (7) Fes (6.150) 
T 2 3m 


Nondimensional coefficients of the radiation impedances are represented in Figure 6.10, 


given that S yo(T/2)=ma and S,-,(4/2)=2a/2. 
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Consider now simultaneous radiation of several modes of vibration. We assume that the veloc- 


ity distribution is 


N 
U(g) = >U, cosig at |g|< 2/2 and U(g) =0 when |g|>7/2. (6.151) 
i=0 
1 7 7 
0.9 
0.8 1 | 4 
0.7 
_ 0.6 
i? 
= 0.5 x o 
a 7 
0.4 7 ~~ 
0.3 7 a 
~ 
ol fee Ns ee = S 
ly en “ped 
0.1 h 1 Se ay — 1 =b = = 
re a Saree 
0 1 L 
0 0.5 1 1.5 2 2.5 3 3.5 4 
ka 


Figure 6.10: Nondimensional coefficients of the modal radiation impedances for zero (0) and first 


(1) modes at @=77/2 (p; labeled with ’). 


The magnitudes of vibration U, can be considered as the generalized velocities in the problem 
of calculating the cylindrical transducers. They must be determined by solving the Lagrange 
equations that describe the transducers operation. 

According to Eq. (6.105) the sound pressure generated by the cylindrical shell may be 
found as superposition of the modal sound pressures P(r,@,2/2) represented by formula 
(6.108). Considering expressions (6.146) and (6.147) for the diffraction coefficient and sound 


pressure, respectively, finally we obtain 


P(r, g, 2/2) = pcm = el" 2 ky (2/2) cosig, (6.152) 
m 


and the directional factor may be represented as follows 


N 
XU, K gp (7/2) cosip 
H(9,7/2)=>— : (6.153) 
dy, kapa (2/2) 
i=0 
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The radiation impedance associated with velocity U, in this case will be represented fol- 


lowing general formula (6.115) as 


Z 


aci 


N 
(812) = ZeD È zel D E, (6.154) 


l+i 


where the self-modal impedances Z,,,,(7/2) are illustrated with the examples by formulas 
(6.149), (6.150) and Figure 6.10. The intermodal impedances Z, given by general formula 
(6.114), after using relation (6.122) can be modified as follows 
< a,,(7/2)a,, (7/2) 
Z acil (z/ 2) z ` 2: : 
n=0 ain (x) 


Z acm (7) 7 (6. 155) 


Thus, for example, 


Ay (4/2) 4y(4/2) 5 (x) +4 
ao (x) oi 


4 Ay) (H/ 2) ay, (1/2) 


a (x) 


Ay (4 /2)a,, (4/2) 


an (7) 


Zaen (T) +... 


Zaxo (T/2) = 


Z ger (HE) + 
(6.156) 


or taking into account expressions (6.143)-(6.145) and the fact that all coefficients a,,(z/2) 


are zero, for which n #i and n+i is even,, we obtain 


1 1 
Zao (2/2) = — Zao (T) +— Za (7) - (6.157) 
2m T 


After substituting expressions for the modal impedances 


Z soo (Z) = (Pc) 2TA [XT j Po (Z)] and 


' (6.158) 
Zai (7) = (pc),, mal @,(7)+ jh, (7)] 


it may be concluded that 


Zaoi (T 2) = (PC) yy HALA (7) + A, (7)]/ + J Boo (7 /2)+ pal]. (6.159) 
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Cı z By 


Figure 6.11: Nondimensional coefficients of intermodal radiation impedances at @ = 77/2 ( fy, 


labeled with ‘) 


Thus, the nondimensional coefficients of intermodal impedance z,,,,(7/2) are 
1 1 
ay (7/2) = lol) + 17] and (7/2) = z Fool) + Bi (7) : (6.160) 


These coefficients vs. ka are presented in Figure 6.11. 


6.3.3 Radiation of an Infinite Cylindrical Shell with Compliant Baffle 
In the case that the baffles applied to a cylindrical transducer surface are compliant, the better 
approximation to a real situation gives the assumption that a part of the surface is covered by 
absolutely compliant material. This assumption brings us to the radiation problem with mixed 
boundary conditions, in which case on one part of the surface the radial velocity is specified 
and on the rest of the surface the sound pressure is supposed to be zero, as shown in Figure 


6.12. 


Lig 


Pressure ; 
release velocity 
> 
P=0 


. U= SU (icostip) 


Figure 6.12: Illustration of the mixed boundary conditions. 


Thus, the boundary conditions for the velocity potential are 
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2 =-U(y), aslol<z, (6.161) 
7 


r=a 


®(a,p)=0, |o|<a. (6.162) 


The problem of radiation under these boundary conditions was considered in the previous 
works” ®. A brief description of procedure used for getting the solution in Ref. 7 is as follows. 
Assuming that the distribution of velocity is symmetrical in respect to @ axis, a general solution 


to wave equation A®+k?® =0 can be represented by expression (6.100) as 


P(r, p) = >A, H (kr) cosng , (6.163) 


n=0 


where the coefficients A, must be found using the boundary conditions (6.161) and (6.162). 


For getting an approximate solution to the problem the polynomials are introduced 


N 
®, (7.9) = >. A, H (kr) cosng. (6.164) 
n=0 


These functions satisfy the wave equation, but don’t satisfy the boundary conditions. However, 
the coefficients A, can be determined in such a way as to best approximate the boundary con- 


ditions. The best approximation of the functions ®,, to the solution of the problem will be 


uo-( 22) 


by proper chois of coefficients A,. In general, these coefficients are complex quantities and 


defined as those minimizing the functional 


2 


Fy (Ay, Apr Ay) = f [P(a.9)- Oy (ae) dot f dp (6.165) 


may be represented as A, =a, + jb,. The conditions of minimum for the functional F, is for- 


mulated as 
ay =0, OF y =0, (i=0,1,..., N). (6.166) 
Ca, ob. 


i i 


The following set of equations for determining the coefficients A, follows from Eqs. (6.166), 


N 
Sic, (aka) A, = a (a) H,"(ka), (i=0,1,..., N). (6.167) 


n=0 


In these equations (*) is the sign of complex conjugate, superscript ® for Hankel function is 


omitted for brevity, and coefficients c,, and d, are: 


324 6. Acoustic Radiation 


2% 27 . 
d,=—[U()d9, d,=—[U(p)cosipde 


pA 
C(t ka) = ae|H,(ka)|’ + k (r-a) Hy (ka) : 


sin 2ia 
2i 


sin 2ia 
2i 


c,(a,ka)= 5 (a+ )|H,,(ka)| 4 a (t-a ) 


H! (ka, (6.168) 
(i =1,2,..N); 
ee ae Fi sin(n Oig 
n+i n-i 
x[H (ka) H} (ka) —k? H,| (ka) H/*ka)), (n #i). 


C,, (A, ka) = 


Consider, for example, the case that @=7/2, and N=3 as the first approximation. 


Figure 6.13: Directional factors of 180° baffled cylindrical transducers with the rigid (solid line) 
and compliant (dashed line) baffles at ka = 2.0: (a) zero mode of vibration, (b) the first mode of 


vibration. 


In accordance with formulas (6.168) 
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d,=1, d= , d,=—, d,=d,=0, 
a 32 
2 


T AEE 
Cy (0/2, ka) = zko HR 5 |Holka) 


2 
> 


c, (1/2, ka) = ale (ka)! + k T|H;ka) 


c =O atnt+i=2p, (p=1,2....), 
Cy, = H, (ka) H; (ka) — k’ Hi} (ka) H" (ka), (6.169) 


tps 5 [H, (ka) H} (ka) —k*H} (ka) H (ka)], 
Co = st (ka) H} (ka) — k? H! (ka) H!” (ka)], 
C= lH, (ka) H} (ka) — k’ H; (ka) H?” (ka)], 
Cay = Cs Cig = Coa: 
The first approximation is 


3 
®,(r,9) = >) 4, H (kr)cosng, (6.170) 


n=0 


where coefficients 4, must be determined from the set of equations 


kx 


Com + Coá + 0 + a = A o (ka), 
CM + GA + C4, + 0 = -k H? (ka), 
(6.171) 
0 + Q&A + aA + A = 0, 
K iyn 
Csh + 0 + aA + C334, = ah 3 (ka). 


Results of calculations made for the case that the compliant baffles are used in comparison with 
those obtained with the rigid baffles are presented in Figure 6.13-Figure 6.15. 
The results of calculations show that significant difference between the two cases in terms of 
active radiation impedance and diffraction coefficient exists at small ka (ka < 0.3—0.5 ). Oth- 
erwise, the data are close. In terms of the directional factors, the main difference is in the back 
radiation, which is much smaller in the case of the compliant baffle. 

This conclusion is important for transducers modeling because the real designs of compli- 


ant baffles can be built (for example, out of corprene encapsulated in polyurethane) unlike the 
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karil 


Figure 6.14: The diffraction coefficients of 180° baffled cylindrical transducers with the rigid (r — 


solid line) and compliant (c — dashed line) baffles at ka = 2.0: (a) zero (0) mode of vibration, (b) 
the first (1) mode of vibration (phase labeled with '). 


oo i By 


(a) 


Figure 6.15: The nondimensional coefficients of radiation impedances of 180° baffled cylindrical 


transducers with the rigid and compliant baffles: (a) zero mode of vibration, (b) the first mode of 
vibration. 
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rigid baffles that can be imagined only theoretically. As the operating range of the piezoceramic 
cylindrical projectors is practically at ka >1, all the calculations of acoustic field related pa- 
rameters of the baffled transducers can be made using relatively simple expressions that are 
valid for the rigid baffles, rather than by employing the above technique specified for the mixed 
boundary conditions. It is noteworthy that the conclusion regarding comparison of effects of 

the rigid and compliant baffles does not mean that results of calculations made for a not ideal 
baffle (having finite impedance) can be expected to lie in between. Both perfectly rigid and 
perfectly compliant baffles are ideal and don’t transfer acoustic energy, whereas the real baffles 


transfer a portion of acoustic energy and this may change the situation. 


6.3.4 Radiation of a Finite Size Cylinder in an Infinitely Long Rigid Cylindrical 
Baffle 

The model of infinitely long cylindrical surface with arbitrary velocity distribution along the 

circumference is very useful. It appears that the results obtained regarding the radiation imped- 

ances per unit length are applicable sufficiently accurately to the finite height transducers in 

case that their height is comparable with wavelength of sound. More accurate and applicable to 

transducers of smaller height is the model of finite height cylinder with infinitely long rigid 


cylindrical extensions on the ends that is shown in Figure 6.16). 


Figure 6.16: The finite height cylinder with rigid cylindrical baffle extensions. 


Related problems are considered in several works [9-12]. A brief outline of solution to the ra- 
diation problem is as follows. 
A partial solution for the three dimensional Helmholtz equation in the cylindrical coordi- 


nates can be represented following the expressions (6.83) - (6.87), as 


328 6. Acoustic Radiation 


P.(r,9,2) =(Aev”’ + Be”) HP (k,r)(4e"" + Be"), (6.172) 


where k? +k? = k’ . Thus, the general solution for an arbitrary distribution of velocity along z 


axis can be presented in the form of 
P(r,Q,Z) = £ ae” f Alk JHO (Jk —k? r) e" dk, . (6.173) 


Here a„ and A(k,) must be determined from the boundary conditions for a particular velocity 


distribution. The term 
H® (fi? -k r) et (6.174) 


in the expression (6.173) represents two cylindrical waves with wave numbers k, that propa- 
gate in the positive and negative directions of the z axis. At k, real (i.e., at k >k, ) they repre- 
sent traveling waves propagating out of the source. At k, imaginary (k < k, ) they form inho- 
mogeneous waves that are dying down in radial direction. These waves contribute to the sound 
pressure in the near field and to the reactive (inertia) component of the radiation impedance. 
Suppose that arbitrary distribution of velocity on the surface at r =a is a separable function of 


gy andz 
U(Q,z) =U, 6,(9)0,(2) » (6.175) 


where U, is velocity of the reference point at g=0, 0, and 0, are the normalized velocity 


distributions along the circumference and z axis. Thus, the boundary condition is 


1 oP 
Ung = U0 (9)A,(2)=-———]_ . (6.176) 
JOP O | a 
Suppose that 
2m œ 
b, = | (pedo and B&,)= | 0,0) d (6.177) 
20 5 SA 


are the Fourier coefficients and Fourier transform of the velocity distributions in the circumfer- 
ence and z directions, respectively. Let us suggest for simplicity that the transducer is a cylinder 
of height performing axisymmetric vibration with uniform distribution over the height, i.e., 


1 at |z|<h/2 


: 6.178 
0 at |z|>h/2 ( ) 


O(p)=1, (2) -| 
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Thus, by formulas (6.177) 


sin(k,h / 2) 


b, =l, b, =0 at m#0 and B(k,) =h- 
kh/2 


=h-H,(k.). (6.179) 


The designation [sin(k,h/2)/k,h/2]=H,,(k,) is introduced for brevity. 
After substituting expressions (6.179) into the boundary conditions and determining the 
unknown coefficients a,, and A(k,), we arrive at the following expression for the sound pres- 


sure generated by the cylindrical transducer embedded into the rigid cylindrical baffle, 


_> œ H® k? — k —jk,Z _> 
P(r, z) = eee Fk) gE eT ge SIO gee a486) 
2m % Ji? - He” Uli? -k a) 2x 


Employing this function allows in principle calculating all the acoustic field related parameters 
listed in Section 6.1.3 by formulas presented therein for the cylindrical transducers of finite 
height embedded into the infinite rigid cylindrical baffle. But calculation of the integral in for- 
mula (6.180) is not straightforward. The manipulations of the integral that result in formulas, 
which can readily be used for calculating the acoustic field in the near zone (that is needed for 
calculating the radiation impedances) and in the far zone (that is needed for calculating the 


directional factors and diffraction coefficients) can be fulfilled as follows. 


Figure 6.17: The contour of integration in the complex plane. 


Consider the integral J from expression (6.180), 


2 H(i? -k r) e” 
I= | H, k.) dk., (6.181) 
es Je -k HO (fi? -k a) 
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following Ref. 9. The expression under the integral has singularities at the points k, =+k. Let 
us change variables by introducing k,=ksina. As integration goes over the interval 
—0<k, < (Figure 6.17), it is supposed to be Isina |= (e —e%*)/2j| >1, and the variable 
a should be complex. Let it be @=a'+ ja" . Then 


k, =k(sina'cosha"+ j cos aæ'sinh a”). (6.182) 


As k, should be a real number, it follows that cos æ'sinh a” =0 and 


k, =ksina’cosha". (6.183) 


At <k from this condition follows that @’=0 and a’ changes in the interval 


k, 


(=m /2)<&'<(m/2). At the large values of |k,|>k itis obviously a" #0 (otherwise it would 


k, 


be |sina'|>1) and it follows from the condition (6.183) that a@’=+(/2), and 
k, =+kcosha" . The function cosh a” is even, and question arises about the sign of a" 
(about the direction, in which the branches @’ =+(7/2) go on the complex plane). 

It can be shown from consideration of convergence of the Hankel function at kr >> 1 that these 
branches have to go as it is shown in Figure 6.17. The singularity points +k (@’=+(/2)) 
must be passed over the arcs of infinitely small radius €. Thus, the integral (6.181) becomes 
HO (kreosa) e/"* 


HE” (kacos@) 


l= Í H, (ksina) da, (6.184) 
where integration goes over the contour C, in the complex plane shown in Figure 6.17, which 
includes the following intervals: 
Interval C,,, over which -<o<a@"<0, a =—-2/2, sina=—cosha", cosa =sinha" ; 
Interval C,,, over which 0< a" <0, @’=7/2, sina=cosha", cosa =-sinh g" ; 
Interval C,,, over which a@"=0, -27/2<a'<a/2. 
It can be shown that integral (6.148) over the arcs with radius € — 0 vanishes. Thus, the inte- 
gral (6.148) may be presented, as 
HQ (krsinh a’) ene 
HP” (kasinha") 
7 _ AO (kreosa) ei" 


7/2 HO" (kacos@) 


I= | H, (kcosha") da" 


(6.185) 


da. 
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In course of further manipulations with the comprising integrals the following relations for the 


Bessel functions will be used (Appendix C.3): 


H(-jx)=-Le'? K, (a), (6.186) 
ja 


where K (z) are the modified Bessel functions of the second kind, 


Hy” («)=-HP (x), Ki) =—-K,@). (6.187) 
After manipulations involving above relations, we finally arrive at the expression for the inte- 
gral (6.185) 


K,(krsinh a’) 
K (kasinh a”) 


~j cosha" Jg" 


I= -Í H,(kacosha”) 
me ; (6.188) 
H (kr cos @') —jkzsina’ ' 

T7Q (Bey ana lh) e da . 

H? (kacos a’) 

This expression can be used for calculating the acoustic field regardless of a distance from the 
source, but it is most suitable for determining the near field parameters. For calculating the 
sound pressure in the far field, the integral (6.184) can be further transformed using the asymp- 


totic representation of the Hankel function. 


6.3.4.1 Near Field of the Finite-Height Cylinder and Radiation Impedance 


The sound pressure (6.180) generated by the cylinder becomes after substituting expression 


(6.188) for the integral 7 


i@ph F K,(krsinha”") cosa’ 
P(r, z)= IOPI. Us Í H,(kacosha”) Forsa a g eoh da" + 
27 A K (kasinha”) 
E a (6.189) 
7 zondo (KE AE P 
+ Í H (kasina jee saa da! |, 
Zp Hy" (kacos a’) 
The radiation impedance can be found by the relation 
27a hi2 
Z= | Pla,z)dz =r, + i, (6.190) 
0 —h/2 


After performing the integration under the integrals in expression (6.189), and some straight- 


forward manipulations that include: replacement the variables œ'—>0 and a">y, 
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substituting H, from expression (6.179), and presenting the Hankel functions through the Bes- 
sel and Neumann functions, the following expressions will be obtained for the radiation re- 


sistances and reactances: 


l6ap al2 
r, = [ 4a0, (6.191) 
atk + 
- 2 . 
aris i =u [(Ah/ 2)sin ll (6.192) 
sin’ 0- cos OJ; (ka cos 0) + N‘ (ka cos @)] 
8aap al2 roe) 
Xue = l J suo [ca ; (6.193) 
where 
B- sin’ [(kh / 2) sin OJ[J, (ka cos 0)J (ka cos 0) + N, (ka cos O)N, (kacos 0) (6.194) 
sin’ 0- cos O[J; (ka cos 0) + N? (ka cos 0)] Í i 
a) : 
ca sin [(kh/ 2) coshy]K, (kasinh y) l (6.195) 


cosh’ yK (kasinh y) 


0.6 0.8 1 L5 -2.253 4 5 
ka 


0 | 
(b) 0.2 0.3 0.4 


Figure 6.18: Dependences of the nondimensional coefficients of the radiation resistance (a) and 


reactance (b) on ka for aspect ratios h/2a = 0.5, 1.0, 1.5, 2.0, 2.5. 
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Expressions (6.191) - (6.195) coincide with expressions for the radiation impedance derived in 
a different way in Ref. 10. Note that function C rapidly goes to zero with increase of the argu- 
ment y due to existence of cosh’ y in the denominator. 

Results of calculation of nondimensional (normalized to the surface area of the cylinder) 


coefficients of the radiation resistance and reactance vs. ka are presented in Figure 6.18). 


At small ka 


J (kacos@) >0, N,(kacos@) = 2/mkacosé, (6.196) 


and after substituting sin =x expression (6.191) can be transformed to 


Deve 5D, 
_ PC g {j= LL 


a . (6.197) 
ah 8 
10° 
HH 
10 
7 
~ -2| T T 
& 10 LHH | ll NU 
= HHHH AH 
ne 
= a 0; 2 
2 10" ae Sess 
4-4 t = + EEEE 
= | 
10 
Tepr AnA a ee 
l | 
0.001 0.01 0.1 l 


kh 


Figure 6.19: Curves showing dependence of radiation resistance from kh for small ka at different 


cylinder aspect ratios, /2a = 0.1, 0.5, 1.0, 1.5, 2.0, 2.5. 


After integrating by parts (putting u=sin*(kh/2)x and dv= z°dz), finally can be obtained 


the following expression for the radiation resistance 
re = p65 y A [bh Si(kh) — 2sin? (kh /2)] : (6.198) 


where the function 
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kh: 
Sikh) = | ay (6.199) 
y 


0 


is the sine integral [5, 6]. Dependence of nondimensional coefficient of the radiation resistance 
on kh for different aspect ratios of cylinders at small ka are shown in Figure 6.19. 

When analyzing the data on the radiation impedances it should be kept in mind that espe- 
cially important to have these data accurate for the ranges of ka around the resonance wave 
sizes of the transducers. Thus, for transducers made of PZT compositions that employ the ex- 
tensional vibrations of rings ka > 2, for the transducers of the flexural type (including slotted 


rings) ka ~ (0.2-0.4). 


6.3.4.2 Far Field of the Finite-Height Transducer and the Directional Factor 
For calculating the sound pressure in the far field integral (6.184) can be transformed using the 
asymptotic representation of the Hankel function 


2 


H (kr cosa) ~x 
mkr cosa 


aa] S ji jm/4 
é jircosa 6 jmml2+ ja : (6.200) 


After substituting this expression into the integral (6.184) we obtain at m=0 


e Tk cosatzsin a) 
e ! H,(ksina) da. (6.201) 
z Cos a ei (kacos@) 


The exponential term in the numerator represents a plane wave propagating under angle œ in 
respect to the perpendicular to the cylinder axis. Thus, the integral summarizes a set of the 
waves propagating under different angles. They include the regular traveling waves propagating 
away from the source (they correspond to real values of @ ) and inhomogeneous waves, which 
are dying out in direction perpendicular to the axis (they correspond to the imaginary values of 
a). Indeed, when integrating along the branches C,, and C,, (@=-(a/2)-ja" and 


—jkrcosa _ —krsinha" 


a =(2/2)+ ja", respectively) cosa=—jsinha” and the factor e e van- 
ishes with increase of r. The corresponding waves propagate along the cylinder axis and decay 
in the radial direction. By the way, this shows that direction of vertical branches in Figure 6.17 


kr sinh ac” 


is chosen correctly. Otherwise, this factor would be e , and the wave would infinitely 


increase with increase of r in violation of the radiation principle. 
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For the far field approximation, we assume that the distance to an observation point is very 
large ( R >> A ). Under this assumption the stationary phase method can be used for approximate 


calculating integral (6.201). This method is applicable to calculating integrals of the kind 


I= |F)” dy, (6.202) 
E 


where parameter p is large, f(y) is an analytical function. The stationary phase point y, is a root 
of equation f'(y)=0. If F(y) changes slowly in vicinity of the point y = y,, then the 


asymptotic formula can be obtained for integral (6.202) 


2 [27 F(y, je” 


ype” f") 


At kr œ1 integral (6.201) is of the (6.202) kind with p= kr and f(æ)=cosa+(z/r)sina . 


I (6.203) 


The exponential term rapidly oscillates, while the remainder of the integrant function changes 


slowly in vicinity of the stationary point, which being found from /’(a@,)=0 happens to be at 


Qa, = arctan = B (6.204) 
r 


Thus, the stationary point indicates direction to an observation point (Figure 6.16). Using for- 
mula (6.203), we arrive at the approximate value of integral (6.201) (note that r = Rcos £, 
z= Rsin f) 

2e” 


Ix 
kcos BH” (ka cos p) 


H, (ksin pZ (6.205) 


The farther an observation point is from the source, the more accurate is this approximation. 
Consider now the expression (6.180) for the sound pressure in the far field. After substi- 
tuting the expression for integral J from Eq. (6.205), representing H,(ksin 2) by formula 


(6.179), and remembering that HE” =—H’, it will be obtained 


P(R, B)= b Uer“ l 


1 _sin[(kh/ 2)sin Al ee 6206) 


cos BH® (kacos B) — (kh/2)sin B R 


The factor in the brackets does not depend on distance to an observation point and characterizes 


the directivity factor of a finite height cylinder imbedded in the rigid cylindrical baffle. The last 
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factor characterizes the outgoing spherical wave. This result is in accordance with the radiation 
principle. 


The directional factor of the cylinder in the vertical plane is 


H (B= P(R, B) _ H? (ka) _sin[(kh /2)sin £] (6.207) 
PM P(R,0) cos BH (kacosB) — (kh/2)sin B 
At ka «1 
(2) ms 2j 
HY (kacos p) ~ aoe z’ (6.208) 


and the directional factor of a thin cylinder in a rigid baffle is the same as for a line segment of 
length A in the free space, 
sin[{(kh / 2)sin £] 


H,(B) = (6.209) 


(kh/2)sin B 


0.4 


Figure 6.20: Plots of the directional factors of a short ring in the vertical plane at ka = 0.5 in the 
free space (solid line), at ka = 0.5 embedded in a rigid baffle (dashed line), at ka = 2 in free space 
(dash-dotted line), and at ka = 2 embedded in a rigid baffle (thin solid line). 


At kh «1 from formula (6.207) follows that the factor 


H? (ka) 
cos B HË (kacos p) 


H,,(B) = (6.210) 
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determines directionality in the vertical plane of a short ring embedded in the rigid cylindrical 
baffle. For comparison, the directional factor of a short ring in the free space is 
H (P) = J,(kacos p). (6.211) 
Plots of the directional factors of a short ring in the vertical plane are shown in Figure 6.20 for 
different values of ka in comparison with those for the ring in the free space. 
Thus, the directional factor of a cylindrical transducer in the vertical plane, H (£), is the 
product of the directional factors of a low ring embedded in a rigid baffle and of the line segment 


in the free space that has the height of the transducer, 


H (P) = H,,(B)H,(P)- (6.212) 
Being illustrated for simplicity with example of the uniformly vibrating cylinder, this product 
theorem is valid for an arbitrary distribution of velocity on a cylinder surface so far as the dis- 
tribution of the velocity is separable, i.e., can be represented as U(g,z) =U, 6,(@)6,(z) -This 
conclusion follows from the procedure of deriving the result, though it requires more cumber- 
some manipulations. 

Directionality of a finite cylinder vibrating in a rigid baffle with arbitrary distribution of 
velocity over circumference in the horizontal plane (at 6 =0) is the same, as for the infinitely 
long cylinder having the same distribution of velocity. As to the directional factor of a baffled 
ring in the vertical plane, it can be qualitatively estimated that direction of maximum radiation 
deviates from the axis @=7/2 in the plane of symmetry of the baffled ring, and its relative 
magnitude reduces. 

The comparisons made show that at wave sizes of a cylinder approximately (h/ A) > 0.8 
and (h/ 2a) >1 the results obtained for the model of finite height cylinder vibrating in the rigid 
cylindrical baffle are close enough (for radiation impedances per unit height) to those obtained 
for much simpler model of infinite cylinder. At smaller wave heights and aspect ratios the model 
of finite size cylinder is more appropriate (though more complicated). But it is not clear to what 
extent this model can be accurate enough for short cylinders. In order to make this estimation 
and to provide means for modeling acoustic parameters of the short rings, the radiation problem 
has to be considered for cylinders vibrating in the free space (without the rigid baffle exten- 


sions). This problem is much more complicated for analytical solution. It does not allow for 
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separation of variables in the Helmholtz equation and, strictly speaking, requires involvement 
of numerical methods for its solution. Nevertheless, in order to complete analysis of various 
variants of radiating by the cylindrical transducers the method of solving this problem and re- 
sults obtained for representative aspect ratios of the cylindrical transducers is considered in the 


next section. 


6.3.5 Radiation of a Finite-Size Cylinder in the Free Space 
A number of works were devoted to solving the radiation problem for the finite size cylinders. 
Review of related bibliography on this issue can be found in Refs. 13, 14, which present prob- 
ably the most comprehensive, easy to implement and physical clear interpretation of the prob- 
lem. The technique described in Refs. 13, 14 and in more detailed way in Ref. 15, provides 
sufficient accuracy over a wide range of ka and aspect ratios h/2a under arbitrary boundary 
conditions. The results obtained converge to the limiting cases of a long ( A/2a >>1 ) and short 
(h/2a «1) cylinders, and were experimentally verified for several cylindrical transducer de- 
signs having intermediate aspect ratios in Ref. 16. The brief outline of the technique used 
therein for solving the finite cylinder radiation problem is as follows. 


12.M 
Ar 


N 


(b) 
Figure 6.21: (a) Geometry of the cylinder with dimensions and reference coordinates, (b) parti- 
tioning of the cylindrical surface into rings and bands. 

The geometry of the cylinder in the cylindrical coordinate system is shown in Figure 6.21 


(a). The solution is found by considering the integral Helmholtz equation 


Da) - || K AdS, = £0), (6.213) 
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where 
K(x,%)) = A , (6.214) 
4r On, 
1 
f@)=— [JUG )e,x,)d5, , (6.215) 
4n°s 
e” 

ganw) = R=|x-x], (6.216) 

l, x E€ Dyr 
€=41/2, xes, (6.217) 

0, xe Dy, 


In these equations: ®(x) is the velocity potential, g(x,x,) is the three-dimensional Green’s 
function, U is the surface velocity, S is the surface of the cylinder, x and x, are the coordinates 
of observation point and of a point on the surface, R is the distance between observation and 
surface points; € is coefficient that has a value based on where the observation point is taken 
(either outside the surface, on the surface, or inside the surface), n, is the outer normal to the 
surface. 


Substituting expressions (6.214)- (6.217) into Eq. (6.213) yields 
8 e NR eE 
4ne®(x) — ll f 21 owas, = I f voo Jas , (6.218) 


where the distance given in cylindrical coordinates is known to be 


R=|x-x|= Je -rF )—2rr cos(p-Q)+(Z-2)° . (6.219) 


For most transducers intended for omnidirectional radiation in the horizontal plane, vibra- 
tions are axisymmetric, and this significantly reduces numerical computations. We will con- 
sider this case in order to avoid complications unnecessary for illustrating approach to solving 
the problem. 

The first step in solving Eq. (6.218) is to divide the cylindrical surface into top, bottom and 
side surfaces (S = S, +S, +S, ) in order to evaluate the left-hand side and right-hand side sur- 
face integrals. After letting D(r,g,x) =®(r,x) and U(r,g,x) =U(r,x) , and some manipula- 


tion, Eq. (6.218) can be represented as 
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eR 


R? 


t 


a 2m 
47e(r,z) — | O(7,,b)(z—b) (1+ JKR rd Qdr, + 
0 
0 0 


a 27 eR : 
|D, -D+ f m (1+ HAR ndodh + 
0 0 b 


b 27 —jkR, 
+| ®(a,z,)a f = (L+ jkR (a -r cosg, )dgydz, = (6.220) 
—b 0 s 
a 27 —jkR, a 27 o-jkR, 
e e 
= [UCD f z ndodh = fun, -b) f arid Pod, + 
0 0 t 0 0 b 


b 27 ik, 
D U(a,z,)a J ET dpdzy. 


where 


R= Jr +7 -2r cosp +(z-b)’, 


R, =r’ +r —2rr cosp +(z +b), (6.221) 


R, =f > +a’ —2racosg +(z-2)’- 


The next step is to partition the cylinder into discrete rings (on the top and bottom surfaces) 
and bands (on the lateral surface), as shown in Figure 6.21 (b), for numerical integration. Note 
that if in the general case there exists a velocity (or potential) distribution along the circumfer- 
ence of the cylinder (i.e., vibrations are not axisymmetric), then the rings and bands need to be 
further partitioned along the azimuth. Extending this analysis to the general case is straightfor- 
ward. 

With an axisymmetric vibration the velocity potential and velocity are constant over each 
ring and band (shaded in grey). There are N, rings on each of the top and bottom surfaces (over 
[0, a]) and 2N, bands on the side surface (over [-b, b]) for a total of N = 2(N,+N,) discrete 
partitions. Solution to the integral Helmholtz equation will be found by solving N linear equa- 
tions in the form 


(476 —-Y,)®,=V,U, where i=1..N, j=1..N. (6.222) 


The complex NxN matrices Y, and V, are determined by summing all the non-planar 


contributions from all the partitions for each observation point. Note that Eqs. (6.222) can be 


used to determine the potential on the surface if distribution of velocities is given, or to 
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determine the velocity on the surface if distribution of potentials is given. This can be done 
simply by interchanging columns of the two matrices. 

In order to compute the radiation impedance of the cylinder, the observation points are 
chosen to be located on the surface at the center of each ring or band. The combined effect on 
the observation point from all other partitions vibrating forms each complex matrix element. 
For more accurate results, the contributing ring or band is further divided into M, smaller rings 
or M, smaller bands and the contributing point is swept over the azimuth in M, discrete an- 
gles. The discrete implementation of Eq. (6.220) can be used to calculate coefficients of radia- 


tion impedance for finite cylinders by expression 


1 ak 
Zo =—— [| PDU (%)aS, = 
T I] (XU (x )dS, 
2m |f ‘ h ‘ 
“UF [ P0% BU" (r, bndr + | P, -bU (n, brdn, (6.223) 
0 0 0 


b 
+f P(a,z,)U (a, Z))adz, |, 
-b 


(a) 


0 
(b) 0.2 0.3 0.4 0.6 0.8 1 1.5 2 3 45678 10 


Figure 6.22: Nondimensional radiation coefficients of finite cylinders with rigid end caps for var- 


ious aspect ratios: h/2a = 0.2, 0.3, 0.5, 0.7, 1.0, 1.5, 2.0, œ (labeled on the plots). 
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where U, is the reference velocity at the center of the lateral surface and P= jk(pc),,® is the 
sound pressure. Plots of the nondimensional radiation coefficients of a uniformly vibrating 
( U/U, =1 on the lateral surface) finite cylinder with rigid end caps (U(r,,b) =0 on the top 
and bottom surfaces) for height to diameter aspect ratios of h/2a = 0.2, 0.3, 0.5, 0.7, 1.0, 1.5, 
2.0 compared to the infinitely long cylinder case ( h/ 2a — œ ) are shown in Figure 6.22. 

Comparison of the plots for the nondimensional coefficients of radiation impedances of the 
finite size cylinders vibrating in the rigid cylindrical baffle (Figure 6.18) and in the free space 
at the same aspect ratios is presented in Figure 6.23 

In addition to the plots in Figure 6.23 it has to be noted that at h//A>0.8 the nondimen- 
sional coefficient a@(ka,h/ A) can be taken as a(ka) for the infinite cylinder of the same di- 
ameter within 10% accuracy. And with increasing ka, the value of A/A , for which this approx- 


imation holds, decreases and h/A~0.3 with ka >o. 


(a) 0.2 0.3 0.4 0.6 0.8 1 15 2 3 4 
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(b) 0.2 0.3 0.4 0.6 0.8 1 15 2 3 4 
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Figure 6.23: Comparison of the values of nondimensional coefficients of radiation impedances for 
finite pulsating cylinders in a rigid cylindrical baffle (solid lines) and without a baffle with fixed 
ends (dotted line). A/2a = 0.15 (1); 0.3 (2); 0.6 (3); 0.8 (4); 1.2 (5). 
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It is of interest for practical transducers designing to compare the values of radiation 
impedances for the transducers with different conditions on the ends, such as with rigid and 
compliant caps. For the latter case the boundary conditins on the ends are P(n, 


of U(r, 


b) =0 instead 


b) =0. Results of calculating the radiation resistance for the compliant ends are 
given in Figure 6.24. Comparison of the radiation impedances for the tranducers with rigid and 


comploant end caps at aspect ratio b/a = 0.5 is presented in Figure 6.25. 


0 —a i 
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Figure 6.24: Nondimensional coefficients of radiation resistance for a transducer with compliant 


caps for b/a = 0.26, 0.5, 1.0. 
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Figure 6.25: The nondimensional coefficients of (a) radiation resistance and (b) reactance for b/a 


=0.5. Rigid ends (r — solid lines), compliant ends (c — dashed lines), phase labeled with '. 


344 6. Acoustic Radiation 


6.4 Radiation of the Spherical Transducers 


6.4.1 General Case 
Consider the acoustic field radiated by a spherical shell (Figure 6.26) vibrating under arbitrary 
axial symmetric velocity distribution over its surface (for a thin-walled sphere it can be consid- 


ered that r 


out 


=a+t/2%a) 


U(a,9) = €,(9) = X U,P (cosg), (6.224) 


N 
i=0 

where é (ọ) is the radial displacement of a spherical shell, U, = €, is the generalized ve- 
locity (the modal velocity) at o = 0 . In the general case a part of the sphere can be covered with 


a baffle. We will assume that the baffle is absolutely rigid and covers a segment of the sphere 


at P= @,, as it is shown in Figure 6.26. Therefore, the condition on the surface is 


N 
U(a.9) = U,P (cose) at p<, and U(g)=0 at p> p,. (6.225) 


i=0 


0 JAN U(a,9) 
2a p=0 
Se 
(b) 


Figure 6.26: (a) Geometry of the spherical shell and coordinate system, (b) illustration of the 


spherical shell with a conformal baffle. 


The general solution for the radiation problem is 


P(r.9) = Y 4,h (kr) P (coso). (6.226) 


/=0 


Here AP (kr) are the spherical Hankel functions of the second kind, P (cosg) are the Legendre 
polynomials of order /. The arbitrary constants Æ, must be determined from condition of match- 


ing to the boundary conditions (6.225). i.e., 
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Ulap) =--— Z _=-*_¥ 4h?” ka) B(os 9), (6.227) 
jæp or JOP 


where the prime (') in the superscript denotes a derivative with respect to ka. After representing 


U(a,g) at 0<@<7 asa series in terms of the Legendre polynomials 


U(a,9) = $| Sue, [Ros 9), (6.228) 


/=0 L i=0 


where 


Pr 
ay = (I+1/2)[ Pag) P(cos@)sin gd (6.229) 
0 


and after equating this series to the series in the right side of relation (6.227), we arrive at 


U, a,(Q,) 
A =- jpe 2 (6.230) 
2 h" ka) 


Upon substituting A, from Eq. (6.230) into expression (6.226) we obtain 


hy (kr) 


ae a =>°P(r,9.9,), (6.231) 


i=0 


P(r,Q,Q,) = Sy U, >a, (p,) 


i=0 


where P(r,9,9,) is the modal sound pressure generated by the single mode of vibration de- 


fined at p< ọ, . At sufficiently large distances from a sphere (at kr > 00 ) 


hy (kr) ee E (6.232) 


and we have the following dara for the modal sound pressure, 
eft? 


e" U, Ya a(o, —— i P (cosg). (6.233) 


B(r,9,Q,) = pe — 
hen (ka 


> 


Using expressions (6.231) and (6.233) we obtain for the sound pressure on the acoustical axis 


of the transducer, P(r,0,@,), and for the directional factor of the transducer, H(9,9,), 
eit! 
P(r,0,9,)= gta NU, X ae.) ———, (6.234) 
ke » ye me" hO (ka) 
el? 


$u, Pao) nO (ka) P (coso) 


N © jal/2 
DY, dia ai (p) 


i0 T h” (ka) 


H(Q,Q,) = (6.235) 
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The modal diffraction coefficients of a spherical transducer relative to a plane wave prop- 
agating in the direction of axis ø = 0 was previously defined (see Eq. (6.10)) as the ratio of 
modal sound pressure generated by a transducer (Eq. (6.233)) to the sound pressure generated 
by a small pulsating sphere having the same referred volume velocity, (Eq. (6.9)). It will be 


found in the form 


P(r,0,Q,) _ j 1 ee 
ep =— a, (%,) ——. (6.236) 
Ri” (kay È C hO (ka) 


Note, that the referred volume velocity for the i" mode is U,, = 4za’U,, and the sound pressure 


generated by a small pulsating sphere having this volume velocity is 


P(r) = j(peykU,,e" /4ar (6.237) 


The diffraction coefficient changes in accordance with the directional factor. 


The total power radiated by a vibrating sphere may be found as 


W.. = eee 9,9,)U (a,)singdg = 


=—jpc2na T ipa Ya, (9,)— us W roe 
( 


0 i 1=0 ies 


N © 
{Su;Somrnese fine = (6.238) 
p=0 1=0 
© h? (ka) > 
=-jpc2 n i U,| + 
jpc Ta ppe 7 2141 a; ( P) A?” (ka) | | 


SSe l ay uh 


pzi| 1=0 h” (ka) 


This expression can be rewritten in the form 


= N N 
Wp = Sa ODIN P maa =) Za (P,) U,| >, (6.239) 
i=0 pži U, i=0 
where 
: a 1l h (ka 
Zeil) = —jpe4aa’ > a (Q,) — a (6.240) 


= 2l+1 h? (ka) , 
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is the modal (self) radiation impedance for i mode of vibration defined for g < g, , and 


h(ka) 
h? (ka) 


(6.241) 


Zacip (9) =—Jpc 4ra? ps api (D,) aa l(P,) 


1 
=0 21+1 
is the intermodal (mutual) impedance between modes i and m (m + i ). Thus, the radiation im- 
pedance associated with the generalized velocity U, is 
U 


N 
Z aci(Pp) =Z sci (Q,)+ > Zap (Q,) T $ (6.242) 
p+i 


It is convenient to represent the self and mutual radiation impedances in the form 
Laci = PC son (a, + jPi) Zacip 7 PC So (a, + İBp) > (6.243) 


where a and fare the nondimensional resistance and reactance coefficients and 


Pr 
S.q = 27a? | P?(cos¢)sin gdo (6.244) 
0 
will be defined as the effective radiating surface area. 


6.4.2 Radiation of the Spherical Shell without Baffles 


For the spherical transducers without baffles, i.e., at ø, = 7 , all the coefficients a, at i+ p 
vanish due to orthogonality of the Legendre polynomials, and a, =1. The modes of vibration 
that will be generated depend on the geometry of electrodes. We consider the two most common 
electrode configurations: unipolar electrodes on the whole surface of the spherical shell and the 


electrodes split in halves that are connected in opposite phase (bipolar electrodes). 


6.4.2.1 Transducers with Unipolar Electrodes on the Whole Surface 


In this case only the isolated zero mode of vibration is generated, U(a,g)=U,, dy =1, 


S 


go = 4ra? . This is a classic example of a transducer with a single mechanical degree of free- 


dom that was considered in Chapter 2. The diffraction coefficient, sound pressure generated in 
the far field and radiation impedance are 


j 1 1 


ka on 
1+ jka 1+ (ka} 


kapo =€ glezna) (6.245) 
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P(r,0,2) = £ oe C Ara’U el" Kg (6.246) 
Zo = PCANA (a, + jf); (6.247) 


where the nondimensional coefficients of the radiation impedance are 


(kay ond p- 


a > an ss (6.248) 
1+(ka) 1+(ka) 


The plots of nondimensional coefficients and diffraction coefficient are depicted in Figure 6.27 


and Figure 6.28 at i=0. At low frequencies (at ka < 0.2) 
a, = (kay and A ~ka. (6.249) 


The acoustic mass for the pulsating sphere of a small wave size is m, =Ď_ „p , i.e., equal to 


sph 


mass of water in volume of the sphere. 


6.4.2.2 Transducers with Bipolar Electrodes 
In this case the modes of vibration at i = 1, 3, 5... are generated. From expression (6.244) it 
follows that Sy; =47a*/(2i+1) . For the first mode of vibration the diffraction coefficient and 


radiation impedance are 


kayı = 1/ (kay? RO" (ka), (6.250) 
= (pe) 2) a = (PAS yu + jA): (6.251) 
ne" (ka) 


Detailed information on the properties of the spherical Bessel functions and tabulated data for 
the functions can be found in Ref. 5. Summary of the properties is presented in Appendix C.2. 


In particular, 


h” (ka) = sli (ka) — 2h? (ka)] . (6.252) 


where A® (ka) = j,(ka) — jy,(ka). The dependences of the modal diffraction coefficients kp; 


and nondimensional coefficients a, and 2 , on ka for the transducers without baffles are plot- 


ted in Figure 6.27 and 6.28. 


6.4. Radiation of the Spherical Transducers 349 


1 630 
0.9 540 
0.8 + + 450 
0.7 0 360 
D 
—_ 06} J T {270 8 
= 0.5 180 = 
T 0.4 0° 90 wee 
f N 
0.3 3 0 
0.2 4-90 
0.1 180 
0 270 
0 1 2 3 4 5 6 7 8 9 10 


Figure 6.27: The modal diffraction coefficients kai for spheres without baffles for i = 0, 1, 3 


(phase labeled with '). 


a, ? B ii 


Figure 6.28: Nondimensional modal radiation impedance coefficients for spheres without baffles 


for i=0, 1,3 (f, labeled with ’). 


At ka<03 
Jin (ka) © a5 Gmeb , (6.253) 
y,, (ka) = o ca (6.254) 
HP =A) ka oat Hay ~3] 1-78), (6.255) 


and with aid of Eq. (6.251) we obtain 
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4 
a, 7x a and J = “s (6.256) 


The acoustic mass of a small oscillating sphere (that is called a simple dipole source) is 


Vie? > (6.257) 


i.e., half of mass of water in the volume of the sphere. Comparison of the radiation resistances 
of the oscillating and pulsating simple sources, which is 


a _ (kay 


A 6.258 
ay 4 ( ) 


shows that the oscillating source is much worse projector. 


6.4.3 Radiation of a Spherical Shell with Baffles 
The baffling of the spherical shells is intended for achieving a unidirectional radiation of the 
spherical transducers. These issues will be considered in Chapter 8. The most interesting for 
the practical applications are the variants of baffling a hemisphere (at g, = 2/2) and of a seg- 
ment that corresponds to g, = 7/3. 

First, we will assume that the baffles are ideally rigid, i.e., that the velocity is zero on the 
surface of the baffle. In the general expressions (6.234), (6.236) and (6.240) for the sound pres- 
sure, diffraction coefficient, and radiation impedance the angle ø, must be taken according to 
the baffle coverage. Thus, for the case that the baffle covers a hemisphere, which we will con- 
sider for illustration with the numerical examples, U(g)=0 at 7/2<@<z. To apply the 
general expressions to calculating parameters of radiation for a particular baffle coverage and 
mode of the surface vibration, the coefficients a, have to be found using formula (6.229). Thus, 
in the variant that electrodes are unipolar (zero mode is excited) at g,=a/2 we find: 
a =1/2, ay =1/2, a, =3/4, a, =-7/16, a, =11/32,... and a =0 for / odd. In the 
variant of bipolar electrodes connection (1, 3, 5... modes are excited) we find a,, =5/16, 
a, =1/4,...,and a, =0 for / even. 

It is noteworthy that in both variants the non-zero “intermodal” coefficients a, exist. This 
means that acoustic interaction takes place between electromechanically active zero mode and 


passive odd modes in the case of unipolar sphere excitation, as it follows from Eq. (6.241). And 
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in the case of the bipolar excitation the active first mode generates electromechanically passive 
zero mode through the acoustic interaction. 

The analogous calculations and conclusions can be made for the variant of baffling at 
Q, =2/3. The results of calculations for both variants of baffling are presented here to be 
referred to in Chapter 8. 

Dependences of the modal diffraction coefficients, nondimensional coefficients of self and 
mutual radiation impedances and directional factors from ka are presented for the baffled spher- 
ical transducers at g, = 7/2 in Figure 6.29 - Figure 6.34 and at g, = m /3in Figure 6.35 and 
Figure 6.36. 


kafi 


0 1 2 3 4 5 6 7 8 9 10 


Figure 6.29: Modal diffraction coefficients of a baffled ( Ø, = 7 / 2 ) sphere: |k difi (thick lines) 


and phase ZK jy; 


baffle (dashed lines). 


(thin lines, labeled with ^) fori =0, 1 with rigid baffle (solid lines) and compliant 


Calculations show that the magnitudes of the mutual impedances between modes drop very 
quickly, as separation between modes increases, and especially so the higher the orders of the 
modes are. As it follows from plots presented in Figure 6.31, only the mutual impedance Z,., 


between the zero and first modes has significant value, and z,,,, can be already practically 


acl 


neglected. 
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Figure 6.30: Nondimensional coefficients of the modal self-radiation impedances of a baffled ( 
Q, =m /2)sphere: æ, and J; (labeled with ^ for i = 0, 1, 3 with rigid baffle (solid lines) and 


compliant baffle (dashed lines). 
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Figure 6.31: Nondimensional coefficients of the modal mutual radiation impedances of a baffled 
(Q, =m/2) sphere: a, and J, (labeled with ‘) for i = 0, 1, 3 with rigid baffle (solid lines) and 


compliant baffle (dashed lines). 


The modal directional factors corresponding to zero and first modes of vibration at differ- 
ent ka are shown in Figure 6.32 and Figure 6.33, and for the second and third modes they are 


presented in Figure 6.34 
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Figure 6.32 (on the left): Directional fac- 


tors for the zero mode of vibration of a 
baffled ( Ø, = 7 / 2 ) spherical transducer 
at different ka: (a) ka = 2.5, (b) ka = 3.5, 
and (c) ka = 4.5. Shown are the modal di- 
rectional factors with rigid baffle (thick 
solid lines) and compliant baffle (thick 
dashed lines). Plot (b) shows the direc- 
tional factors calculated for spherical 
transducer #1 with rigid baffle (thin solid 
line) and measured with compliant baffle 


(thin dashed line). 


Figure 6.33 (on the right): Directional fac- 
tors for the first mode of vibration of a 
baffled ( Ø, = 7 / 2 ) spherical transducer 
at different ka: (a) ka = 3.5, (b) ka = 4.5, 
and (c) ka = 5.5. Shown are the modal di- 
rectional factors with rigid baffle (thick 
solid lines) and compliant baffle (thick 
dashed lines). Plot (b) shows the direc- 
tional factors calculated for spherical 
transducer #1 with rigid baffle (thin solid 
line) and measured for hemispherical 


transducer (thin dashed line) 
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Figure 6.34: Modal directional factors for a baffled (@, = 7 / 2 ) sphere corresponding to the second 
and third modes of vibration: second mode at ka = 6.5 (thin solid line), third mode at ka = 8.5 (thin 
dashed line). For comparison the measured directional factor of spherical transducer operating in the 
third mode (thick solid line) and the measured directional factor of the hemispherical transducer op- 


erating in the third mode (thick dashed line) are also shown. 


The variant of baffling at ø, = 2/3 may be of a practical interest in case that the mode of 
vibration is U(g) =U, P .(cos@), as it will be shown in Chapter 8. The plots in Figure 6.35 
and Figure 6.36 are calculated for this mode of vibration. The effective surface area for the open 


segment of sphere is in this case S,» =0.34a° . 
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Figure 6.35: Diffraction coefficients and nondimensional radiation impedance coefficients for a 


baffled ( Ø, = 2/3) sphere 
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Figure 6.36: Directional factors of baffled ( Ø, = 2/3) sphere at different ka: 4.5 (solid line), 5.5 
(dashed line), and 6.5 (dot-dashed line) 


Remarkable property of the directional factors of the baffled spherical transducers is that 
they remain almost unchanged in a broad frequency range around the operating resonance fre- 
quencies of the transducers, as this can be seen from the above figures. 

To this point the assumption was made that the velocity on the baffled part of a sphere was 
zero due to employing the ideally rigid baffle. While a useful approximation, it is not clear how 
to practically realize such a baffle. It is more practical to assume that the baffle is ideally com- 
pliant, and that the sound pressure is zero on the baffled part. This brings us to the case of a 
radiation problem with mixed boundary conditions. For solving this problem for the sphere, the 
method is used that previously was employed in Section 6.3.3 regarding the cylindrical shell. 
Omitting the mathematical manipulations, the results of calculations obtained for the cases that 
Y, =m/2 and g, =7/3 are presented in Figure 6.29 through Figure 6.36. The results show 
very close agreement with those obtained under assumption of absolutely rigid baffle (except 
for the drop of the level of back radiation, which is especially prominent for zero mode velocity 
distribution). The results also show good agreement with experimental data, which were ob- 
tained with baffles made of corprene (a rubber-cork composition) that functions closely to an 


ideally compliant material. 
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6.5 Radiation of Transducers having Flat Surfaces 


6.5.1 General Considerations 
Solutions to majority of radiation problems for the planar surfaces are obtained under the as- 
sumption that the surfaces are flash with infinite rigid plane baffle (Figure 6.1 (c)). They are 
based on application of Huygens’s principle, one of formulations of which is the integral for- 


mula (Rayleigh’s integral) 
‘ — jkr 
Pr) =P fu, m) ma. (6.259) 
2m 5 r 


Here È is the surface of the infinite plane, U, (r,) is the normal velocity of the points of the 


surface with coordinates r,, and r(x,,¥,,Z,) is the radius vector of an observation point with 


r= (x-x, P+O yy H(z z) . The velocity in this formula must be known on the entire 


surface of the infinite plane. As the velocity is known on the surface of a transducer only, the 


existence of the infinite rigid baffle on which the velocity is zero is crucial for using the formula. 


It is noteworthy that another formulation of the Huygens’s principle is 


— jkr 


P(ry=2 wn | Pe) az, (6.260) 


r 


where @ is the angle between normal to the plane and direction on the observation point. 
Using this formula requires knowing the sound pressure on the entire infinite plane surface, 
therefore it can be applied to the case that transducer is embedded into the absolutely compliant 
flat baffle. Factor cos@ shows that whatever small wave size of a transducer placed in the 
compliant baffle is it does not radiate (receive) acoustic energy along the baffle. 

For the two-dimensional radiation problem, such as determining the field of vibrating strip 
infinite in direction of axis y embedded into the rigid plane, formulation of the Huygens’s prin- 


ciple for sound pressure per unit length along the y axis is 


P(r) = = f U, (x)H® (kr) dx. (6.261) 


Here r=,/(x—x,)+2Z,, where x, and z, are the coordinates of an observation point. In par- 


ticular, the rigid baffle flash with the surface of a transducer can be simulated by its plane of 
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symmetry in the case that the transducer is double-sided pulsating piston of infinitesimal wave 
thickness, as it is shown in Figure 6.1 (a). In the cases that thickness of the symmetrical pulsat- 
ing transducers is significant, or dimensions of real baffles are small compared with wave- 
length, or real transducers are used without the baffles, the radiation problem for the planar 
transducers complicates, and these cases must be considered on the separate issues. This will 


be done in Sect. 6.5.8.4. 


6.5.2 Radiation of a Circular Pulsating Piston 
The radiation impedance of the thin pulsating piston was first calculated by Rayleigh!’. Because 
of special importance of this case, and of originality of the derivation performed we will briefly 
reproduce this derivation. Consider the circular disk that vibrates uniformly with the normal 
velocity U, embedded in the absolutely rigid plane baffle as shown in Figure 6.37. The sound 


pressure on the surface of the disk can be calculated according to formula (6.259) as 


iO eis 
P(r;) = ZEU, J ad. (6.262) 
E E 


At first, we calculate the sound pressure on the surface of a thin ring having radius r, produced 
by uniformly vibrating elements of the disk of this radius (denoted P(r,) ). If to place the center 
of polar coordinate system at some point of the ring (point o in Figure 6.37), then the pressure 


at this point, P (r,), can be found as (note that the radius of the arc / is r = 2r, cos@ ) 


s mi2 2r, cos? mi2 
Pr )=2£u, | | et ardo=u, | p-e ]ao. (6.263) 
i 27 =z/2 0 mT 0 


Figure 6.37: Illustration of geometry considerations used for calculating the radiation impedance, 


where / is the arc of radius r. 
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Taking into consideration expressions for the Bessel and Struve functions (Ref. 5, 6, see also 


Appendix C.1), 


mi2 


Tee- f cos(zcos a0, (6.264) 
m 0 


al2 


See f sin(z cos ado , (6.265) 
m 0 


the sound pressure at any point of the ring can be represented as 
pc : 
EG) = 5 Voll Shee Soe (6.266) 
Thus, the force that is acting on the entire ring is 
Fe) = P(r,)-2ar.dr,, (6.267) 
and the total force acting on the surface of a disk of the radius a will be found as 


Fag = 20] Prd, = mpcu, | {[1-Jg (kr, )]+ jS krr dr . (6.268) 
0 0 


After performing integration keeping in mind that 


Í 2J,(z)dz = 2J,(z) and Í zS, (2)dz = 2S,(z), (6.269) 


for the radiation impedance will be obtained 


| Ae “penis jB\e 16.270) 
2ka 


Z= = = pera? fı 


0 


2J (2ka) 
2ka 
The nondimensional coefficients of radiation impedance œ and 2 can be represented in the 


form of the series (for brevity we denote 2ka =z ) 


2J,(z) _ z? zt 


a=l Bios 6.271 
z 2°1!2! 24213! ( ) 

DS tz) Al z z’ 
= = ' xa 6.272 
j z aE 35 3°57 ( ) 


Their plots are shown in Figure 6.38. 


At ka <0.5 (with accuracy not less than 5%) 


6.5. Radiation of Transducers having Flat Surfaces 359 


ax 1 thay? and Bx cee, ; (6.273) 
2 3m 


Thus, the radiation resistance is 


2 


poe Laa pekay = apes. (6.274) 


This is the general expression for radiation resistance of a simple source given that in this case 
Sy =s. 


The radiation reactance and the acoustical mass are, 


Xap 7 ra pe ka and m,, ~ ra pa = =P.4p : (6.275) 


where Vy is the volume of sphere having the same radius. 


1.2 


1.1} 


a 
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Figure 6.38: The nondimensional coefficients of radiation impedance of pulsating disk imbedded 


in the infinite rigid baffle. 


When determining sound pressure generated by the disk in the far field, modulus of the 
radius vector of an observation point in formula (6.259), which will be denoted here as R, is 


much greater than radius of the disk, 


R| >>a. Due to the axial symmetry of radiation, it is 
sufficient considering that the observation point is in plane perpendicular to the plane of the 
disk, as shown in Figure 6.39. At first, consider the sound pressure that is generated by an 
elementary ring of radius r. The sound pressure of an element of the ring having coordinates x 


and @ is proportional to its volume velocity, U(x,g) =U,rd@dr . Distance r, between the 
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observation point and the point with coordinate x=rcos@ on the surface of the disk can be 


expressed as 


r, = J(Reos0) +(RsinO—x) = RY1—2(x/ R)sind (6.276) 


or, given that (x/ R) «1, 


r, = Rl- (x/ R)sin 0]. (6.277) 


Figure 6.39: Geometry for determining the sound pressure of a disk in the far field. 


The sound pressure generated by the element of the ring in the far field, being obtained by using 


formula (6.259), is 


-jR 
P(r, o) ce = U,rdr T eeose do, (6.278) 


And the total sound pressure at the point of observation will be found as result of integrating 
this expression over the ring circumference, 


—jkR 
e” 


2m 
- [ferea] . (6.279) 
0 


P(r,@) = jopU,rdr 
Integral in the brackets is the Bessel function J,(Avsin 0) . Thus, expression for the sound pres- 
sure generated by the ring in the far field becomes 


— jkR 
P(r,0) = j pckrdrU, 40 (krsin6), (6.280) 


and the directional factor of the ring is 


Hing(Q) = J,(kr sin 8). (6.281) 


In order to obtain the sound pressure radiated by the entire disk having radius a, expression 


(6.280) must be integrated by radius. Given that 
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fa @=20, (6.282) 


the result is 


e™ J (kasin 0) 


P, (0) = j pcka’U, 6.283 
isk ( ) J pe a 0 R kasin @ ( ) 
The directional factor of the disk is 
Alig (9) = eis) ug ae (6.284) 
kasin@ 


The diffraction coefficient at 0 =0 for all the transducers imbedded in the infinite rigid plane 
baffle is k,,, =2 , as the sound pressure in incoming plane wave doubles on the surface of the 


baffle. Using formula (6.22), expression (6.270) for 7,., and Eq. (6.283) for the sound pressure 


ic? 


on the axis, the following relation can be obtained for the directivity of the disk 


2 -1 
pee ea ea) (6.285) 
A ka 
At a>A/2 the directivity differs less than by 6% from its value by formula 
2 
pu ma 4n S (6.286) 


AC 2 


6.5.3 Radiation ofa Thin Ring Pulsating in the Axial Direction 
Radiation of a thin ring pulsating in axial direction may be considered as the extreme case of 
radiation of a radially vibrating cylinder of small height having rigid caps, as shown in Figure 


6.40, using symmetry considerations. 


tr 
fh rial 
2a 2a 

(a) 


(b) 


Figure 6.40: (a) Thin ring pulsating in axial direction, (b) radially vibrating cylinder of a small 
height. They can be considered as vibrating in the infinite rigid plane baffle by the symmetry 


considerations. 


The geometry relations in the Figure are A «a, A«A, h=2A. The procedures analogous 
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to those used for calculating radiation of a disk can be used in this case. The sound pressure 
generated by a ring in the far field and directional factor accordingly were already obtained in 
process of determining these characteristics for a disk and expressed by formulas (6.280), 
(6.281). 

Determining the radiation impedance requires a little different calculation. The geometry 
considerations for solving this problem are illustrated with Figure 6.41. The sound pressure on 
the element o of the ring exerted by elements 1 and 2 remote from point o by distance 


r, =2acos@ that have the volume velocity U, =U,r.dr.do is 


P.(r,,.9) = EU e dr do. (6.287) 
TT 


oNXx 


oO 
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Q 


Figure 6.41: Illustration of the geometry considerations used for calculating radiation impedance 


of a ring. 


Thus, the total sound pressure at the arbitrary point of the ring will be obtained as 


. 2a n/2 
P(r,.g)=2Pu, | J ererdrdg, (6.288) 
0 0 


or taking into consideration the definitions (6.264) and (6.265) 


P, = peu, -ka[S,(2ka) + jJ,(2ka)] . (6.289) 


The force acting on the entire surface of the ring and the radiation impedance are 


Fing =20a\-P,, (6.290) 
Fong . 
Lag = ye = PS ig -ka[S,(2ka) + jJ (2ka)]. (6.291) 


0 


Thus, the nondimensional coefficients of radiation impedance are 
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a =ka-S,(2ka), (6.292) 


B=ka-J,(2ka) . (6.293) 


For a cylinder of the height A = 2A with rigid caps formula (6.291) for the radiation impedance 
remains the same with replacement of S,,,, by Soy =27ah due to the fact that h «4 and the 
sound pressure on its surface is the same as on the surface of the ring. Therefore, formulas 
(6.292) and (6.293) for the nondimensional coefficients of radiation impedance are valid for 


this case also. 


6.5.4 Radiation of an Infinitely Long Pulsating Strip 
Radiation problem for the vibrating strip embedded into the rigid plane that is infinite in direc- 


tion of axis y is two-dimensional. The geometry of the problem is illustrated in Figure 6.42. 


mia po IW 
2 


Figure 6.42: To the radiation of the infinite strip embedded into the rigid baffle. 
Therefore formulation (6.261) of the Huygens’s principle for determining the sound pres- 
sure radiated by element Ay of length along y axis of the strip is 


P(r)= Ay T UOR ENA. (6.294) 


—W/2 


Here U,,(x) =U, f(x) is distribution of the normal velocity over the width of the strip. In the 
case of uniform vibration f(x) = f,(x)=1. Also of interest is the distribution of velocity 
I(x) = f(x) =cos(zx/W), if to consider radiation of the column like double-sided rectangu- 
lar plate bender transducer that is composed of simply supported beams. 


By the definition of the radiation impedance 


Z = 


ac 


i P(x,) f(x,) dr, (6.295) 


—W/2 


a 
U, 
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where P(x,,) is the sound pressure generated by vibration of the strip in the point x, on its 


surface. For the sound pressure in the point x, we obtain from formula (6.294) 


P(x,) = eu, | l SOHF [kx —x,|] dx. (6.296) 


—W/2 


The resultant expression, from which the radiation impedance can be calculated, is 
W12 W12 


an | f APE le-x,PA@OAF@,)dede,, 1,1=0,1. (6.297) 


Zail a 3 
—W/2-W/2 


, therefore a small interval around this 


Note that NoLk|x—x, |] > oat xx, as Ink|x—x, 
point must be excluded from calculation. The subscripts 0 and 1 correspond to the uniform and 
cosine distributions, respectively. Thus, Z,, and Z, are the radiation impedances for the case 
of uniform and cosine velocity distributions. Z, is the mutual radiation impedance between the 
modes in the case that the distribution is superposition of uniform and cosine modes of vibra- 


tions having equal magnitudes. The mutual radiation impedance per unit length may be repre- 


sented as 
Z cil (AW) = PCS p lA (AW) +j W)], (6.298) 
1.2 
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Figure 6.43: Dependences of the nondimensional coefficients of the radiation impedances for an 


infinitely long strip vibrating in a rigid plane. 
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where œ (kW) and (kW) are nondimensional coefficients of the radiation resistance and 


reactance, S 


om 18 the effective radiating surface area per unit length, 


W12 


Sm = Í SOY dx. (6.299) 


-W12 


Dependences of the nondimensional coefficients of the self-radiation impedances from kW at 
the uniform distribution ( S yọ =W per unit length), at the cosine distribution (S,,, =W /2 per 
unit length), and of the coefficients for the mutual impedances between these modes of vibration 
(in which case it is taken that S fo =W ) are shown in Figure 6.43. The numerical values of 
the coefficients for kW < 2 are presented in Table 6.1. This range of values of kW, at which 
W /A<1/3 is typical for the rectangular bender transducers. 

The sound pressure in the far field can be found by using formula (6.294) and the asymptotic 


expression for the Hankel function 


-j| k-Z 
H paa > Ze a (6.300) 


Thus, the sound pressure generated by an element Ay of the strip in the normal direction 


(at 0 =0) in the far field (at R >W ) is 


-j(KR-Ž) 
pc e ü 
P(R,0) = =U, - 6.301 
Here U, is the volume velocity, U; =U,S,,, and 
W12 
Sa =A: | Fd (6.302) 


-W12 


is the average surface area of an element of the strip: S,, =W -Ay for uniform vibration and 
S =(2W/7)-Ay for the cosine distribution. 

The directional factor of a strip in the plane perpendicular to the strip is the same as for the 
segment of length W due to symmetry. Using the geometry considerations that follow from 
Figure 6.42, the sound pressure at the observation point can be represented as 


R= PRO | i fod =| fixer Mak, (6.303) 


-W12 -W12 
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where r, = R—xsin@ analogous to (6.277). Thus, the directional factor is in general 


W12 W12 


no- Í faas E o (6.304) 


-W/2 -W12 


Table 6.1: Impedances and nondimensional coefficients for the cases of uniform and sinusoidal distribu- 


tions of velocities, and the mutual impedances between these modes of vibration. 


Z 200 Lact Zao 

kW Ao Boo a By Qu Poi 

0.1 0.050 0.123 0.040 0.105 0.031 0.079 
0.2 0.100 0.203 0.080 0.178 0.063 0.132 
0.3 0.149 0.266 0.121 0.236 0.095 0.175 
0.4 0.199 0.318 0.161 0.286 0.126 0.210 
0.5 0.247 0.361 0.201 0.329 0.158 0.239 
0.6 0.296 0.398 0.241 0.366 0.188 0.264 
0.7 0.343 0.428 0.280 0.399 0.219 0.286 
0.8 0.389 0.453 0.319 0.428 0.249 0.304 
0.9 0.435 0.474 0.357 0.452 0.279 0.319 
1.0 0.480 0.490 0.395 0.474 0.308 0.332 
1.1 0.523 0.503 0.433 0.493 0.336 0.342 
1.2 0.565 0.512 0.470 0.509 0.364 0.350 
1.3 0.606 0.518 0.506 0.522 0.391 0.356 
1.4 0.645 0.521 0.541 0.534 0.418 0.361 
1.5 0.683 0.521 0.576 0.543 0.444 0.363 
1.6 0.720 0.519 0.610 0.550 0.468 0.364 
1.7 0.755 0.515 0.643 0.555 0.493 0.364 
1.8 0.788 0.509 0.676 0.558 0.516 0.362 
1.9 0.819 0.501 0.707 0.559 0.538 0.358 
2.0 0.849 0.491 0.738 0.559 0.559 0.354 


In the case of uniform velocity distribution ( f(x) =1 ) we obtain the well-known expression 


_ sin[(kW / 2)sin 0] 
(kW /2)sin@ 


H(0) (6.305) 


and for the cosine distribution f (x)= cos(mx /w) 
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cos[(KW / 2)sin 6] 
1-[(KW / 7) sin 0f ` 


H(0)= (6.306) 


6.5.5 Radiation of the Rectangular Pulsating Pistons 

The radiation impedance of a rectangular piston vibrating uniformly in the infinite rigid plane 
baffle was considered in several works by numerical calculations based on using Rayleigh’s 
integral (6.259). The most complete results of the calculations produced for pistons in the wide 
range of their aspect ratios wave sizes are presented in Ref. 18, 19. This resalts will be consid- 
ered in this section from the point of view of application to transducer designs. 

Plots of the nondimensional coefficients of radiation impedances of the rectangular pistons 
for their different widths to lengths aspect ratios, R =W / L , are shown in Figure 6.44. Several 


conclusions can be drawn from analysis of these data. 


0 ~ 
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kW 


Figure 6.44: Nondimensional coefficients of the radiation impedances of the rectangular radiating 


surfaces vs. wave width kW at different aspect ratios R = W/L. 
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Comparison with results presented in Figure 6.38 shows that the nondimensional coeffi- 
cients of radiation impedance of the square pistons (at R=1) to a great accuracy are the same 
as for the circular pistons having equal surface area, i.e., at ka = kW / Vx . The nondimensional 
coefficients of radiation impedance of rectangular pistons having the wave width kW >1 at 
R=W/L>4 behave like those for the infinite strips (at R —> œ). Therefore, the data pre- 
sented in Figure 6.43 and in Table 6.1 can be used for calculating radiation impedances of the 
rectangular pistons with such dimensions. 

The sound pressure generated by the rectangular piston in the far field can be determined 
by direct applying the integral formulation of Huygens’s principle (6.259). In the case that non- 
uniform distribution of velocity exists over surface of the piston its volume velocity is 
U; =S,,U,, where S, is the average surface area. For a uniform distribution U, =WLU,. 
Thus, in this case 


—jkR 
poa a e., (6.307) 
2m R 


Expressions for the directional factor of the rectangular piston that has geometry shown in 


Figure 6.45 will be obtained by using formulas (6.305) and (6.306) for directional factors of the 


Figure 6.45: Rectangular piston and spherical coordinate system for representing its directional 


factor (point o is the observation point). 


linear segments without and with distributions of velocity over length. Following the product 
theorem, in the case that vibration is uniform 


sin[((AW /2)sin@] sin[(kL/2)sinø] 
(kW /2)sin@ (KL/2)sing ` 


H(0,@) = (6.308) 
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In the case of velocity distribution over the width U(x) =U, cos(zx/W) , which is typical of 


the rectangular bender transducers, 


cos[(KW/2)sin@] sin[(AL /2)sin g] 


HOO O a  (kKL/Dsing 


(6.309) 


6.5.6 Radiation of the Oscillating Disk 
Surfaces of the oscillating disk vibrate in phase, as shown in Figure 6.46 (b), where the main 
types of the flat piston-like projectors are schematically depicted. It is noteworthy that in all the 
cases the thickness of the projectors is assumed to be infinitesimal, and in this sense it would 
be more appropriate to call them membranes. Real projectors have a finite thickness. Effects of 


the finite thickness will be considered in Section 6.5.8.4. 
U, U, j 
—— + Z > 
U, U, 
(a) (b) (c) 


Figure 6.46: Types of the circular disks vibration: (a) pulsating disk, (b) oscillating disk, (c) one- 


sided (vibrating on one side) disk as the superposition of (a) and (b). 


The sound pressure on the surfaces of the oscillating disk (Figure 6.46 (b)) is in opposite 
phase (when compression occurs on one side, expansion takes place on another). Due to sym- 
metry the sound pressure on the plane that is continuation of the disk surface is zero. This means 
that the oscillating disk can be imagined as uniformly vibrating membrane embedded in the 
infinite absolutely compliant plane baffle. The radiation problem for the oscillating disk was 
considered by L. Y. Gutin in Ref. 20. The solution was presented in the form of expansion into 
a series in terms of the oblate spheroidal functions. The coefficients of the series are presented 
in Ref. 20 for a number of terms that is sufficient for calculating radiation parameters for the 
range of ka having practical interest for transducer designing. The results of calculating the 
radiation parameters are summarized as follows. 

The nondimensional coefficients of radiation impedance are plotted in Figure 6.47 and 


given in Table 6.2. 
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Figure 6.47: Nondimensional coefficients œ and £ of radiation impedance of the oscillating 


circular disk. 


Table 6.2: Nondimensional coefficients of radiation impedance of the oscillating circular disk. 


ka a £ ka a B 

0.1 4.4e-6 0.044 3 1.12 0.17 

0.5 3.7e-3 0.23 5 0.96 0.23 
1 0.06 0.54 8 0.95 0.11 
2 1 0.9 10 0.97 0.03 


The main application of the results obtained for the oscillating disk is to designing the pressure 
gradient (dipole type) transducers, which predominantly have a small wave size. At ka «1 


(practically up to ka = 0.3 ) 


8 4 4 
ar ka)’, x —(ka). 6.310 
ar ee) (6.310) 
From x, = pcza p =æœm, follows that the acoustic (radiation) mass is 
raie 
Me =z p =-—V, P> (6.311) 
1 


where ae is the volume of sphere having the same radius. Thus, the acoustic mass is twice 
smaller than for the pulsating disk (see (6.275)). 


Expression for the radiation resistance 
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8 
217° 


I, = pera? (ka)* (6.312) 


seemingly does not comply with the general expression for radiation resistances of the simple 


sources 


2 


a l (6.313) 


1, = 2MPC 


but for the oscillating disk S,, =0, which means that r,,=0 to the first approximation, and 
the oscillating disk is very poor projector at low frequencies. Expression (6.312) is for the ra- 
diation resistance to the second approximation. 


The sound pressure in the far field can be presented in the form”? 


— JR 


P(ka,0) = Pee Py, | F (ka): E(ka,0), (6.314) 
where at ka < 4 
E(ka,0) = P (cos 0) + y(ka)P, (cos 0), (6.315) 
and functions F(ka)and y(ka) have values that are presented in Table 6.3. 
Table 6.3: Values of functions F (ka) and y(ka) . 
ka 0.5 1.0 1.5 2.0 2. 3.0 
F(ka) | j0.027 | 0.02(1+/12.6) | 0.36(1+/3.2) | 2.2(1+/0.9) | 3.7(1+j0.45) | 5.0(1+/0.18) 
y(ka) | 0.01 0.04 0.09 0.15 0.23 0.32 
At ka «1 (practically, at ka<0.5) 
Pona e a ut 2 EN ceo. (6.316) 
R k 32 
The directional factor is 
H(ka,0) = E(ka,@) _ F(cos@)+y(ka)P,(cos 0) l (6.317) 
E(ka,0) 1+ y(ka) 
At ka«l 
(ka, 0) = H(@) =cos6, (6.318) 


i.e., directional factor of small oscillating disk is that of the dipole. The directional factor prac- 
tically does not change at least up to ka =1, as it follows from Figure 6.48, where the direc- 


tional factors of an oscillating disks are shown at different values of ka. 
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Figure 6.48: Directional factors of the oscillating disk: ka = 0.25 (solid line, cos@), ka = 1 
(dashed line), ka = 2 (dash-dotted line), ka = 3 (thin solid line). 


Comparing expressions (6.314) and (6.2) for the sound pressure in the far field we can conclude 


that the diffraction function for the oscillating disk in direction of acoustic axis (at 0 =0) is 
1 1 
x(ka)|,_, = go) - E(ka,0) = ra) -[1+ y(ka)]. (6.319) 
Using the general formula for the diffraction coefficient (6.10) and taking into consideration 


that the total surface area of the disk is S, = 27a? , we arrive at the expression 


2A 2 
Karo = a UM ka) 99 = ay (ka) [1+ y(ka)]. (6.320) 


From Eq. (6.316) follows that for ka < 0.5 


bay hay Coe: (6.321) 
k 3m 


and after substituting in the general formula for the diffraction coefficient we obtain 


ky (O™) =j = (ka) cos(@) . (6.322) 


Moduli of the diffraction coefficients of disks at 6 = 0 as function of ka are presented in Figure 


6.49. 
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Figure 6.49: Modulus of diffraction coefficients of circular disks as functions of ka: pulsating disk 
in infinite planar baffle (solid line), oscillating disk (dashed line), disk radiating from one side 


(dash-dotted line). 


6.5.7 Radiation of the Disk Vibrating on One Side (Gutin’s Superposition Concept) 
The radiation problem for the disk vibrating on one side without baffles was solved by super- 
posing results of already available solutions for the pulsating and oscillating disks in Ref. 20. 
The idea is self-explanatory from Figure 6.46. This technique became obvious after it was first 
suggested by L. Y. Gutin in Ref. 20. Sometimes it is referred to as “the Gutin’s concept” (Ref. 
21), but mostly is used without any reference (for example, in Ref. 22). 

Superposing the potentials of acoustic fields generated by the pulsating and oscillating 
disks vibrating with equal velocities leads to the following results for the disk vibrating on one 
side with the same velocity. 


The nondimensional coefficients of the radiation impedance (denoted œ, and Ø, ) are 
1 1 
a, = pta) and £, aa EP (6.323) 


where subscripts p and o correspond to pulsating and oscillating disks. Coefficients @, and 2, 


are given by expressions (6.271) and (6.272), and plotted in Figure 6.50. 
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Figure 6.50: Nondimensional coefficients of radiation impedances of the circular disks: pulsating 


(solid line), oscillating (dashed line), one-sided (dash-dotted line). 


Coefficients a@,, 8, are presented in Table 6.2 and shown in Figure 6.47. The values of coef- 


ficients a, and J, are summarized in Table 6.4. 


Table 6.4: Nondimensional coefficients of radiation impedance of the disk radiating from one side. 


ka a Bi ka a Bi 
0.1 2.5e-3 0.065 2 1.02 0.71 
0.5 0.065 0.31 5 0.98 0.21 
1 0.24 0.59 10 0.98 0.037 
At ka «1 
1} 1 8 1 
= kay 4 ka)* |» —(ka)’, 6.324 
a, EG (| a ( ) 
pat aay Ge |= 2 Gas (6.325) 
2| 3m 3m T 


The acoustic mass is 


m, = ay (6.326) 


Expression for the sound pressure in the far field being found as superposition of expressions 


(6.283) and (6.314) is 
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-08-2) ka” | 2J,(kasin@) 2 
kasin@ (ka) 


B(ka,0) =e Uy =F ka: tka) | (6.327) 


The sound pressure on the axis is 


pe -ikR-2) ka? 2 
P (ka, 0) = Rl 2 U, te fh 2 roro) 5 (6.328) 
The directional factor is 
A (ka, 0) = Ee) ; (6.329) 
F (ka,0) 


Comparison of the directional factors of the circular disks at ka = 3 is made in Figure 6.51. 


Figure 6.51: Directional factors of the circular disks at ka = 3: pulsating disks (solid line), oscil- 


lating disks (dashed line), disk vibrating on one side (dash-dotted line). 


The diffraction coefficient on the axis will be found by formula (6.10) as 


TE 


ap = T HA) o 0 » (6.330) 
S; 


where S, = 7a? (the disk radiates from one side) and 


(ka), = o f m 


2 
(ka)? 


F(ka)- [1+ yaa} . (6.331) 


376 6. Acoustic Radiation 


Thus, 
k = 2 
afi a E (6.332) 
Taking into consideration that diffraction coefficient for the pulsating disk is k4p, = 2, and for 
the oscillating disk (4,,;, ) is given by expression (6.320), we can conclude that 
kar, + Ky 
ky =. (6.333) 
2 
At ka <0.5 
ee 
Kap =1+ j — (ka). (6.334) 
3m 


Values of the diffraction coefficient of the one-sided disk as function of ka are presented in 


Table 6.5. 


Table 6.5: Diffraction coefficient of the one-sided disk as function of ka. 


ka [kail ka [kail ka [kail 
0.1 0.25 1 0.62 10 1.22 
0.2 0.27 2 1.55 
0.5 0.34 5 1.23 


6.5.8 Radiation of Disks Embedded in the Baffles of Finite Size 


6.5.8.1 Introduction 

The preceding analysis shows significant difference between characteristics of acoustic energy 
radiation in free space of the circular disks of small wave size having different velocity distri- 
bution (pulsating, oscillating and one-sided). This is illustrated with data regarding the nondi- 
mensional coefficients of radiation resistance and ratio of the reactive to active power radiated 
that are presented in Table 6.6. The comparison shows that the characteristics of pulsating disk 
are comparable with those of the pulsating sphere, which can be considered as an ideal source. 
And the oscillating disk of small wave size is an extremely poor source of radiation. At large 
wave sizes (practically at ka >3 or at (2a/ A) >1) the difference in radiating characteristics of 


all the disks vanishes. 
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Table 6.6: Ratios of the reactive to active power radiated by different sources. 


Projector Type ka a Bla 
Pulsating Disks <0.5 (ka) /2 16/3zka 
0.5 0.125 3.4 
3 1.09 0.15 
Oscillating Disk <0.5 8(ka)* / 277° 97 / 2(kay’ 
0.5 1.9-10° 110 
3 1.17 0.18 
One-Sided Disk <0.5 (ka) / 4 8/ zka 
0.5 0.062 5.1 
3 1.14 0.16 
Sphere <0.5 (kay /[1+(ka)’] 1/ka 
0.5 0.2 2 
3 0.9 0.3 


Transducers with flat radiating surfaces shown in Figure 6.1(c) usually have dimensions of 
their surfaces relatively small compared with wavelength at operating frequencies. Thus, the 
simply supported circular plates of a double plate bender transducer have D/A < 0.2. (This 


follows from formula for its resonance frequency f. =0.45(t/a’)c 


ceramic 


at usually adopted 


t/a<1/5). The overall thickness of a single double plate bender transducer, t 


wr? 


is usually 
about two thicknesses of the comprising plates, i.e., t,./2<0.4. As to the rectangular plate 
benders that are made of beams, we will assume that a single transducer unit has approximately 
the same wave size as a circular plate having the same resonance frequency (/=w=D). 
Though this assumption is not quite rigorous, it gives sufficiently accurate estimation of the 
order of quantities. Diameters of the piston like vibrating surfaces of transducer configurations 
shown in Figure 6.1 (c.2) and (c.3), which are typical for the Tonpilz transducer design enclosed 
in a housing, usually have size D/A<0.5 (ka<1.5). (This requirement is out of consideration 
of steering directivity pattern of an array populated by the transducers of this kind). 

Thus, all the listed transducers fall into category of transducers with radiating surfaces 
small compared with wavelength, when operating as single transducer units. Their radiation 


characteristics in this case can be improved by using rigid baffles flash with their radiating 
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surfaces. The ideal results obviously would be obtained with baffles of infinite size, but suffi- 
ciently good improvements can be achieved with real baffles of properly chosen finite size. 
The quantitative estimations of effects that rigid baffles of finite size exert on the charac- 
teristics of acoustic radiation of the circular disks were produced in several works!> ?!?3, The 
problem was solved in Ref. 23 in the oblate spheroidal functions in the way similar to those 
used in Ref. 20 for calculating radiation characteristics of the oscillating disk without a baffle. 
The most comprehensive analysis of the related problems based on employing integral equa- 
tions to calculating acoustic fields was performed in Ref. 15. The numerical results regarding 
the radiation characteristics of the disks embedded in the rigid circular baffles that are presented 


in this section are due to this work. 


6.5.8.2 Radiation of the Oscillating Disks Embedded in the Rigid Baffles of Finite Size 
A qualitative explanation of difference in radiation characteristics of oscillating disks of small 


and significant wave size can be done with help of Figure 6.52. 


(a) (b) 
Figure 6.52: Qualitative illustration of diffraction on the oscillating disk: (a) at small wave size 


(low frequencies), (b) at high frequencies. 


At small wave size the wave radiated from the front surface propagates round the edge of the 
disk and comes to the back surface practically in the same phase, in which this surface vibrates. 
Thus, the main fluid flow goes from one side of the disk to another in the process of vibration, 
and only a small portion of the radiation goes to infinity. Acoustic short-circuiting takes place. 
With increase of the disk wave size the portion of radiation that comes over the edge to the back 
surface in phase with its vibration reduces and eventually becomes negligible. Radiations from 
the disk surfaces become independent and take place in respective half spaces. For the one- 
sided disk radiation in rear half space due to diffraction over the edge exists though it is much 
less pronounced than in case of the oscillating disk. It can be expected that the harmful effect 


of diffraction can be reduced by placing the disks in a circular rigid baffle and thus moving the 
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edge of the entire structure away of the source of radiation. Thus, for the pulsating disk there is 
no diffraction over the edge, because in terms of radiation in half space it is equivalent to radi- 
ation of disk embedded in the infinite rigid baffle due to symmetry. As it follows from the Table 
6.6, the acoustic energy radiation characteristics of the disks of all the configurations become 
quantitatively practically the same at ka > 3. This allows to assume that the wave diameter of 
the baffle sufficient for achieving the goal of effective suppressing the effect of diffraction on 
the acoustic energy radiation may be about d/A=1. 

Dependences of the nondimensional coefficients of radiation impedance for the disks hav- 
ing different wave radiuses ka from the wave radiuses of the rigid baffles, kb, are presented in 
Figure 6.53 and Figure 6.54. In Figure 6.53 they are shown for small disk with ka =0.5 in the 


more detailed way. 


0.5 - ; 7 r 
b. 
5 ji af N | | | | 
0.45 Jan B o>. 
i > ‘S DE i 
4 b oll wa a | = 
0.35 thoe = oeo 
0.3 f 
a 
= 0.25 
3 
0.2 i 
0.15 TI B eel A E EF] 
0.1 [4 SS 
-+7 
0.05 t7] 
0 un l 
0 0.5 1 15 2 25 3 35 4 45 5 55 6 


kb 


Figure 6.53: Dependences of the nondimensional coefficients of the radiation impedances of disk 
with ka = 0.5 on the wave radius of the rigid baffle for the oscillating disks (dash-dotted lines) 
and one-sided disks (dashed lines). Solid lines correspond to the pulsating disk, for which charac- 


teristics don’t depend on the size of the baffles. 


As can be seen from Figure 6.53, at kb 2 the normalized components of radiation im- 
pedance reach the values that correspond to those for the pulsating disk, around which they 
oscillate with increase of the size of a baffle. Analogous dependences are shown in Figure 6.54 
for a wider range of the disks wave dimensions. They confirm that the wave radius of the rigid 
baffle that is sufficient for achieving values of the coefficients, around which they oscillate with 


further increase of the baffle size, is about kh=2+3. Dependence of the nondimensional 
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coefficients of radiation impedances of differently vibrating disks on the wave size in case that 
they are embedded in the rigid baffle having wave size kb =3.0 are presented in Figure 6.55. 
Both components of the radiation impedance up to ka ~ 0.5 and the active component up to 
ka 1.0 behave like in the infinite baffle. At ka >3.0 active component of radiation of the 
disks practically does not depend on the size of the baffle (slightly oscillates around its value at 
the infinite baffle, as shown in Figure 6.54). The reactive component at ka>3.0 oscillates 


more significantly, but its average value becomes small. 
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Figure 6.54: Dependences of the nondimensional coefficients of the radiation impedances of disks 
of different wave size on the radius of the rigid baffle: (a) œ , (b) J for the oscillating disks 
(solid lines) and one-sided disks (dashed lines). Numbers on the curves correspond to the wave 


radiuses (ka) of the disks. 


For the disks with baffles of small wave sizes (at kb <0.5) the following approximate 
expressions for the nondimensional coefficients of radiation impedance may be used as it is 


shown in Ref. 21, 


e le b? , 
a= [zadi joor. (6.335) 
[eA N (6.336) 
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Figure 6.55: Nondimensional coefficients of the radiation impedance for the disks embedded in 
the rigid baffle at kb = 3.0 : pulsating disk (the same as in the infinite baffle) (solid line), one- 
sided disk (dashed line), oscillating disk (dash-dotted line). 


(a) (b) 


Figure 6.56. Illustration of the effects of diffraction on the sound pressure on the axis (a) and on 
the directional factor (b) of an oscillating disk of small wave size embedded in the finite size rigid 
baffle. 

The algorithms developed in Ref. 15, 23 allow a detailed analysis of peculiarities of the far 
field characteristics of the disks vibrating in the rigid baffles, namely, of the sound pressure 
generated on the acoustical axis and directional factors. 

As it is shown with results of calculations made therein at small wave dimensions of the 
disks these characteristics depend significantly on the wave size of a baffle. At ka >3 they are 
determined mainly by dimensions of the projector itself. As well as the radiation impedance, 
the sound pressure on the axis sharply increases with increase of the wave size of a baffle up to 
kb =3 (b= 4/2), and then its value starts to oscillate. The oscillations are more pronounced 
(up to about 6 dB) for the oscillating disks of small wave size (with ka<1.5) and less pro- 


nounced for the one-sided disks of the same size. At value kb = 6.3 (b ~ 1) the sound pressure 


382 6. Acoustic Radiation 


achieves minimum. The qualitative explanation of this behavior that takes place due to diffrac- 
tion of sound on the edge of the disks can be done with help of the Figure 6.56. 

The sound pressure on the axis is a superposition of the direct radiation from the front surface 
of the disk and of radiation of its back surface that comes over the edge. This back radiation 
can be imagined as produced by an additional projector located on the edge. If the width of the 
baffle is b= 7/2, then given that the surfaces of the disk vibrate in antiphase the additional 
projector radiates in phase with the front surface, and this results in maximum of sound pressure 
on the axis, which is greater than it would be produced with the infinite baffle. In the case that 
bx A, the phase of the additional projector changes by 180°, and sound pressure on the axis 
drops to its minimum. 

Effect of the baffle on the directionality depends mainly on the dimensions of the projector. 
At small wave size ( ka <1.5) the influence is very strong. Thus, at kb ~ 6.3 very sharp drop 
appears in the directivity pattern in a narrow range of angles close to the axis in addition to 
greatly reduced value of sound pressure on the axis. These angles (around 0 ~ 7° in Figure 6.56 
(b)) correspond approximately to radius b, on which the phase shift brings radiation of the ad- 
ditional projector on the edge to antiphase with the direct radiation of the disk. At larger dimen- 
sions of the disks their directional factors practically are not influenced by the baffles. 

The peculiarities of behavior of the sound pressure on the axis and of the directional factors 
of oscillating disks of small size (ka < 1.5 ) embedded in the finite size baffles are qualitatively 
illustrated by plots in Figure 6.57. The values of parameters are approximate. More accurate 
results of calculations can be found in Ref. 15. The qualitative understanding of impact of baf- 
fles of finite size based on considering the ideal baffles may be even more important than know- 
ing the exact values thus calculated, because properties of the real baffles usually are not known 
to a sufficient accuracy. 

It is noteworthy that conclusions regarding large oscillations of sound pressure and deep 
drops in the directional characteristics that are made for the ideally rigid circular baffles occur 
since all the points of the additional projector on the edge vibrate in phase because of symmetry. 
For baffles of different configuration (for square baffles for example) these effects may be sig- 
nificantly reduced. Besides, these effects may be reduced due to a finite compliance and active 


losses that the real baffles may possess. 
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Figure 6.57: (a) Relative values of sound pressure on the axis of small size ( ka < 1.5) oscillating 
disk embedded in the finite size baffle. P is sound pressure generated by the disk in the infinite 
baffle. (b) Directional pattern of small (ka <1.5) oscillating disk vibrating in the rigid baffle. 
Size of the baffle is kb + 6.3 . 


6.5.8.3 One-Sided Disk in the Rigid Baffle of Finite Size 

After dependence of radiation characteristics of oscillating disk from dimensions of the rigid 
baffles is determined, the analogous characteristics of the one-sided disk can be obtained by 
employing Gutin’s concept, as result of superposing the acoustic fields generated by pulsating 


disk and oscillating disk embedded in the rigid baffle of corresponding size, as illustrated in 


roth, + path, + lS, 


Figure 6.58: Illustration of superposing the acoustic fields generating by the disks with the finite 


Figure 6.58. 


rigid baffles. 


Analogous to situation for the disks without baffles in this case 


BF e Pek) (6.337) 


puls 


Zos -5z +Z acb)» (6.338) 
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where subscripts “o-s,b” and “osc,b” denote parameters related to one-sided baffled and oscil- 
lating baffled disks, respectively. Dependences of the nondimensional coefficients of radiation 
impedances of one-sided dusks from wave size of the baffles are shown in Figure 6.53 and 
Figure 6.54 by dashed lines. For the case that kb = 3.0 values of these coefficients are shown 
in Figure 6.55 as functions of the wave sizes of the disks. As follows from the Figures, the 
values of nondimensional coefficients of one-sided disks are intermediate of those for pulsating 
and baffled oscillated disks up to kb ~ 2.0. At kb>2.0 they oscillate around common value 
for all the disks. Magnitude of oscillations for one-sided disk is smaller than for the oscillating. 
Influence of the baffles on the directional characteristics of the one-sided disk is the most pro- 
nounced at ka <1.5. They significantly reduce the back radiation at angles 0° > 90° compared 
with those without baffles. At ka >3.0 characteristics are practically the same, as without baf- 
fles. Peculiarity is that in all the cases maximum of radiation exists at angle 0° = 180°. This is 
because all the points of the additional projector that is formed as result of diffraction on the 
edge of a baffle radiate in phase in this direction. Note that the same effect takes place in the 


case of one-sided disk without the baffles (see Figure 6.51). 


6.5.8.4 Radiation of Disks Having a Finite Thickness 
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Figure 6.59: Nondimensional coefficients of the radiation impedance for the pulsating disks hav- 
ing finite thickness at h/a = 0.5 (solid line), h/a = 1 (dashed line), A/a = 2 (dash-dotted line) with 


rigid (r) and compliant (c) side surfaces. 
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The projector can be imagined in this case as a finite size cylinder with vibrating ends: pulsating 
(with ends vibrating in phase) and oscillating (with ends vibrating in antiphase). The same al- 
gorithm was employed for solving this radiation problem, as was used for calculating radiation 
impedances of the finite size cylinder radiating by its side surface in Ref. 15 (see Section 
6.3.2.5). 
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Figure 6.60: Nondimensional coefficients of the active (a) and reactive (b) components of the 
oscillating disks having finite thickness with rigid side surface for h/a = 0.5 (solid line), h/a = 1 


(dashed line), h/a = 2 (dash-dotted line), A/a = 0 (thin solid line). 


Radiation by the ends was considered under the conditions that the side surface of the cyl- 
inder is rigid (U, =0), or compliant ( P. =0). The results obtained for the nondimensional 
coefficients of the radiation impedances are presented in Figure 6.59 and Figure 6.60. 

It is interesting to note that up to values ka =1 the active component of the radiation im- 
pedance of the pulsating disk with rigid surface reduces with increase of separation between 
vibrating ends up to h/a=2, while in the case of oscillating disk it increases. The clear phys- 
ical explanation to this difference can be done, if to imagine that the radiation impedance of 
each end consists of its self-radiation impedance and mutual impedance between the ends. (For 
the acoustic interaction between transducers see the next section.) The sign of active component 
of the mutual impedance at these separations is positive for sources vibrating in phase and neg- 


ative for those vibrating in antiphase (that have the dipole nature), and the magnitude of the 
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active component reduces with increase of the separation. At values ka >2 the interaction be- 
tween ends becomes negligible, and they vibrate independently. The nondimensional coeffi- 
cient of the active component becomes close to unity. At smaller ka (ka <1) an increase of the 
thickness from //a=0(that corresponds to the thin disk vibrating in infinite rigid baffle) to 
h/a=2 (that is close to one-sided disk vibrating in the rigid cylindrical baffle) results in re- 
ducing the radiation resistance in two times approximately. 

In the case that the side surface is compliant, radiation resistance is significantly smaller 
(up to order of magnitude at small ka). At ka>2 it becomes the same as with the rigid side 
surface. As to the nondimensional coefficients of the radiation reactance, their magnitudes re- 
main close for both the rigid and compliant side surfaces. 

With data for the radiation impedances of the pulsating and oscillating disks of finite thick- 
ness having rigid side surface known, the result can be readily obtained for the disk vibrating 
in one end of a rigid cylindrical housing by employing the superposition concept. (This is typ- 
ical for the case that the housing encloses transducer of Tonpilz type, as is shown schematically 


in Figure 6.1(c.4). 


6.6 Acoustic Interaction Between Transducers 


6.6.1 Introduction 

The mechanical systems of the transducers may be often composed of several parts mechani- 
cally isolated and connected electrically. This can be done due to technological reasons, when 
it is hard to manufacture an entire transducer as a solid structure, or in order to avoid harmful 
effects of coupled vibration that take place because of unfavorable aspect ratio of mechanical 
system of the transducer. Typical examples of mechanical systems composed of several parts. 
are shown in Figure 6.61. In all these cases effect of the sound pressure that develops on the 
surface of a transducer by its uniform vibration does not average, as it would be on the surface 
of the solid mechanical system. 

The situation arises that at equal velocities of vibration of the transducer parts the averaged 


sound pressures on the parts may be different and they appear to be loaded by different radiation 
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impedances. The effects of interaction between transducer parts can be often estimated analyt- 


ically, as it will be shown below. 


Az 


(a) (b) (c) 
Figure 6.61: Examples of mechanical systems of transducers that are composed of elementary 


parts: (a) cylindrical transducer, (b) rectangular flexural plate bender, (c) side-scan sonar trans- 


ducer. 


The analogous effects of acoustic interaction exist between the transducers in arrays. An 
analytical determining the interactions in arrays can be significantly complicated. This is espe- 
cially true for arrays populated by transducers having a non-planar configuration and those fur- 
nished with special baffles, which may in particular be intended for reducing an effect of inter- 
action. The most practical way to determine mutual impedances between transducers in these 
cases is through experimentation. Certain peculiarities are inherent in procedures of measuring 
the mutual impedances that are related to properties of transducers involved in this process. 
Therefore, one of objectives of this Section is to consider the methods for measuring the mutual 


radiation impedances. 


6.6.2 General Considerations and Definitions 
In order to show, how the effects of the acoustic interaction can be accounted for in calculating 
the transducers, we consider a system consisting of two identical transducers T, and T, (Figure 
6.62 (a)) that vibrate with velocities U,(r,,) and U, (r4, ). Considering that the mutual influence 
on parameters of transducers has the most significant effect in the close to their resonance fre- 


quency region, we will assume that interacting transducers have one degree of freedom. 
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Figure 6.62: To the interaction of transducers: (a) interacting transducer; (b) and (c) are variants 


of the equivalent circuits of interacting transducers with introduced impedances, Z 


acl? > and equiv- 


alent force, Fj, =Z,,U, . (Note that variants (b) and (c) are separated by the dashed line.) 
The equivalent circuits of the transducers in this case can be presented as one contour circuits, 
and the vibration velocities as having the form U, (r41) =U,O(%,) and U,(%) =U,A(%,). 
The mode of the transducers operating can be considered as superposition of the two 


modes: 
a. Transducer T, is clamped (U, = 0), transducer T, vibrates with velocity U, (rı) and 
generates the acoustic pressure P,(r,) on its own surface and P, (r3) at the clamped 
surface of transducer T, . 
b. Transducer T, vibrates with velocity U,(r,,) and generates the acoustic pressures 


P,)(%) on its own surface and P,,(%,) at the clamped surface of transducer T. 
Superposition of these two modes results in the acoustic pressure on surfaces of the simultane- 
ously operating transducers T, and T,. The power of their acoustic radiation can be presented 


as follows: 


Fy) = Fi) + Fan) (6.339) 
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Wa = f Pir, USOC, JAD, + f P, (r US OC, JAD ; (6.340) 
x Èi 
Pty, ) = Pal, )+PiGh,), (6.341) 
Weer = | Pal, U00, dE, + f Pulte, UZO, dD (6.342) 
22 È 
The first integrals in expressions (6.340) and (6.342) represent the quantities Z; |U, ; , where 


Z u are the self-radiation impedances of one of the transducers in presence of another trans- 


ducer clamped. Taking into consideration that pressure P, is proportional to velocity U,, the 
second integral in expression (6.340) can be represented in the form of z,,U,U; , where 


1 
za =y | Pah, )OG, ALi (6.343) 
2%) 


By the reciprocity z,, = z,,. Thus, the expressions (6.340) and (6.342) can be represented as 


Wa m (2 +Z s 
U 


i 


2 


U, 


i 


> il=1,2. (6.344) 


The quantity 


Za =a + JXa (6.345) 


is called the mutual radiation impedance, where r, and x, are the mutual radiation resistance 


and reactance, respectively. The impedance 


Up 
acil U. T **acil 


i 


Z acil =Z + JX aci 


(6.346) 


may be called the introduced impedance, where R, and X, are the introduced radiation 
resistance and reactance. 


Relations (6.344) can be alternatively expressed as 


W. 


2 
aci =L ei U | +F cit 


U’, (6.347) 


where F 


acil 


=z,U, is the equivalent “acoustomotive” force, with which transducer T, acts on 


the transducer 7, during their simultaneous operation. By comparing with expression (6.343) 


Fey = | Prt), 4D, - (6.348) 
È; 
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In accordance with expressions (6.344) and (6.347) the interaction between transducers T, and 
T, can be accounted for by introducing the impedance Z», (as is shown in Figure 6.62 (b)) 
or the equivalent force F,» (as it is shown in Figure 6.62 (c)) in the equivalent circuit of the 
transducer T2. Both representations of interaction are equivalent, but the first is more convenient 
in evaluating the changes in the transducer parameters operating in the transmit mode in the 
close to resonance range, while the second is preferable in the case of operating in the receive 
mode in the frequency range below resonance. The transducer T either generates additional 
energy or consumes energy of the acoustic field in the process of interaction depending on the 
signs of introduced impedance Z,,.,, and force Fz. 

The mutual impedance z, is inherent in the transducers geometry, mode of vibration and 
the relative location of the transducers. And the introduced impedance depends substantially on 
relative velocities of the transducers vibration. Magnitude of the introduced impedance can be 
changed by changing the ratio of magnitudes of the transducers vibration, as it follows from 
relation (6.346). In the case that the phase between the velocities changes, a correlation between 


the introduced resistance and reactance changes. According to expression (6.346) 


Raci = 


-a Re(U,/U,) -x -Im(U, /U,), (6.349) 


acil 


X acit = Xacil *Re(U, /U;) +r, ‘Im(U, /U;) r (6.350) 


cil 


Usually, the active component of the total radiation impedance and therefore the active compo- 
nent of the introduced impedance are of a particular interest in the process of transducer design- 
ing due to their effect on the radiation of the acoustic energy. But in the case that velocities of 
vibration of transducers in array differ in phase (and the differences may change because of 
steering) both the active and reactive components of the mutual radiation impedance must be 


known to determine the total radiation resistance. Thus, for example, if the phase shift between 


velocities is 90°, i.e., (U, /U,) = -j |U, /U,|, then 
Rye = Xact U, 1 U;| (6.351) 
X seit = Facil U, /U, ý (6.352) 


In accordance with the equivalent electromechanical circuits in Figure 6.62 experimental 


methods of determining the mutual impedances can be based on measuring the input impedance 
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or the output voltage of one of interacting transducers under some special conditions of operat- 
ing the neighboring transducer. These issues will be discussed in Section 6.4.10. The possibility 
to increase magnitude of introduced impedance and to convert its reactive component into ac- 
tive (that is easier to measure) proves to be helpful in terms of increasing accuracy of the meas- 
urements. 

General properties of the mutual radiation impedances may be illustrated with examples of 
the acoustic interaction between two transducers, for which the theoretical solutions are avail- 
able. The easiest for considering and yet very informative are examples of the transducers hav- 


ing dimensions small in respect to wavelength (simple sources). 


6.6.3 Interaction between Simple Sources 
Suppose that two small identical transducers are in free space at a distance d from each other 
and their surfaces, having an arbitrary shape, vibrate with the volume velocities U, = U, S,- 
The pressure generated by one of transducers (#2) at the surface of another (#1) is (see formula 


(6.246) for a simple source, i.e., at Kio =1) 


pec —j(kr-1/2) 
P,=—U,S_.e7 ; 6.353 
12 Wr 0~ av ( ) 


where r =d +Ar is the distance between the surface elements of the transducers. Assuming 


that |Ar|<d and can be neglected, we obtain using expression (6.343) that 


2 jkd 
Z = jape 72 ld (6.354) 
Considering that 
S? 
Gea =r (6.355) 


is the radiation resistance of a transducer with small wave dimensions, we have 


sin kd cos kd 
/r,)= Hj . 6.356 
(Z2 /%1) kd J kd ( ) 


It is noteworthy that modulus of the mutual impedance drops with separation between the 
sources as |z, /7,,|=1/kd . It is physically clear that reduction of modulus of mutual imped- 


ance between projectors of a finite size should be more rapid. 
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Figure 6.63: A typical behavior of the normalized mutual impedances for different transducers: 
simple sources (formula (6.356)) (dashed lines); circular pistons with 2a/A=0.3 in the rigid 
plane (circles and squares); finite cylinders with h/A=0.36 and 2a/A=0.73 in the rigid 
cylindrical baffle (solid line). 


In the case that one of transducer dimensions significantly exceeds another, more appro- 
priate is to use for estimating the interaction between transducers expression for the normalized 
mutual radiation impedance per unit length of the infinitely long cylinders having diameter 
small compared to the wavelength (cylindrical simple sources). Starting from expression 


(6.118) for the sound pressure generated by the cylinder of small wave size 
P(r, x)= pet U,HE (kr), (6.357) 
and considering that its self-radiation resistance (6.129) is 
ra =~ PO (6.358) 
we will obtain in the same way, as for the three-dimensional simple source, that 
(2) /7%,)= Jy (kd )- jN (kd). (6.359) 


Plots of the active and reactive components of the normalized mutual impedances by for- 


mulas (6.356) and (6.359) are presented in Figure 6.63 and Figure 6.64. 
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Figure 6.64: Normalized mutual impedances for the two-dimensional simple sources. 


Dependencies of the mutual impedances from separation between simple sources located 
on the surface of perfectly rigid plane are the same as those for sources in the free space. This 
can be shown by analogous derivation. But the normalizing radiation resistances of the sources 
(denote them 7;, ) are different. In terms of acoustic field generated by a source the perfectly 
rigid plane boundary can be replaced by the image of the source vibrating with the same veloc- 
ity, as shown in Figure 6.65 (a). Thus, we may obtain z} as result of interaction between the 


source and its image, namely, 


sin 2kd 
r =r, | 1+——+ 6.360 
11 if 2kd, ( ) 
for the 3D source, and 
ri =F 1+J,(2kd,)] (6.361) 


for cylindrical (2D) source. 


At kd, >0, 7, — 2r. Thus, for 3D source 


ri =2mpc— (6.362) 


and for the cylindrical source per unit length 


2 


ri = mpe =. (6.363) 
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(a) (b) 


Figure 6.65: Simple sources located close to the perfectly rigid (a) and compliant (b) plane bound- 


aries and their images. 


Expressions (6.360) and (6.361) show, how the radiation resistance of a source changes 
with distance from the rigid baffle. They will be valid for the variant of compliant baffle, if to 
change signs plus to minus, as in this case velocity of the image has the opposite sign (Figure 


6.65 (b)). The expression 


i in2kd 
ri sah- | (6.364) 


can be useful for determining preferable distance from surface of water for measuring radiation 
resistance. At 2kd, =0, i.e., at d,=A/4 the radiation resistance is the same as in the free 
space (7; =7,,). Thus, the radiation resistances of the bender transducers that have small reso- 


nance dimensions with respect to the wavelength can be measured at relatively small depth. 


6.6.4 Interaction between Transducers of Finite Size 
Universal importance of the expressions (6.356) and (6.359) for the normalized mutual imped- 
ances is due to the fact that these expressions are reasonably valid even in the case that dimen- 
sions of the transducers are not very small provided that values for 7, correspond to the par- 
ticular transducer type. This can be illustrated with examples of transducer configurations, for 


which results of analytical calculations for the mutual impedances are available. 


6.6.4.1 Interaction between the Circular Disks 
One of the methods of calculating the mutual impedances between plane radiators vibrating in 
the infinite rigid plane and particular results for the circular piston-like vibrating disks are pre- 


sented in Ref. 24. Values of the normalized mutual radiation impedances calculated for ka =1 
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(2a/A = 0.32 ) are shown in Figure 6.63 by the circles. They are in almost complete agreement 
with those for the simple sources. The same approximation remains practically valid for even 
larger values of ka. It is noteworthy that in application to underwater transducers uniformly 
vibrating circular disks imitate radiating surfaces of the heads of Tonpilz transducers. Their 
diameters usually should not exceed half of wavelength from consideration of steering directiv- 
ity patterns of an array. To this extent formula (6.356) can be used for estimating effects of 
transducers interaction with sufficient accuracy. 

For the flexural disk (bender) transducers that vibrate with velocity distribution over sur- 
face the calculations of the normalized mutual impedances are applicable, as this was shown in 
Ref. 25. The results obtained for the case of the simply supported edge up to ka=1 are in 
complete agreement with formula (6.356), and value of the normalizing self-radiation resistance 
of the disk is determined by formula (6.362) for a simple source, where S =0.46za* for 
simply supported edge. It should be noted that dimensions of the bender transducers are usually 
much smaller than the wavelength. Maximum size of the flexural circular disk is typically 
(2a/A)<0.2 (see the comment under Table 6.6). Thus, the simple source approximation for 


determining the mutual impedances is also good enough for practical applications in this case. 


6.6.4.2 Interaction between the Infinitely Long Strips 
The problem is two-dimensional due to symmetry and interaction between strips per unit length 


can be found as for the segments shown in Figure 6.66. 


0 W d d+w * 


Figure 6.66: To the acoustic interaction between infinitely long strips. 


The procedure used for determining self-radiation impedance of the strip in Section 6.3.4.4 will 


result in the expression for the mutual radiation impedance, 


W d+w 
Zen = Í Í Hy (k|x, -x |) dx dx, , (6.365) 
0d 
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where d > W instead of formula (6.297) for the self-radiation impedance in the case that vibra- 


tion over the strip is uniform ( f(x) = f,(x) =1), 
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Figure 6.67: Normalized active (a) and reactive (b) components of the mutual radiation impedance 


of the strips as functions of separation kd for different values of kW (kW = 1, 2, 4, 8). 
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Thus, the normalized mutual impedance will be 
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Expressions for (@,,/a@,,) and (f,,/a,,) are plotted as functions of kd at values of kW =1, 2, 


4, 8 in Figure 6.67. 


6.6.4.3 Interaction between the Square Pistons 


The normalized mutual radiation impedances between the square pistons were calculated in 


Ref. 26. The results for square pistons practically coincide with those for the simple sources 
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shown in Figure 6.63 at least up to kW ~3 . Especially important for transducers designing is 
the case that the pistons are closely spaced. Obviously, the effect of acoustic interaction in this 
case is the strongest and should reduce with separation between them. Consider the mutual 
radiation impedances of two adjacent identical square pistons shown in Figure 6.68. They can 
be calculated in a straightforward way after the self-radiation impedances of rectangular pistons 
at different aspect ratios are determined (see Sect. 6.5.5). Radiation impedance of the rectangu- 


lar piston Z,.,,, can be expressed as 


LZ gci42 = 2L cit +22, 017 z (6.368) 
W 1 2 


p L=2W | 


Figure 6.68: Adjacent square pistons forming rectangular piston with aspect ratio L/W = 2. 


Values of normalized nondimensional coefficients for Z,.,, = Z, 


a a 


- and Z,.,,5 (as the self-radi- 
ation impedances at aspect ratios 1 and 2) are known and presented in Table 6.7. Remembering 


that 


Zaa = (Qj, + FH) and Zrna =2S(Q.9 +J) (6.369) 


from Eq. (6.3368) will be obtained 


Qn hes 


i (6.370) 
a, a, 
Bo Bei, (6.371) 
a, a, 


Values of these functions vs. kW =kd are presented in Table 6.7. Values of analogous coeffi- 


cients for the adjacent circular disks are also presented in the Table for comparison. 


Table 6.7: Values of the nondimensional coefficients of the mutual radiation impedances for adja- 


cent radiating surfaces. 


kd 1 2 3 4 5 6 
ai2/ani1 0.84 0.47 0.11 -0.09 -0.07 -0.01 
ix a 0.54 -0.13 -0.26 -0.14 -0.03 0.02 


Ga 
Oo— 
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kd 1 2 3 4 5 6 
ae aan | 080 | 0.46 | 0.12 | -0.02 | -0.015 | <0.005 
ie Baar | 0.66 | -0.08 | -0.22 | -0.15 | -0.028 | <0.05 


6.6.4.4 Interaction between the Cylinders Embedded in the Rigid Cylindrical Baffle 
The mutual radiation impedances between cylinders embedded in the rigid cylindrical baffle 
were considered in Ref. 10. It was shown that the active and reactive components of the mutual 


impedance between identical cylinders vibrating in phase can be calculated from expressions 


mi2 
TE ae [ Acos(kd,, sin 0)d0 (6.372) 
0 
and 
mi2 io) 
Kein = “oe Í B cos(kd, sin 0)d0 + Í Ccos(kd,, coshy)dy |, (6.373) 
0 0 


where functions A, B, and C are determined by formulas (6.192), (6.194) and (6.195), respec- 
tively. 

In application to the cylindrical transducers two ranges of cylinders wave sizes are of spe- 
cial interest in relation to different transducer types: transducers made of PZT ceramic compo- 
sitions that employ extensional vibrations, and transducer of the flexural type including slotted 
cylinders. Typical values of ka for the cylindrical transducers of extensional type operating 
around their resonance frequencies may be in the range ka ~2.2+0.2. Rational height of a 
single ring comprising transducer must be chosen from consideration of avoiding a harmful 
effect of the coupled vibrations. From this point of view, it is desirable to have the aspect ratio 
of the ring (h/ 2a) <0.5,1., (A/ A) < (0.35 +0.40) . For the transducers of flexural type typi- 
cally ka < (0.2 +0.3) , and (A//) <(0.1+0.15). 

Results of calculations performed by formulas (6.372) and (6.373) for cylinders at ka = 2.0 
and (h/ A) =0.36 are plotted in Figure 6.69. They show fairly good agreement with those for 
the simple sources, though the model for cylinders suggests them vibrating in the rigid cylin- 
drical baffle, whereas for simple sources — in free space. Obviously, for the cylinders that have 
smaller wave size the agreement should be even better. In order to check how close the models 


used are to real situation, experimental verification of results of calculations was made using 


6.6. Acoustic Interaction Between Transducers 399 


one of the methods of determining the mutual impedances that is described in Section 6.4.6. In 
Figure 6.69 and Figure 6.70 results of comparison between calculated and measured values of 
the normalized mutual resistances and reactances for two couples of the cylinders having dif- 


ferent wave sizes are presented. 


Figure 6.69: Comparison of normalized mutual radiation impedances of two cylindrical transduc- 
ers calculated according to the used models and measured in free space: the model in the rigid 
baffle (solid line), simple sources (dashed line), experimental data (circles and squares): ka = 2.2, 


h/d = 0.36. 


Figure 6.70: Comparison of normalized mutual radiation impedances of two cylindrical transduc- 

ers calculated according to the used modes and measured in free space: the model in the rigid 
cylindrical baffle (solid line), simple sources (dashed line), experimental data (circles and 
squares): ka = 2.6, h/A = 0.42. 

Though all the data are close, a little better agreement exists between experimental data 


and those calculated for the cylinders in the rigid cylindrical baffle. The conclusion can be made 


400 6. Acoustic Radiation 


that in majority of practical needs the model of interaction of simple sources can be used for 


transducers designing. 


6.6.5 Methods for Measuring the Mutual Impedances 


6.6.5.1 Measuring the Mutual Impedance between Two Transducers in the Free Field by 
the Z method 


Consider two simultaneously operating transducers. Their equivalent circuits in general can be 
represented as shown in Figure 6.62. Assume that the transducers are electromechanically iden- 
tical. All the electromechanical parameters of the transducers including internal mechanical 
impedance ZË may be considered as known. Otherwise, they can be determined by common 
measurements performed on unloaded transducer (in air). The equivalent electromechanical 
circuits of the transducers may be reduced to the form shown in Figure 6.71 (a), where the 
mechanical branches are transformed into electrical side. In the Figure the following notations 


are introduced for the transducers numbered 1 and 2: C = CË n’? for both transducers; 


Ry =R +R +R, Ms, =M+X,/0 (6.374) 


for transducer 1; 


Ra =R, +R, +R, Ms, =M+X,/0 (6.375) 


for transducer 2. In the expressions for masses 


X= Xit Xs XH XM + Xj- (6.376) 


C M 


(b) 


Figure 6.71: The equivalent circuit of interacting transducers with the mechanical branch trans- 
formed into electrical side: (a) with series motional impedance, and (b) after converting the mo- 


tional impedance into admittance 
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Further we denote the electrical analogs of the acoustic impedances in the same way as their 
acoustic counterparts are denoted but without subscript “ac”. Thus, for example, 
Za = R; + jX, 1s the electrical analog of the acoustic impedance. The relation between acoustic 
impedances and their electrical analogs is Z}, =Z,,,,/n° . 

Note that the normalized introduced impedances, being determined on the electrical side 
of a transducer, are the same as the normalized introduced impedances on acoustic side, namely, 
Zo / Ry = Za /R 


acl1 


oar and for the purpose of estimating the mutual impedances it is not neces- 
sary to know the absolute values of the impedances in acoustic units. 

The self-impedance, which is denoted as Z,, for both transducers, may not be considered 
as known. It differs from the radiation impedance of a single transducer measured in the free 
space due to presence of an interacting transducer. Moreover, by definition the self-radiation 
impedance has to be determined under the condition that the interacting transducer is blocked, 
i.e., in the equivalent circuits of Figure 6.62 (b) U, =0 and Z, =z,,U,/U, =0. 

The electrical analogs of acoustic quantities can be obtained by measuring the input im- 
pedances of the transducers. After converting of the series motional impedance into admittance 
the electrical circuit of transducer input may be represented in the form shown in Figure 6.71 
(b), which is convenient for interpreting the results of measuring the transducer parameters by 
an impedance analyzer. In Figure 6.71 (b) C, is the motional “capacitance” that may become 
inductance at some frequencies. Parameters of circuits in Figure 6.71 can be expressed through 


results of measuring the components of admittance as follows 


Ry = Cn 7? ae on 2 (6.377) 
(@C,,)° +G; (@C,,)° +G; 


where 


Xx, = OM, [1-(f,/ fY] (6.378) 


When measuring in air, M,,=M=M,,,/n° and f,=f,. When measuring in water, 
M,,=M+xX,/o and f= f,. Directly measured quantities are G=G,+G, and 


C,=C S +C, . Typical plots from which the motional capacitance, C 


m? 


and conductivity, G, 


, vs. frequency may be determined are depicted in Figure 6.72. At the resonance frequency 


C,, =0, and C, = C? . Thus, the clamped capacitance C? can be considered as known. If a 
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measurement transducer may be approximated as having one mechanical degree of freedom, 
this quantity also can be obtained as C$ = C 1p l—kz,), where C,, and ky are the capacitance 
measured at low frequency and effective coupling coefficient of the transducer. The motional 
conductivity, G, =G, —G,,, in general can be found as shown in the figure, although very 


often G, is much smaller than G,, and can be neglected. 


f 


Figure 6.72: Qualitative illustration of a typical plot for the input parameters of a transducer in the 


parallel circuit representation 


Given that C,,(f) and G,(f) are measured in a frequency range around the resonance 
frequency, R,, and X,, can be calculated by formulas (6.377), and using the relations (6.378) 
and (6.374) through (6.376) the wanted self- and mutual radiation impedances may be found. 
Further we illustrate technique of determining these quantities at resonance frequency, in which 
case they can be obtained without complicated calculations. 

The reactive components of radiation impedance may be determined in two alternative 


ways. Formula (6.378) can be represented as 


X a = OM(1- f/f?) +X, +X =OM+X,/0)1-f2/f’). (6.379) 
From Eq. (6.379) follows that at frequency f = f, 
Xa +X =2af, M; |fe -D = 20M F(f,), (6.380) 
where it is denoted for brevity 


FAD= ISa l fa =): (6.381) 


Taking into account equations (6.379) and (6.377) we obtain that at the frequency f = f, , 
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Xi +X, =- Cpa) / oE, C, AF +N . (6.382) 


Remembering that C,,(f,,) =0, the active component of radiation impedance will be obtained 


from Eq. (6.377) in the form 


Ra = Ri +R. +R,, =1/G,C,) (6.383) 


To determine all the components of impedances Z,, and Z,, two more equations in addition to 
the equations (6.380) or (6.382) and (6.383) must be obtained. For this purpose the following 


experiments can be made. 


Experiment I 

Measuring the input impedance of one of the transducers, while equal voltages are applied to 
both in phase, V, =V,. In this case U, =U, and Z,,. = Zan due to symmetry. At resonance 
frequency f, of the transducer measured in water we obtain according to formulas (6.380) 


and (6.383) that 
Rit +R =1/G,, (6.384) 


and X 


ac\l 


+X, = 20M F,. (6.385) 


It is denoted in equations (6.384) and (6.385) 


Gar =G,hu)> Fr =F a). (6.386) 


(Subscripts made by roman numbers here and further correspond to the number of an experi- 


ment.) 


Experiment IT 

Measuring the input impedance of one of the transducers, while applied voltages are equal by 
magnitude and opposite in phase, V, =—V,. In this experiment U, =—U, and Z,.45 =-Z,19- 
At the resonance frequency f, we have 


Ry Fh + Rue =1/ Gay (6.387) 


and 


X aeit Xue = 20M Fy. (6.388) 


a 


Combining the results of measurements expressed by formulas (6.384) and (6.387) we arrive at 
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Rit Ra = (Ga + Gi)! 2G Gan (6.389) 


and 


Ny = (Gyr — Gay) / 2G, Gan - (6.390) 


m. 


In the carefully designed transducers the resistance of mechanical loss, R 


m. 


z » is much smaller 
than the radiation resistance and it can be neglected (at least such transducers must be chosen 
for investigating acoustic interactions). Otherwise, the resistance of loss can be determined sep- 
arately by measuring the conductivity G, =1/R,, in air. After this note is made, the resistance 
of mechanical loss further will be neglected for the sake of brevity. Thus, it follows from equa- 


tions (6.389) and (6.390) that 
No [Rp = (Gr -CG pnr)/ (Gar +G,7) ; (6.391) 


From formulas (6.385) and (6.388) it follows that 


X,, =aM (F,+F,), (6.392) 
x, =aM(F, -F,), (6.393) 

and 
Xp / X =(F,-F;)/ (F, +F,). (6.394) 


Calculating the absolute values of the reactances by formulas (6.392) and (6.393) requires 
knowing the equivalent mass of the transducer. Therefore it can be advantageous to use formula 
(6.382) for this purpose, although externally it looks more complicated. In this case all the 
quantities needed for calculation are available through experimenting. Practically both experi- 
ments can be accomplished by measuring the input impedance of transducers, when connected 
in phase and anti-phase, accordingly. 

The Z —method of evaluation of radiation impedances is based on their comparison with 
the internal impedance of a measurement transducer. The results obtained are less accurate, if 
the ratio of components of radiation impedance that must be measured to the corresponding 
parameters of comparison is small. The situation becomes especially critical for the acoustic 
reactances, which have to be compared with large quantity @M „ at relatively small deviation 
from the resonance frequency. Some relief can be achieved by a proper selection of the meas- 


urement transducers intended for investigating the acoustic interaction. Thus, measures should 
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be taken to minimize the equivalent mass of the transducers (for example, in the case that a ring 
transducer is concerned it is better to use thinner rings). More radically, the above-described 
experimental technique can be modified in order to increase the accuracy of measurement of 
the mutual impedances. In this case the input impedance of one of the transducers must be 
measured while another transducer is operating under a larger applied voltage. Suppose that 
V, >>V,. Qualitatively it is clear that in this case it should be U,>>U,, and therefore 
Zan © Zac.» In this way the increased value of Z, can be measured with greater accuracy. 
But in order to calculate z,, from thus obtained results the exact value of ratio of velocities 
Ky =U,/U, must be known. A peculiarity of in this case is that the introduced impedances in 
the mechanical branches of the equivalent circuits in Figure 6.62 become different, namely, 
Z 21 = Zan / Kg . Therefore U, /U, #V,/V,, and the value of K, must be determined sepa- 


rately. This can be done through the following experiment. 


Experiment III 

Measuring the mutual impedance between the two transducers under the condition that voltages 
applied to them are in phase but have different magnitudes and V, >> V,. The self-radiation 
impedance of the transducer can be considered as known being obtained from experiments I 
and II by formulas (6.389) and (6.392). Components of the introduced impedance Z,, = z,,Ky 
may be determined as a result of performing the same procedures as in the Experiment I. 


Namely, at the resonance frequency fy 


Ri +R. =1/ Gan (6.395) 


and 


X +X, =22M F,,. (6.396) 


Considering expressions (6.389) and (6.392) for R, and X,, (remember that resistance R,,, is 


neglected), we arrive at 


Ry =1/ Gym a (Gnr + Gi)! 2G Goat (6.397) 


and 


X, =1M QF, -F,-F,). (6.398) 
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Now the mutual resistance and reactance can be found from relation 
To + Mh. = (Rp + JX2)/ Ky (6.399) 


but still the ratio of velocities K,, remains to be determined. One of the possible setups for 
fulfillment experiment III and for determining K,, is represented in Figure 6.73, where the 
equivalent circuits of interacting transducers with their mechanical branches transformed into 


must be fulfilled to exclude in- 


input 


the electrical sides are included. Condition (R, + R,) > Iz i 


fluence of the voltage divider on results of measuring the transducer impedance. 


Impedance 
Analyzer 


Phase Amp- 
Shifter lifier 


Oscilloscope Y; 


Figure 6.73: Electrical circuit of an experimental setup for measuring the mutual impedances by 
Z method in a general case that different voltages are applied to the interacting transducers, 
Z 27 Ja: 
Currents flowing through the transducers are denoted in Figure 6.73 as follows: J, is the 
total current through the transducer i (i = 1, 2), ,, is the current through the blocked transducer 
and J,, is the motional current through the electrical analog of the mechanical branch. The 


motional current is proportional to the vibration velocity of mechanical system J, =nU,, 


therefore 


Ky =U, 1U, =L lL (6.400) 
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and the ratio of velocities may be determined experimentally as the ratio of the motional cur- 


rents J, and /,,. The total current through a transducer, 


‘aes @ (6.401) 


can be measured as shown in Figure 6.73. Namely, 


I, =Vri! Raa» (6.402) 


where Vp; is the voltage across the known additional resistance R, connected in series with 


Z 


input 


the transducer (it must be R « 


in order not to change voltage applied to the trans- 
ducer). The phase angle between the total current (or voltage V,,) and applied voltage V, must 
be measured simultaneously. We denote this angle as 


arg Vai / V) =V. (6.403) 


As the transducers are assumed to be electromechanically identical and with their parameters 
predetermined, the blocked capacitances can be considered as equal, C!, = C}, , and known. (If 
the capacitances were not exactly equal, they could be equalized by adding a capacitance in 
parallel to the transducer with smaller Cf .) Thus, the current through the capacitance can be 


calculated as 


Iq, = joCY,. (6.404) 


After the currents J, and Ie, are determined, the motional currents /,,, may be calculated fol- 


lowing the procedure, that is illustrated for clearness by the vector diagram shown in Figure 


6.74. (Note that in this experiment voltages applied to the transducers are in phase.) 


Figure 6.74: The vector diagram for evaluation of the motional currents 


Knowing J,,. and J,,,, we arrive at the required ratio of the velocities of the transducers 


ml ? 


K, =I 


m2 


1 Ly, =| Inle", (6.405) 
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where w is the phase angle between vectors T . For increasing accuracy of calcula- 


m 


, and J, 
tion of the motional currents from results of measuring the total currents, the blocked capaci- 
tances can be tuned at the measurement frequency by inserting inductors in parallel. In this case 
Ini = L . If the transducers are not identical but their parameters are known, this does not change 
the matter in principle, it just complicates the calculations. 


After K, is determined by formula (6.405), the components 7,, and x, of the mutual 


impedance may be calculated from Eq. (6.399) as follows 


: I 
n, = (R, cosy + X, siny) = ; (6.406) 
m2 
i I 
Xy = (Xp cosy -Rp siny). (6.407) 
m2 


In this case voltages V, and V, are in phase, and it is likely that the phase shift y is small, i.e. 
cosy =1, siny = 0 and 


na S Ra / Ku, Xa2 = Xai! Ky , (6.408) 


where R, and X,,.,. are given by formulas (6.397) and (6.398). 

As noted previously, the results of measuring the introduced reactances are less accurate than 
that of the introduced resistances. If to produce the phase shift y =—7/2 between U, and U,, 
then xp = R; /|Ky 


,(i.e., the mutual reactance becomes the introduced resistance, as follows 
from relation (6.407) and the accuracy of determining this quantity could be greatly increased. 
This can be achieved by setting 


V, = jV. (6.409) 


Some additional phase shift resulting in a less accurate approximation may occur between the 
velocities U, and U, due to asymmetric acoustic loading of the transducers by the introduced 
impedances. The phase shifter is included in the measurement circuit in Figure 6.74 to provide 
the needed phase shift between the voltages applied to the transducers. After the phase shift of 


7/2 is insured between the motional currents /,,, and Z„, the procedure of measuring the 


ml ? 


introduced resistance R, and thus of determining of the mutual reactance x, = R, /|K,| is the 


same, as it is demonstrated in Experiment II. 
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The experimental data presented in Figure 6.69 and Figure 6.70 were obtained with system 


of two coaxially oriented cylindrical transducers in free space by employing the Z method. 


6.6.5.2 Measuring the Mutual Impedance by the V Method 
Returning to the equivalent circuits Figure 6.62 (b), the following relations can be obtained 
between the output voltage of transducer 2 and velocity U, of vibration of transducer | depend- 


ing on position “oc” or “sc” of the switch: 


V, 


oc = 


Z sth nl JOC (Zi +Z) 3 (6.410) 


moc 


Vie = 1 )R = 24,0 NZ, +Z) , (6.411) 


In these relations Z, = ZË +n’/ j2æf C? is the mechanical impedance of the open circuited 
transducer, resistance R is assumed to be much smaller than 1/@C° and J,,, is the motional 


current through transducer 2. Note that U,n =I,,, and therefore Eq. (6.411) can be rewritten as 


Zac21 I(Z;, +Z) = [ 


m2 


R/T, =V, Ly. (6.412) 


The procedure of determining the motional current /,,, is described in the experiment III and 


therefore it can be considered as available for calculating the mutual impedance Z2; from Eq. 


ac21 


(6.412). The mutual impedance can be determined from Eq. (6.412) around the resonance fre- 
quency band. This holds so far as all the parameters of the transducer are known including the 


self-radiation resistance R which can be obtained from the above-described Z method. At 


acl? 


the resonance frequency of transducer in air, f,, ZË =0 and Eq. (6.412) becomes 


(Zacni / Zany, = Vo fl eile z (6.413) 


For frequencies below the resonance frequency, at which the mechanical system of a trans- 
ducer may be considered as stiffness controlled, Z,.., «Zi. zea KZ, ZE =1/j2af CË, 
and from Eq. (6.410) we obtain 


Zani = Vroe VAA- Keg)! J2AS Ca keg] (6.414) 


oc 


It is considered here that n’CË / C? = kiz / (l-k) . After the ratio 


Vol V = Voc IV |e" > (6.415) 
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where W, is the phase angle between the voltages, is measured both the active and reactive 
components of the mutual impedance can be determined from equation (6.414). The block- 


diagram of an experimental setup for implementing V method is shown in Figure 6.75. 


Function Power 


Generator Amplifier 


Oscillo- y Pre- 
scope out | Amplifier 


Figure 6.75: The block-diagram of an experimental setup for implementing the V method. 


The V method is especially advantageous for estimating the relative change of mutual im- 
pedance versus separation between transducers. Suppose that voltage applied to radiating trans- 
ducer is kept constant (V, = const ), and output voltages of transducer 2 are measured at sepa- 
ration y and at separation d, which corresponds to the position of transducer 2 adjacent to the 


radiating transducer. Then by using expressions (6.413) and (6.414) we obtain 


Zac2l i Zaal y/ Zac ae d = Vase IIn p Vgc ees d (6.416) 
at the resonance frequency and 
Zac21 w) / Zac21 (d)| = owe (y)| / Voc (d)| (6.417) 


at frequencies below the resonance. 

An important feature of V method is that it makes possible using the measurement trans- 
ducers operating far below their resonance frequency for investigating the mutual impedances. 
The only requirement is that configuration of the radiating surfaces of the measurement trans- 
ducers must be the same as configuration of the actual transducers, for which the results of the 
investigation are intended. 

The Z and V methods may be considered as complementary to each other. The Z method 
is advantageous for determining the absolute values of self- and mutual radiation impedances 
at the frequencies close to resonance of the transducers. The V method can be used for measur- 


ing in a frequency range below resonance frequency of the transducers used for investigating 
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the mutual impedances. But it has some shortcomings, when it is used for measuring absolute 
values of the impedances around the resonance frequencies. Moreover, for implementing V 
method at these frequencies the self-radiation impedance of a transducer must be known in 


advance. 


6.6.5.3 Determining the Mutual Impedances between Transducers in an Array 

The typical examples of transducer and array configurations, in which case the only reasonable 
way for determining the mutual impedances between transducers is through experimenting are 
shown in Figure 6.76. The experimental methods for investigating acoustic interactions are 


considered in Ref. 27. Here the main results of this work are presented. 


MAY 
SSY 


4 4 A 4 Yj A 
LZZZLLL LLL LLL LEE 


(b) 


Figure 6.76: Examples of array configurations, for which the mutual radiation impedances be- 
tween transducers have to be determined: (a) array of the parallel cylindrical transducers of flex- 
ural (slotted ring included) or extensional type; (b) the same array with baffles installed between 


the transducers. 


The technique described above for measuring the mutual radiation impedances between two 
transducers in the free space cannot be applied in a straightforward way to analogous measure- 
ments in an array. When measuring in array one has to deal with a number of simultaneously 
vibrating transducers, although the interaction between only two of them must be measured. 
Due to the general property of the mutual impedances to decrease with increasing the sep- 
aration between transducers, contribution of sufficiently remote transducers to results of meas- 
uring the two transducers under investigation can be neglected, and often only a part of an array 
needs to be tested. For example, in array of transducers shown schematically in Figure 6.76 the 
and so on 


objective is to determine the mutual impedances between transducers z Z 


ac21? “ac31 


until the mutual impedance reaches a level that may be regarded negligible, i.e., the ratio 


/ 


zZ 


acil |/ [Zacin] becomes small enough. In this case the number of transducers that can be consid- 


ered as representative for conducting the measurements may be restricted by a group of i 
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members of the array from each side of the central transducer # 1.The most advantageous for 
achieving this goal is to fulfill an estimation of the mutual impedances by V method in a fre- 
quency range below the resonance frequency of the measurement transducers. Certain limita- 
tions of this method arise from the fact that in practice we are interested in knowing the values 
of mutual impedances in the frequency range around the resonance frequency of the actual 
transducers in the array. Therefore, the measurement transducers having radiating surface of 
the same shape as the actual transducers must have a higher resonance frequency. 

So far as arrays populated by transducers with flat radiating surfaces are concerned (such, 
for example, as Tonpilz or flexural plate transducers), the size of the surface can be independent 
of the resonance frequency of the transducer. In the case that the ring transducers populate an 
array, the diameter of the radiating surface is inversely proportional to the resonance frequency. 
Therefore, the results obtained below the resonance frequency of a measurement transducer can 
be applied to an actual transducer in the frequency range around its resonance only in the case 
that the resonance frequency of the measurement transducer is higher. Thus, the results obtained 
below the resonance of measurement transducers made of PZT ceramic may be applicable for 
the ring transducers made of a material with smaller sound speed. Since the frequency range of 
measurements is below the resonance frequency of the measurement transducers, their mechan- 
ical systems may be considered as being stiffness controlled, i.e., ZË ~1/ jo@C* , and all the 
radiation impedances can be neglected. The effects of interaction between transducer | and 


transducers 2 and 3 can be represented by the forces Fa = 2z,,,.U, and Fei =2z,..,U,.(Now 


aci3 
we will assume that the central transducer #1 operates in the receive mode and voltages are 
applied to transducers 2 and 3, as this is illustrated with the equivalent circuits in Figure 6.77.) 
An outline of application of V method is as follows. Assume that voltage V, is applied to 


transducers 2, inputs of transducers 3 are short circuited and the output voltage V,,. of trans- 


ducer 1 is measured. From the equivalent circuits in Figure 6.77 we obtain 


U,=V,njoC®, U,=z,,,U,jaC . (6.418) 
2 2 m 3 acl2~ 2. m 


Upon substituting these values of velocities U, and U, into expressions for forces F and 


F 


acl 


3 we obtain for the total acoustic force acting on transducer 1 


Ea = Ean tE 


acl acl2 acl3 


= 22,2 | 1+Zye13/0C, | joCinv,. (6.419) 
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The second term in the brackets can be neglected, because the mutual radiation impedance is 
much smaller then 1/ j@C* . From this point the analysis becomes analogous to those for the 
two transducers in the free space, and finally we arrive at the following expressions for acous- 


tomotive force F , for the output voltage of transducer 1 under acting of this force and for the 


acl > 


mutual impedance: 


Faa = 22 y2 JO Ca nV, >, (6.420) 
Vioc) = 2ZaerjOCy, V, koy /(l-ke) > (6.421) 
Zacl2 = [Vise h / Vi\d y kar) / j2koCh $ (6.422) 
T, l:n Ca T, lin Ca 
: || || 
ake a ae 
K U, F,, 
cs s 
(e; 


Figure 6.77: To application of the V method for determining mutual impedances in an array 


In order to determine the mutual impedance z,, , voltage V, must be applied to the transducers 
3, outputs of transducers 2 have to be short circuited and the output voltage of transducer | has 
to be measured. After using exactly the same procedure as in the previous case, for the mutual 
impedance Z, we will obtain expression analogous to expression (6.422), namely, 


Zaid =[(Ke)/ n] kz)! j2kg OC, . (6.423) 


Based on formulas (6.422) and (6.423) a general conclusion can be drawn that if the equal 
voltages are applied to the consecutive transducers, while measuring the output voltage of trans- 


ducer 1, (Vioc); , then 


oc 


/ 


Zz 


acli Zacl2 


=(P) (6.424) 


This relation is convenient for estimating a comparative contribution of the mutual impedances 


between transducers in array to the total radiation impedance of a single transducer, while 
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formulas of the type of formulas (6.420) and (6.421) can be used for evaluating the components 
of the mutual impedances. 

In order to determine the self- and mutual radiation impedances of transducers in an array 
in the frequency band around the resonance frequency, the Z method can be used. We will 
assume that all the transducers under consideration are located inside the array and therefore 
they have equal self-radiation impedances. The transducers located at the edges of the array 
generally may have different self-radiation impedances. This may cause an additional error in 
determining the mutual impedances. To avoid an “edge effect” and to keep the self- impedances 
of the measurement transducers approximately equal, at least one more transducer must be 
added from each side to a group of transducers chosen for the measurements, although these 
transducers are not intended to actively participate in the measuring procedure. Thus, only a 
restricted group of transducers may be used to model a real situation in array in terms of inter- 
action between neighboring transducers. The assumption that the transducers are identical by 
their electromechanical properties remains in place. 


The quantities Z Zac12 9 and Z,,;; may be determined by measuring the input impedance 


acll? 
of transducer 1. The equivalent circuit of this transducer, in which effects of interaction with 
transducers 2 and 3 are accounted for by the introduced impedances Z2 =22Z,..,U,/U, and 
=2Z 3U; /U, , is shown in Figure 6.78. Consider the following experiments for deter- 


Z act3 


mining the wanted radiation impedances. 


Figure 6.78: To application of the Z method for measuring the mutual impedances in an array 


6.6. Acoustic Interaction Between Transducers 415 


Experiment la 

Voltages V, and V, suchas |V|, >>|V,| are applied in phase to transducers 1 and 2. Outputs of 
transducers 3 are short circuited through a small resistance R3. Under action of acoustomotive 
force F,, =Z,,,,U, the motional current Z through the electrical side of the transducer 3 will 
be J,,, =U,n. As it follows from the equivalent circuit in Figure 6.78 at R, <1/@C° 


Ins = Vg / R, (6.425) 


where Vp, is the voltage across resistance R, . The radiation impedance of transducer | may be 


represented as 


Z = Zai + 2Z act (U, /U; Via + 2Z act (U, /U,) i (6.426) 


acla 


The ratios of velocities can be replaced by ratios of the motional currents, /,,, on the electrical 


mi ? 


side of transducers. Thus, U,/U, =I,,,/1 


ml 


and U,/U, =1,,,/I,,,. We represent the ratio of 


motional currents as 


Tal I = (Eu Lyle (6.427) 


where w, is a phase shift between the currents. In the same way as in Experiment I we obtain 
the following equations analogous to Eq. (6.384) and (6.385) at the resonance frequency of 


transducer 1 in water, which in this experiment we denote as 


wla * 


Roy = Ry, +2Re{Z,3 |Z,2 Lala etn 42, Mns Lm ü ete =1/ Guas (6.428) 
Xzu = Xi, + 21m {Z,, In pil geak Zi Fins ore elu} = MF, . (6.429) 
The total input resistance R,,,, resonance frequency /.,, and the motional currents Zp, 5 


can be measured by using the experimental setup illustrated in Figure 6.74 and procedures de- 
scribed in experiment III. Current /,,, can be calculated from formula (6.425) after voltage Vp, 
is measured. In order to get equations necessary for calculating of all of the radiation imped- 


ances, several more experiments have to be fulfilled. 


Experiment IT a 
Voltage V, of the same magnitude as in experiment I a is applied to transducers 2 in anti-phase, 
while transducers 3 remain short circuited. As V/V, «1 and hence U,/U, «1, the intro- 


duced impedances 
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Lac = Ze / Un, Loe23 = Zac 1 Uy (6.430) 


in the equivalent circuit of transducer 2 can be neglected in comparison with its self-radiation 
impedance. Thus, it can be concluded that (U,),,, =—(U,),, . Since U, ~ Z,,.,U,, the relation 


follows (U;),,, =—(U;),, . As the result we arrive at 


Cin) ta = =e ls ins ) ita = ATs Via : (6.431) 


The currents (/,,,),, and (/,,,),,, have different magnitudes but are in phase with voltage V; at 


the resonance frequency. Therefore, the conclusion can be made that 
Wa =Viria Wise =Vis)ita - (6.432) 


Taking into account relations (6.431) and (6.432), the input resistance and reactance of trans- 


ducer 1 at resonance frequency f, may be represented as 


Rym = Ry — 2 Re {24 |Z m2 eine IEn lla t 713 Zala eine Malm} Ha =1/ Gm» (6.433) 
Xşm =X 7 ZIM{Z 1 [Ino Ja e Mizu ‘Lin lla + 213 ae a eer Ta tat = 20MF;,,. (6.434) 
After multiplying Eqs. (6.428) and (6.433) by Mni a And Zail > respectively, and summing 


and subtracting them we obtain 


= (Ron |E, Ta + Rym |L, ml nm) Z Ta +|7 ml i) (6.435) 

4Re{z I, el Maia +z L, el M310 } = 
ale ee (6.436) 

= Ryn T — Ryna Im Ila =R (int Ja -n nd: 
Similarly, from Eqs. (6.429) and (6.434) will be obtained 

Ai ia Elia Ena Hmla) / UE lea + ona) (6.437) 

4Im{z,, Foal: eie Jia + A asl el M1310 } = 
á 5 (6.438) 

la Ly Ja Fay Lm hal 11 Iya -Zm gd: 


Thus, the self-radiation impedance of the transducers can be calculated from Eqs. (6.435) and 
(6.437). Two more equations are needed in addition to Eqs. (6.436) and (6.438) for determining 
the four components of the mutual impedances To obtain these equations the following exper- 
iments may be made: Experiment III a, in which case voltage V, >> V, is applied to transducers 
3, and transducers 2 are short circuited; Experiment IV a, in which case the voltage of the same 


magnitude is applied to transducers 3 in anti-phase to voltage V,. The two missing equations 


6.7. References 417 


analogous to Eqs. (6.436) and (6.438) will be obtained by repeating the procedure used in Ex- 


periments 7 a and J a. It may be well expected that the angles y,, and y,, are small at the 


resonance frequency of transducer 1, at which measurements take place. In this case 


sin y; 0 , cosy, =1 and equations of the type (6.436) and (6.438) will be greatly simplified. 
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LIST OF SYMBOLS 


Symbol Description 

A radius 

B bulk modulus 

C, Cs C, sound speed, peed of sound in ceramic composition and in water 

cË, elastic stiffness of a piezoceramics at constant electric field 

CCG capacitance, capacitance of blocked transducer 

C, C A compliance, equivalent compliance of a mechanical system at con- 
stant electric field 

d, dni separation, distance; piezoelectric constant 

D diameter, flexural rigidity D = Yh’ /12(1- 0°) 

D,, DË charge density, charge density at constant electric field 

eE, piezoelectric constant, e„ = d,c}, j =1...6 

Es Ek electric field, operating field, permissible field 

Ef effectiveness 

S, hes fas Mf frequency, resonance frequency, antiresonance frequency, deviation 
of frequency 

Ía partial resonance frequencies of a coupled system 

oe ee force, equivalent force 

G torsional rigidity 

h height 

H(8,9) directional factor 

I current 

Izis des tTa current through inductance, current through capacitance, motional 
current 

J, J, moment of inertia, polar moment of inertia 

k; ks kgs Kay wave number k = @/c ; electromechanical coupling coefficient, ef- 
fective coupling coefficient; diffraction coefficient 

ky, ky reserves of the electrical and mechanical strength coefficients 

K,K A , Kı rigidity, equivalent rigidity of a mechanical system, mutual rigidity 
of coupled systems 

AK additional rigidity term that characterizes electrical interaction 
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List of Symbols 


Symbol Description 
between elements in nonuniformly deformed piezoelectric body 

Ltw length, thickness, width 

L; L,,L, Lagrangian, inductance; parallel and series inductances 

ms, Mismatch coefficient, ms,, = re / Nyy 

ms; mode shape coefficient 

M; May» Mı Moment, total mass; equivalent mass, mutual mass of coupled sys- 
tems 

n turns ratio, electromechanical transformation coefficient, 

N, N, Number of segments in segmented mechanical system, electrome- 
chanical transformation coefficients, i=1,3. 

o subscript that denotes a reference point 

PRPP, sound pressure, sound pressure of simple source; hydrostatic pres- 
sure 

Q, Q, Q, quality factor, O=W,,, / Woss ; electrical and mechanical quality 
factors 

rr distance, radius vector 

F, Far? Ves Von resistance, resistance of mechanical loss; radiation resistance, opti- 
mal value of the radiation resistance 

R, Ry resistance, resistance of electrical loss 

sE elastic compliance of piezoceramics at constant electric field 

S,S,, S; deformation, tensor of deformation (i,k =1,2,3) , tensor of defor- 
mation (i =1,..,6) 

Ss, Saws» Seg surface area, average surface area, effective surface area 

T, T,., T, stress, stress tensor (i,k =1,2,3) , stress tensor (i = 1,..,6) 

Teel operating stress, permissible stress 

u,U;U,, U; Velocity; velocity of reference point, velocity of reference point in 
i” mode of vibration 

U; volume velocity 

v, V voltage 

4 volume 

W; Wats Wos Waeh > width, energy density; densities of the internal, electrical, mechani- 

Won cal, and electromechanical energies 

WoW, w energy, energy flux (power), complex power 

W, WS total electrical energy, electrical energy stored in a blocked 
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Symbol Description 
piezoelement 

Wan» Wns Wano Wace | internal, mechanical, electromechanical, and acoustic energies 

Wains Wi, kinetic energy, potential energy at constant electrical field 

Wa Wor energies of electrical and mechanical loss 

We, Wor maximum power electric field limited and mechanical stress limited 

AW additional energy term that characterizes electrical interaction be- 
tween elements in nonuniformly deformed piezoelectric body 

X; Xic coordinate; reactance of acoustic radiation 

y; y=olt coordinate; ratio of thickness of active layer to total thickness of 
mechanical system 

Y, YF =1/ s7 Young’s modulus, Young’s modulus of piezoceramics (i =1, 3) 

ye; Y, Young’s moduli of active and passive materials 

Y- Y =Y/(l-0°) 

Z; Zi Coordinate; mutual impedance between modes of vibration 

Z, Z, =2,U,/U, impedance, introduced impedance 

Lm? Ze Li mechanical impedance, impedance at constant electric field, input 
impedance 

ZL. radiation impedance 

Qe nondimensional coefficients of the radiation resistance 

a, =n CE / C? coefficient related to effective coupling coefficient, 
kor =a,/(1+@,) 

Bn nondimensional coefficient of the radiation reactance 

B= fp! hy detuning factor between partial frequencies of a coupled system 

Vs Vna Yrs coefficient of coupling between partial systems, coefficients of in- 
ertial and elastic coupling 

Yy Vy = Y, / y; 

Y, Vp = Pv! Pa 

15 Nens Nmas Nea efficiency; electromechanical, mechanoacoustic, electroacoustic ef- 
ficiencies 

ô separation between electrodes, 

ô,, On angles of dielectric and mechanical losses, tan ô, =1/Q,, 


tand,, =1/0,, 


ee ee 
E; igs Eik 


dielectric constant; tensors of dielectric constants of piezoceramics 
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Symbol Description 
at free and clamped conditions 
0; OY) angle, mode shape 
A wavelength, Lame constant 
H Lame constant (share modulus) 
CG, displacement, displacement of reference point 
Po Par Pp density, density of the active and passive materials 
o, of Poisson’s ratio; Poisson’s ratio of piezoceramics, of =—s# / së, 


BE Ej Æ 
03 =S / S33 


È surface in general 

p angle 

X diffraction function 

O, O,, Op angular frequency, resonance and antiresonance frequencies 
Q=f°/ fi nondimensional frequency factor 

Q=2Af / f. normalized bandwidth 


1. Vectors are displayed in bold letters. 

2. Low case letters denoting the time dependent quantities indicate instantaneous values; 
the capital letters are values in rms. 

3. An overbar on a capital letter denotes a complex quantity. 


APPENDIX A. 


Table A.1: Elastic properties of the passive materials ia 


Properties of Passive Materials 


Material Y (gpa) Oo P -10° c (m/s) pe -10% 
(kg/m?) (kg/m?s) 
Aluminum 71 0.33 2.7 5130 13.5 
Alumina 300 0.21 3. 9000 33.3 
Beryllia, beo 345 0.26 3.0 10,700 32.1 
Beryllium cu 125 0.30 8.2 3900 32,0 
Brass 97 0.31 8.5 3400 29.0 
Corprene 0.23 0.43 1.1 460 0.51 
Glass 62 0.24 2.3 5200 12 
G-10 24 0.14 1.8 3600 6,6 
Invar 148 0.3 8.0 4300 34 
Lead 16.5 0.44 11,3 1200 13.6 
Macor 67 0.29 2 5180 13 
Pyrex 64 0.24 2.3 5300 12 
Stainless steel 193 0.28 7.9 4940 39 
Tin 50 0.36 7.3 2600 19 
Titanium 104 0.36 4.5 4810 21.6 
» Bulk modulus B = Y /3(1—20) . Shear modulus u =Y /2(1+0) 
Table A.2: Properties of the fluids at room conditions 
Fiqaid Air See eee caer Motor oil pce suites 
oil SAE-30 fluid ISO 32 oil 
B,GPa | 142-10% 2.34 2.1 1.5 1.8 2.1 
oe 1.2-10° 1.02 0.96 0.88 0.86 0.97 
c, m/s 340 1500 1470 1300 1450 1500 
Table A.3: Properties of the polyurethanes 
Property P kg/m’ c, m/s B, GPa G, MPa 
4°C 1650 2.9 6 
PR1547 1.05 
34°C 1500 2.3 4 
GS960PU, 20°C 1.08 1700 3.3 1.2 
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Table B.1: Piezoelectric constants. 


Properties of Piezoelectric Ceramics 


E PZT-4 PZT-5A PZT-8 PZT-5H 
Type I Type H Type HI Type VI 

Sii» 10"? m?/N 12.3 16.4 11.5 16.5 
s% 15.5 18.8 13.5 20.7 
Sis -5.31 -722 -4.8 -8.45 

si -4.05 -5.74 a 5.7 
Sa 39.0 47.5 31.9 -4.78 

sh 10.9 14.4 10.1 15.5 

S33 79 9.46 8.5 9.0 

sh 4 -2.98 -2.5 -3.0 

Sh -5.42 -7.71 -4.5 -7.3 

Sia 19.3 25.2 22.6 23.7 

Ses 32.7 443 30.4 48.5 

ci» 10" N/m? 13.9 12.1 14.9 12.6 
Gs 11.5 11.1 13.2 11.7 

ch 7.43 7.52 8.11 8.41 

ch 7.78 7.54 8.11 7.95 

Ci 2.56 211 3.13 23 

ch 14.5 12.6 15.2 11.7 

Cs 15.9 14.7 16.9 15.7 

Ch 6.09 6.52 7.03 7.22 

ch 8.39 8.09 8.41 8.18 

Ch 5.18 3.97 4.46 4.22 

Ce 3.06 2.26 3.40 2.26 
d;,,10 C/N -123 -171 -97 -274 
ds; 289 374 225 593 

dis 496 584 330 741 

8 , C/m? 259 -5.4 -4.1 -6.5 
ez 15.1 15.8 14.0 £533 
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papers PZT-4 PZT-5A PZT-8 PZT-5H 
Type I Type II Type III Type VI 
ĉis 12.7 12.3 10.3 17 
Enl E” 730 916 900 - 
E/E 635 830 600 1470 
Enl Eo 1475 1730 1290 3130 
E/E 1300 1700 1000 3400 
kzı 0.334 0.344 0.30 0.39 
kz; 0.7 0.705 0.64 0.75 
kis 0.71 0.685 0.55 0.52 
k, 0.58 0.60 0.51 0.65 
k, 0.513 0.486 0.48 0.50 
P , 10° kg/m? 7.5 1.15 7.6 7.5 
tan ô, 0.004 0.02 <0.002 0.02 
Qn 500 75 1000 65 
Dg) =& =8.85:10" F/m 
Values of all the parameters are presented at small signals and at room temperature. 
For dependencies of their values from the operating and environmental conditions 
see Chapter 11. 


APPENDIX C. Special Functions 


In the Appendix some data regarding the properties of special functions that are required 
for treating the radiation and vibration problems related to the cylindrical and spherical trans- 
ducers are summarized. More details regarding properties of the functions and their numerical 
values can be found [1, 2], which are the primary sources of the information and where these 
functions are tabulated. Some of the integral relations that include the special functions are 


presented from a source [3] where much more particular useful relations can be found. 
C.1 Cylindrical Bessel Functions 


Definition 


Cylindrical functions Z,(x) are the solutions to Bessel equation 


2 2 
Tah Bel =o (C.1) 
x 


de x dx 


Partial solutions to this equation are the Bessel functions (cylindrical functions of the first 
kind) J,(x), Neumann functions (cylindrical functions of the second kind) N, (x), and Hankel 
functions (cylindrical functions of the third kind) H(x) and HO (x), where 
HP (x) =J,(x)+jN,(x) and H? (x) =J,(x)—jN,(x). The functions H (x) or HO? (x) 
are used alternatively according to the time dependence e/ or e/” (the latter is accepted in 
our treatment). In course of this treatment it will be assumed that n is the natural integer number 


and for the cylindrical coordinates x = kr . Thus, it will be used form of 


HP (kr) = J, (kr) — jN, (kr). (C.2) 


Properties 


H® (x) =J_,(x)— jN_, (x), (C.3) 


where 


J =D N, œ= CDN, œ). (C.4) 


C. Special Functions 


Series representation 
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2 i n+2 1 n+4 
J,(x)=— z) His] tnla am (C.5) 
otn! 1an=+1)!\ 2 21(n+2)!\ 2 
x? xí 6 
J(x)=1 F i oe ae (C.6) 
x 2x 3x° 
J(x) = c.7 
R P or a 


Approximations at small argument x <1 (low frequency approximations at x= kr «1) 


x x 
J,(x) =1-—, J(x)=--—, C.8 
o(X) A ix) x 16 (C.8) 
=< (nx 011, N = ee Es (C.9) 
Tx 
X i 2 ' $ 2 
H? (x) x=+j—, HO (x) *—j 9% (C.10) 
2 ` mx a(x) 


At large arguments x >>1 (high frequency approximation, large distances from a cylinder at 
x=kr >œ) 


Hx) > Je E, (C.11) 
TX 
2 nī mT 
J (x) > cos| x ; (C.12) 
TX 2 4 
Dar, nm mT 
N, œ) —> sin| x ; (C.13) 
TX 2 4 
Functional equations 
Z,- (x) + Z, 0) = oo (x) (C.14) 
N J, -N J, = (C.15) 
TX 
Differential formulas 
dZ, n n 1 
dx = ao H Zai = ea Liat = 2 (Zna Zaa) (C.16) 
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1 
Z=-Z,, Z,=Z,--Z 
x 


Integral formulas 


[Z (x)dx = —x""Z (x), fe”z, (x)dx = ay ae (x) 


[Zd =- [xZ (2d = xZ, (x) 
[xd ur CRNAC SANE) 


Integral representation 


2m 
ee -do 


0 


J, (x) = Say 


m m mi2 
J= 1 femedg = ~feos(x sing)dg = = Í cos(xsing)do 
0 0 


To 


(C.17) 


(C.18) 


(C.19) 


(C.20) 


(C.21) 


(C.22) 


Also tabulated are functions Struve that are solutions to one of variations of the Bessel equation 


[1, 2]: 
mi2 


soe [ sinccosg)dg, 
m 0 


mi2 


Sœ) = = Í sin(xcos@) sin’ gdø . 
m 0 


There series representations are 


so=-2 x H x | 


P3 P32.5 


D x x4 xf 
S @&)= 2 2 92 Sr 22 22 al 
m\ 1-3 1-3-5 1°-3°-5°-7 


[x5, (xd = xS,(x). 


(C.23) 


(C.24) 


(C.25) 


(C.26) 


(C.27) 


Modified Bessel functions (Bessel functions of imaginary values of argument), I(x) and 


K,() 


The modified functions are the partial solutions to the equation (Compare with Eq. (C.1)) 
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2 2 
G Aa Is I pl J=. (C.28) 


The modified functions are defined by equations: 


Lœ = J, Cx) (C.29) 
for the first kind, 
K, ò) =- e HC) (C30) 
for the second kind, with 
Ky) = HP Ci), K-Z. (C31) 


The properties of these functions can be obtained from formulations of the corresponding 
properties of functions J,(x) and H? (x) by replacing x— -jx and introducing the factors 
from Eqs. (C.24) and (C.25). In particular 


L,Q)=1,00), K.0) = K, 0), (C.32) 


Ki (x) =—K,(x). (C.33) 


C.2 Spherical Bessel Functions 


The partial solutions to equation 


2 
d°R 2dR 1 mD le-o, 


34 
d? zd z wee 


where z = kr , are the spherical Bessel functions (or Bessel functions for the spherical coordi- 


nates). Spherical Bessel functions of order m of the first kind are defined as 


Din (Z) =N aI 22S mZ): (C.35) 


of the second kind (spherical Neumann functions) as 


y, (2) =V0/22N,49(Z)5 (C.36) 


and of the third kind (spherical Hankel functions) as h,,(z) . For outgoing wave 
By (2) = ja- Dm (2) = N70 / 22H). (C.37) 


In particular, 
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; sin z cos z 
j,Z@=—, »(2)=- ; 
rA rA 
7 sinz cosz sinz cosz 
A= z = > »(z)=- z Z z > (C.38) 


. 3 1). 3 3, 3 1 
LA=| 5 sinz——cosz, y,(z)=-—sinz 5 COS Z. 
Z Z Z Z Zz Z 


Functions j„ and y,, are tabulated [1] at z < 0.3 as 


; j 1-3-5---Qm-1 
toem T e AE eee 
1-3-5- (2m+1) (z) 
i ; P (C.39) 
xtra jel, wth, 
3 (z) 3 (z) 
andat z —> œ 
y 1 m+l1 1... m+1 
Jn(Z) > —cos} z 5 T|, Ya(z)> -sinj z 5 a |, 
eer i (C.40) 
h2 > LA 2 ) 
Yn 2) in (2) ~ Yn Ona) = 2 (C41) 


The following properties are the same for the functions j,,, y,, and h,, that will be collec- 


tively denoted as f.. 


Recurrent relations 


Fn) + fn (Z) = (2m4+1)z" f,(Z) (C.42) 
mfr EMD 2) = Om) fy l2) (C43) 
WOPO- (C.44) 

d m+l m+1 d =m -m 
pe SaN = 2" faa C) pad SaN = -2 "fn (2) (C.45) 

IZ rA 
Integral formulas 

[f@e=-LO, [hO E=? (C.46) 


| Ode =F -fa Ora (C47) 
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C.3 Legendre Polynomials 


The partial solutions to Legendre equation 


2 
mak DZ tm(m+1)P=0 or (x° —1) — + 2x = mm+l)P=0. (C.48) 


at m integer and x =cos@ are the Legendre polynomials of the order m 


1 d” 


AE C (C.49) 
In particular, 
Aw) =] 
P(x) =x = cos0, 
P (x)= 5Gx° -1)= T Goos 20+1), (C.50) 
L@= Or —3z)= mG cos30 +3cos@). 


F(x) =(“D" PRO, PO = Peat) (C.51) 
Recurrent relation 
P(x) = yp (ay —™** p(x) (C52) 
m m 
Differential formulas 
mP, (x) = xP -Paw (C.53) 
d 
(2m+1)P,, (x) = P7 Fn) -En C] (C.54) 
Orthogonality 
1 
0 
[POR dx= l ae (C.55) 
ba 2/(2m+1) n=m 


(Any function of x in the range from x=1 to x =—1 can be expanded in terms of series of 


these functions.) 
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Useful integrals with Legendre polynomials 


1/(2m+1) a 
[POR Cdr = 7 eee 
0 (m+n\m+n+l){[(m/2)[(n—-1) / 2]? (m-n) even 
0 m even, 
n odd 


_ CDC3)C2m+1) 
(2m+2)-2m-(2m—1) 


il 1 
[P œd =0, FP,.u0dd 
0 0 
1 
[P (ede =0 at b<m 
-1 


fiz, (x) dx = mm +1) 


[0-a = 2D 
kA 2m+1 
fa -P d= > 
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